MaBa 3.

BbicTpoe audcddepeHunpoBaHue, ABOUCTBEHHOCTb
M obpaTHOe pacnpocTpaHeHne ONOKU

A.H.I'opGanb

Boruucnurensnsiii ieatp CO PAH B F.KpaCHOHpCKel

B 510l rmaBe wuzmaraercss MaTepuall, 3HA4€HHE KOTOPOTO [UIsi BBIYMCIMTEIBHON
MAaTEeMAaTHUKH ¥ BCErO TOTO, YTO MO-aHTJIMICKH WMEHYIOT «computer sciences)», BBIXOIUT
JaneKo 3a mpeaenbl Heiipoundpopmatuku. Co BpemMeHEeM OH 0e3ycioBHO OyaeT BKJIIOYEH B
POrpaMMbl YHUBEPCUTETCKUX KYPCOB MaTEMATHUECKOTO aHAIIM3A.

OO6cynuM onHy "oueBHUIIHYIO" MOTMY, 0€3 pa3pylieHus KOTOPOW ObLII0 ObI HEBO3MOXKHO
s dexkTuBHOE 00yueHUE HEHPOHHBIX ceTell. [IycTh BRIUMCIUTEIbHBIC 3aTPAThI (OIICHHBACMbIE
BPEMEHEM, 3aTPau€HHBIM HEKOTOPHIM YHHUBEPCAIbHBIM BBIYUCIUTEIBHBIM yYCTPOWCTBOM) Ha
BBIUMCJICHHE OJIHOTO 3HaueHUs (YHKIUH 7 mepeMeHHbIX H(x; ,...,x,) MPUMEPHO paBHHI T .
CKOJIBKO BpEMEHH TOTpeOyeTCsi TOMY K€ YCTPOUCTBY Ha BbrunciieHue gradH (mpu pasymMHOM
COCTaBIICHUM TMpOrpaMMbl)? BONBIIMHCTBO MaTeMaTHKOB C YHHUBEPCUTETCKUM JIUILIIOMOM
OTBETHUT:

Tgradml’lTH. (1)

910 HeBepHO! [IpaBUIIbHBIN OTBET:

T gradH™ CT, H- (2)
rae C - KOHCTaHTa, He 3aBUCAINAs OT pa3MepHOCTH 7 (B OOIbITMHCTBE cinydaeB C~3).

Jns  Bcex (QyHKIMI MHOTHMX TIEPEMEHHBIX, BCTPECUAIOIIUXCS HA MPAKTUKE,
HEOOXOUMBbIE BBIYMCIUTENIbHBIE 3aTPAaThl Ha MOUCK MX IPaJUeHTa BCEro JUIIb B ABa-TPU
pasa mpeBOCXOAT 3aTpaThl HA BHIUMCICHUE OJTHOTO 3HAUCHUS! PYHKIHH. ITO YIUBUTEIHHO -
BeJlb KOOpAMHATAMU BEKTOpa IpaJUeHTa CIyXaT # YaCTHBIX IMPOM3BOJHBIX, a 3aTpaThl Ha
BBIYMCIICHHE OJIHOW TaKoW MPOM3BOJHONW B OOIIEM cllydae NPUMEPHO Takue ke, Kak U Ha
BbluKciIeHue 3HaueHus: GpyHkiuu. [louemy ke BbIUMCIEHHE BCEX UX BMECTE JCIIEBe, YEM M0-
OTENBHOCTHU?

«Yyno» 0OBACHAETCS [OBOJBHO MPOCTO: HYXHO PpalHdOHAIBHO OpraHU30BaTh

BBIYMCIICHHE  IPOU3BOAHBIX  CIOXKHOMH (YHKIMM MHOTMX TEpEeMEHHbIX, u30eras

660036, Kpacnosipck-36, BIIK CO PAH. E-mail: gorban@cc.krascience.rssi.ru



nyonmupoBanus. J{is 3Toro He06X0AUMO MOAPOOHO MPEACTABUTH CAMO BBHIUMCIICHUE (PYHKIUH,
YTOOBI IOTOM MMETH JIEJIO HE C «UEPHBIM AIIUKOMY, MpeoOpa3yioluM BEKTOp apryMEHTOB B
3Ha4YeHue (PyHKIUH, a C IeTATbHO ONMUCAHHBIM Ipad)oM BHIYHCICHUH.

[Touck gradH ynoOHO TpEeACTaBUTh KaK HEKOTOPHIA JIBOMCTBEHHBIM MPOIECC HaJ
CTPYKTYpoO# BbruncieHus H. [IpoMexyTouHble pe3yabTaThl, HOSBISIOIMECS IPU BHIYMCIEHUN
rPAaJIMEHTA, SBIIIFOTCS HU YE€M HMHBIM, Kak MHOXUTensMHU Jlarpanxka. Oka3bIBaeTcs, 4TO €Ciu
npeacTaBuTh H Kak CIOXHYI0 (DYHKIHIO, SBISIONIYIOCS CYNEpIo3uLueil QyHKIUH Maioro
yHclla MEPEeMEHHBIX (a MO-APYroMy BBIYUCIATH (DYHKIMHM MHOTHUX TMEpEMEHHBIX Mbl HE
yMEEM), U aKKypaTHO BOCIOJIb30BAThCS MPaBHIOM I (HEpEHIUPOBAHMS CIIOKHONW (QYHKITUH,
HE NPOU3BOJAS MO JOPOre JMIIHUX BBIUHUCICHUNW W COXPAaHSS IOJIE3HBIE MPOMEXYTOUHBIE
pe3yNbTaThl, TO BBIUKCICHUE BCel COBOKYMHOCTU OH/Ox; (i=1,...,n) HEMHOTUM CJIOXHEE, YeM
OJTHOM W3 3THX (DYHKIIMI - OHU BCE€ COOpaHbI U3 OJMHAKOBBIX OJIOKOB.

S He 3HaW, KTO BCE O9TO MNpUAyMal NEpBbIM. B HelipomHoOpMaTHKE CIOPHI O
MPUOPUTETE BEAYTCSA J0 cuX mop. KoHel mepeoTKphITHAM TMOJIOKUIN JBe paboTel 1986 T.:
Pymenbxapra, Xuntona u Bunbsamca [1,2] u bapueBa u Oxonuna [3]. OnHako mnepBble
nyonukamuu oTHocsATcs K 70-M m gaxe 60-mM romam Hamiero crojietus. [lo MHeHuHro

B.A.OxonuHa, Jlarpanx u JIexxanap Takxe BIIpaBe MPETEHA0BAaTh HA aBTOPCTBO METO/IA.

1. O0y4eHue HeliPOHHBIX ceTell KAK MUHUMHU3aUUs PYHKIMHU OIINOKH

[Toctpoenne o0ydeHHs Kak ONTUMHU3ALUU JTA€T HAM YHHUBEPCAJIbHBIN METOJl CO3JaHUs
HEHpPOHHBIX ceTell Uil pemieHus 3agad. Eciam chopmynupoBate TpeOoOBaHHMS K HEHPOHHOU
CeTH, KaK 3a/Jadyy MHHHMH3AIUUd HEKOTOPOM (YHKIMH - OLEHKH, 3aBHUCAILIEH OT 4YacTu
CUTHAJIOB (BXOAHBIX, BBIXOAHBIX, ..) M OT TMapaMeTpPOB CETH, TO OOy4YEeHHE MOXKHO
paccMaTpuBaTh Kak ONTUMHU3ALUIO U CTPOUTH COOTBETCTBYIOIIUE AJITOPUTMBI, TPOrPaMMHOE
obecnieueHue u, HakoHel, ycrtpoiictBa (hardware). DyHKIMS OIEHKH OOBIYHO JOBOJIBHO
POCTO (SIBHO) 3aBUCUT OT YacTH CUTHAJIOB - BXOJHBIX M BBIXOJHBIX. Ee 3aBHCHMOCTH OT
HACTPaMBAaEMBIX MApaMETPOB CETH MOXET ObITh CIIO)KHEe M BKJIIOYATh KaK SIBHBIC
KOMIIOHEHTHI (CllaraeéMble, COMHOXHTENH,...), TaK U HESBHbIE - Yepe3 CHUTHAJIbl (CUTHAJIBL,
OYEBHJIHO, 3aBUCAT OT IMAPAMETPOB, a (YHKIIUS OLIEHKHU - OT CUTHAJIOB).

3a mpenenaMu 3aay, B KOTOPBIX HEHPOHHBIE ceTH (GOPMUPYIOTCS 0 SIBHBIM IpaBUiIaM
(cetn Xomn¢unna, MPOSKTUBHBIC CETH, MUHUMU3ALNS aHAJTUTUYECKH 33JaHHBIX (YHKUUN U
T.II.) HAM HEWU3BECTHBHI CIIy4ad, KOTJa TpeOOBaHUS K HEHPOHHOM CETH HEIb3sl OBLIO OBl

npeAcTaBuTh B (opMe MHUHMMHU3AaUUMM (YHKIMM OIeHKH. He ciemyer myraTh Takyio



NIOCTAaHOBKY 3a/la4id M €€ BechbMa YacTHBIA ciydail - "oOyueHue ¢ yuutenem'". Yke MeTon
TUHAMHUYECKHUX sIJIep, OINMCAaHHBIM B MpeAbAyIIeH TIJ1aBe, MOKa3blBaeT, KakuM 00pa3oM
oOyueHue 0e3 yuuTelns B 3a7adax KiacCU(DHUKAIIMM MOXET ObITh OMMCAHO KaK MHUHHMH3AIIUS
1esneBoi (yHKIIMH, OI[EHUBAIOIEH KauecTBO pa30MeHus Ha KJIacChl.

Ecnu nnst pemieHuss 3amadud He yAaeTcsl SIBHBIM 00pa3oM c(hOpMHpPOBATH CETh, TO
npobiieMy O00y4eHHS MOXHO, KaK IpaBHJIO, cPOpPMYIHpOBaTh KaK 3ajadyy MHUHUMH3AIUU
orieHKU. OCTOPOKHOCTH TIpenbiaymeit Gppassl ("kKak mpaBuiio') cBs3aHa C TEM, YTO HA CAMOM
Jielie HaM HEW3BECTHbl M HUKOTAA He OyAyT HW3BECTHBI BCE BO3MOXHBIC 3adaud s
HEHpPOHHBIX ceTeil, M, OBITh MOXXET, I/Ie-TO B HEU3BECTHOCTH €CTh 3a/aud, KOTOpHIE
HECBOJIMMbI K MUHUMH3AI[UHU OLIEHKH.

MuHuMH3anKsa OLEHKU - CIOXHAas MpoOseMa: mapaMeTpoB aCTPOHOMHUYECKH MHOTO
(mmst cTanmapTHBIX mpuMepoB, peanmm3yeMmblx Ha PC - or 100 mo 1000000), amanTuBHBIHA
penbed (rpaduk OLEHKH Kak (PYHKIMHM OT MOJACTPAHMBAECMBIX HMapaMETPOB) CIIOKEH, MOXKET
CoJIepKaTh MHOTO JIOKAJIbHBIX MUHUMYMOB, U3BHJIUCTBIX OBPAroB U T.II.

Hakonern, naxe ams Toro, 9To0bl BOCIIOIB30BATHCS MPOCTEHIIIMMUA METOAMHU TIIAIKON
ONTUMM3AIMH, HY)KHO BBIYUCIATH TPaJueHT (YHKIHH OLEHKU. 3/1eCh MBI CTaJIKUBAEMCS C
oJtHOM "o4eBHIHON" TOrMOH, 6e3 pa3pylieHust KOTOpoil Obl10 ObI HEBO3MOXKHO 3((HEeKTUBHOE

00y4eHHEe HEUPOHHBIX CETEH.

2. I'pad BbIunMC/IeHUS CI10KHON PyHKIUM

CnoxHasgs ¢yHKOMS 3a7aeTcd C IIOMOIIBIO CYNEPIO3ULUU HEKOTOpPOro Habopa
«apocTeix». [IpocThie GyHKIIMN TpUHAIEKAT UCXOAHO 33JaBAEMOMY KOHEUHOMY MHOYKECTBY
F. ®opMalbHO OHH BBIIEJICHBI TOJBKO MPUHAMICKHOCTBIO K MHOXKECTBY [ - HHUKaKUX
00s3aTeNbHBIX HMHBIX OTIWYMI 3TUX (QYHKIUI OT BCEX MNPOYMX B OOILIEM cioydae He
IIPEII0JIaraeTcsl.

B sToM paznene Mbl H3yduM CIIOCOOBI 33JJaHUS CIIOKHBIX (DYHKIIHI, TO €CTh ()OPMYIIBI U
COOTBeTCTBYyIOLIME UM Tpadsl. CBoiicTBa camMux (PyHKIMH HAcC celyac He MHTepecyroT (OyaeM
paccMaTpuBaTh HOTHI, @ HE CIYHIaTh MY3bIKY).

Teopusi BBIpaXCHUH, OMPEACTAIOMINX CIOXHBIE (QYHKIUH, SBISAETCS MPOCTEHIINM

pasaciomMm MaTeMaTH4eCKOM JIOTHUKH, B KOTOpOI\/'I CaMH O3TU BBIPAXKCHUA HA3BIBAIOTCA mepmamu

[4].



TepMbl - 3TO MPaBUILHO MOCTPOSHHBIE BBHIPAXKEHUSI B HEKOTOPOM (DOPMAIBHOM SI3BIKE.
YtoOsl 3a7aTh TaKOH SI3BIK, HEOOXOJAMMO OMpPEACIUTh ero argasum. OH COCTOUT U3 TPEX
MHO>KECTB CUMBOJIOB:

1) C - MHOXECTBO CUMBOJIOB, 0003HAYAIOIITUX KOHCTAHTHI,

2) V - MHOECTBO CHMBOJIOB, 0003HAYAIOIINX IEPEMEHHBIC,

3) F - MHOXeCTBO (yHKIMOHANBHBIX cumBonoB, F =U%_; Fy, rae Fj - MHOXECTBO
CHUMBOJIOB JIJIs1 0003HaYeHUS (YHKIIUM Kk TIEpEMEHHBIX.

BBonst pasnuuHble MHOXECTBA CHMBOJIOB, MBI IIOCTOSHHO oOOpamjaemcss K HX
unmepnpemayuu («... CAMBOJIBI, 0003HauaroIKe...»). CTpOro roBopsi, 3T0 HE HY’)KHO - MOKHO
(a ¢ uucro (opMaIbHOM TOUKM 3pEHHUS - U JIOJDKHO) ONMCaTh BCE MpaBMla JIEHCTBUS C
CHMBOJIaMH, He mnpubOeras K HMX HHTEpIpETallid, OJHAKO €€ MHCIONb30BaHHE I03BOJISIET
COKpAaTUTh U3JI0KEHHE (OPMAIbHBIX MPaBWI 3a CUYET OOpalleHUs K HUMEIOLIEMYCs
COZIEPKATEIBHOMY OIIBITY.

Tepmsbl onpeensoTcs HHIYKTUBHO!

1) mo6oit cumBon u3 C UV ecth TepwM;

2) eciu ty,...,t; -TepMbl U f € F} , TO ft]...t; - TEpM.

MHoxecTBO TepMOB T mpescTaBisieT coboil 00beAMHEHUE:

o0
r=r,

i=0
rne In =CuUV,

) i
Ta=U U Viudtn e Uy (hehee el e,
k=1 feFy =0

VnobHo pa3dute I Ha Hemepecekawoomuecs MHoxkectBa - ciaou S; =T \T;
(Sp =T). Onementsl S; Oynem Ha3blBaTh TEPMaMU TIyOUHBI [ WU i-CIOHHBIMU TEpMaMHu.
MHoxecTBy §; NpHHAIIEKaT BBIPAXKEHUs, OOO3Hadaromue Te (QYHKIUU OT TEpMOB

OpeabIAyIUX c10eB Sy, ..., 5;_] , KOTOPbIE CAMU UM HE anHannexcaTz.

Jns onepupoBaHus C TEPMaMU OYEHB MOJIE3HBI IBE TEOPEMBI [4].

> TpyaHO yHepKaThCsi OT BOJIBHOCTH PEYd - oOpamenns K (DOPMaibHO eIe He BBEACHHOM, HO
COBEPIIEHHO OYEBUIHON MHTEPIPETAINH («... 0003HAYAIOIIIHE. .. »).



Teopema 1 (o moctpoenun TepMoB). Kaxaplii TepM ¢ €IMHCTBEHHBIM 00pa3zoMm
npeicTaBisieTcss B BUJE ff)...t;, IAe f - NepBblil cuMBOA B ¢, f € F, uncio k onpexnensiercs
nof(f €Fy),at,...,t; - TEPMBL

DTta Teopema SBISICTCS TOYHOW (POPMYJIMPOBKOW SKBUBAJICHTHOCTH HCIOJIb3yeMOM
0eccKk000YHOM 1 OOBITHOM 3aIUCH.

[TycTh u 1 v - BBIpaXXeHHUS, TO €CTh MOCJIE0BATEILHOCTH CUMBOJIOB ajidaButa. Ckaxem,
YTO U BXOJHUT B V, €CIIU CYIIECTBYIOT TaKHe BBIPAKECHUS p U ¢ (BO3MOXKHO, MYCTHIE), YTO V
COBMAJIAET C pugq.

Teopema 2 (o BxoxkaeHun Ttepma B Tepm). Ilycte f €Fj, f,...,t; - TepMsl,
IpEeCTAaBIsAEeTCS B BUIE fi)...¢;, T- TEPM U 7 BXOAMT B f. Torna wim 7 coBmagaer ¢ t, Wik 7
BXOAUT BoxHO U3 ¢; (i=1,....k).

Jloka3pIBalOTCA ATH TEOPEMBI AJIEMEHTAPHOW HWHIAYKIMEH mo JyuHe TepmoB [4]. B
JIOKa3aTelIbCTBE TEOPEMbl 2 BBIACIAETCA JIEeMMa, MPEACTABISAIOMIAas M CaMOCTOSITENIbHBIN
UHTEpEC.

Jlemma 1. Kaxmoe BXOXIEHHE ITIOOOTO CHMBOJIA B TEPM 7 HAUMHAET BXOXKIICHUE
HEKOTOPOTO T€pMa B 7.

OmnpenenuM OTHOLIEHHE MEXAy TepMaMH ¢ <!, HHIYKTHUBHBIM O0Opa3oM «CBEpXY

BHH3» - TI0 TJTyOMHE BXOXKJICHUS
1) t<t;
2) ecnu t coBnagaer ¢ fty...ty, f €F; U t],...,t; - TEPMBI, TO t{,...,t; <t;
3)ecin t) <t U t<tp,T0 ] <tp.

CornacHo Teopeme 2, ) < t, TOrJa U TOJBKO TOTAa, KOTAA f] BXOIUT B #5.

JIJTst KaXKI0TO TepMa  OIPEIeITHM MHOKECTBO BXOISIINX B HEro TepMoB S’ = {7|7 < 1}.
Eciu ¢t €S;, To npu 0<k <i HemycTsl MHOXeCTBa S;t{ =5 NSy . IIpu 3TOM MHOXECTBO
Sf COCTOMT U3 OJHOTO JIEMEHTA - UCXOJIHOTO TepMa L.

CBsKEM C TEPMOM ¢ OPUEHTHPOBAHHBIN Tpad G6 C BEpUIMHAMH, B3aUMHOOIHO3HAYHO
cooTBeTCTBYIOIMMH TepMaM u3  S'. ByaeM OZMHAKOBO 00O03HAYATH BEPIIMHBI 1

COOTBETCTBYIOLIME UM TepMbl. [lapa BepiuH (77,75 ) 00pa3yeT OpUEHTUPOBAHHOE OT 7] K 79



pebpo rpada G(t), €CIIM TEpM 7p MMeeT BUX ft)...t;, f € F}, t],...,t; - TEpMBI U OJIUH U3 HUX

t; (i=1,...,k) coBnanaer ¢ 7;. Bepmunsl rpada G6 yI0OHO pacroJiaraTh Mo CJIOSM Sl-t.
s mpousBoibHOrO Tpada G Oymem o6o3HauaTh V((G) MHOXKECTBO BepmiuH, a e(G) -
MHOeCTBO pedep G.

Bo3zbMeMm [u1st mpriMepa BhIpaXKeHUE JUTSL CII0KHON (PyHKINH

P(x1,x2,x3) = f5(f3(x1, f1(x1,%2)), f4(f1(x1,%2), f2(x2,%3))). 3)
B npunsToii BbIe 6eccko00YHOM MPe(UKCHON 3aMMCH OHO UMEET BUJ
Ssf3xihixxo fafixixo frx0x3, 3
o of o of rne BCE (byHKIIMOHAIBHBIC CHUMBOJIBI
0 1 2 3
IIPUHAUIEKAT [ .
X1
I'pad G6 JUTsl 5TOTO TepMa M300paKEeH Ha
2 1 f31 2 [
X2 > puc. 1.
2 7 J4 st Toro, 4toOBI TEPM OJHO3HAYHO
2
X
3 BOCCTaHaBIUBAICA 10 rpady, HEOOXOIUMBI eIIe

JIBa TOTIOJHEHHUS.

Puc. 1. Ilpumep rpada G6. Oxkoro

1. ConocraBum K101 BEpLINHE
BEpPIIMH W HaJg pedpamMM yKa3aHbI

COOTBETCTBYIOIINE METKHU rev( G6) MeTky p(7) - CHMBOI

andasuta. Ecnu BepiMHa NpuHAATICKUT HYJIEBOMY CIIOIO S(t), TO €l COOTBETCTBYET
T€pM, COBMNAMAKOIMUNA € CUMBOJIOM U3 C UV . DTOT CHMBOJ M COINOCTABISETCA
BEpLIMHE B KAayeCTBE METKU. Eciu BeplIMHA NPUHAMIEKUT Sl-t (7>0), To meTkoOM
CIIY’)KUT (DYHKUMOHAJIbHBII CHUMBOJI: BEpUIMHE 7 cOHoOcTaBisieTcss f € F, ecnu 7
umeet Bup fi...t;,rae f €Fjy,a ty,...,t; - TEPMBL.

2. Kaxgomy pebpy (7',7)ee( G(t)), MPUXOJAIIEMY B BEpPUIMHY 7, COINOCTaBUM METKY
P(7,7) - KOHEUHOE MHOKECTBO HATYPaJIbHBIX Ynce] (HOMEPOB): MyCTh TEPM 7 UMEET
BUn fty...t;, rae f €Fy, a ty,...,t; - TepMbl, Toraa pedpy (7',7) comocTaBisieTcs
MHOXecTBO Tex [ (1<i<k), misa kotopeix 7 coBmagaer c¢ ;. Ha mpakTtuke B

OONBIIMHCTBE CIIy4aeB 3Ta METKAa COCTOWT W3 OJHOTO HOMEpa, HO BO3MOXKHBI H
Ipyrue BapHaHThl - TaK ke, Kak ¢yHKuuu Buaa f(x,x). us rpaduyeckux
WLTIOCTpanuii ynooHo pebpa (7',7), umeromiue B cBoerd Metke P(7',7) 0oibliie 0JHOTO

HOMEpa, pUCOBaTh KakK My4oK pedep, MAYIMIMX OT BEPUIMHBI 7 K BEpUIMHE 7 - IO



OJIHOMY TaKOMY peOpy Il Kaxxaoro Homepa u3 P(7',7); 3T0T HoMep U OyJeT METKOM

COOTBETCTBYIOIIETO pedpa U3 MydKa.

I'pad G6 BMECTE CO BCEMH MeTKaMu OyxeM o6osHauars G'. Ha puc. | ykasaHbl

COOTBETCTBYIOILIIME METKH JIJIs1 pa300paHHOTO MpUMepa.

Wtak, myist BCAKOTO TepMa ¢ MOCTPOCH OPUEHTUPOBAHHBIM rpad G6 1 1Be QYHKIIWU:
nepBasi COIMOCTAaBIISICT KaXJAOW BepIiuHE 7€ V( G6) cumBoi andasuta p(r)eCUV UF,
BTOpas (0o6o3HaumMm ee P) - kaxaomy pedpy (7,7)ee( G(t)) - KOHEYHOE MHOXXECTBO
HaTypanbHBIX uucen P(7,7). OTmedeHHsbld rpad - Habop (G6 . P) 0603nauaem G'. Oynximn

p ¥ P yIOBIETBOPSIOT CIEAYIOMIEMY OIpaHHYCHHIO:
A) ecin s maHHOTO 7 €S’ MHOXKECTBO BXOMAMMX pebep (7,7) HEIycTo, TO

p(t)= [ €F}, (saBnsercst k-MeCTHBIM (YHKIMOHAILHBIM CHMBOJIOM MPU HEKOTOPOM k) W

CEMENCTBO MHOKECTB
{P(7.0|(7.Dee(Gp) }
npu GUKCUPOBAHHOM 7 00pa3yeT pa3OueHne MHOXKECTBa HOMEPOB {1,...,k}, TO ecTh
P(c',t)n P(r",7)=Cnpu v'# 7',

vV Ur,o)=1,...k.
7 (7',7) ee(GY)

Ha »Tom 3aBepiiaercst n3710K€HHE OCHOBHBIX (popMabHBIX KOHCTpYKInid. [Ipexe, uem
NEepeXOoAUTh K HHTEPIPETALUH, CPOPMYTUPYEM TEOpeMy 00 IKBUBAIEHTHOCTH I'papruecKoro
1 (popMyIBHOTO MPEICTaBICHUS TEPMOB.

[Iycts G - KOHEYHBI OPUEHTHPOBAHHBIM Tpad, HE HMMEIOUIMH OPUEHTHUPOBAHHBIX

%
OUKJIOB, U B G CYIIECTBYCT W COAMHCTBCHHA TakKad BCPUIIMHA 7 , K KOTOPOU OT 000

BEPILIMHBI BEJET OPUEHTHUPOBaHHBIA myTh. IlycTh, manee, 3ajmaHbl aBe (QyHKIMM: p - Ha
MHOXecTBe BeplIMH (G €O 3HAUYE€HUSIMM B MHOXECTBE CUMBOJOB andaBura U P - Ha
MHOXecTBe pedep G co 3HAaUCHUSIMH B MHOXKECTBE KOHEUHBIX HAOOPOB HATYypAJIbHBIX YHCEN U

BBITIOJIHEHO YCJIOBHE A.

Teopema 3. CyLiecTByeT U eAHHCTBEHEH TepM ¢, uisi kotoporo G’ =(G,p,P).



Jloxazamenvcmeo npoBoauTcs B ABa dTana. CHayana B G yCTaHABIMBAETCS MOCIOWHAS
CTPYKTypa: CTpOUTCA pa3OueHHe MHOXKeCTBa BepMH G: sy U sjU...Us,. MHOXeCTBO s
COCTOMT W3 TE€X BEPIIMH, K KOTOPHIM HE BEIACT HU OJHOro pedpa - M3-3a OTCYTCTBHS

OPHUECHTHUPOBAHHBIX IUKIOB TAKWUC BCPIIHMHBI CYHICCTBYIOT. MHoxecTBO S;j+1 COCTOUT U3 TCX

BEpIINH, K KOTOPbIM BeAyT peOpa TOIBKO M3 3IEMEHTOB Sy U sjU...Us;. Ilocneanunit

*
HGHYCTOI/I 3JIEMEHT B IIOCJICO0OBATCIIbHOCTHU SO,Sl,...,Sk COCTOUT U3 OJHOU BepI_HI/IHBI T , BCC

NpEAMCCTBYIOIIUEC 3JICMCHTBI 3TOM MMOCJICA0BATCIIbHOCTU HEIYCTEHI, a O6’B€I[I/IHCHI/IG BCCX §;

COJIEPKUT Bce BepLIUHBI G.

Jloka3aTenbCTBO OCHOBHOTO YTBEPXKJIEHUSI TEOPEMBI MPOBOIUTCS MHIYKIUEH 1O YUCITy
CJIOEB k.

Humepnpemayus comnocTaBisieT TepMy CcloXHYIO ¢GyHKuo. OHa CTpPOUTCS Tak.
3amaeTcsi HEKOTOpOoe MHOXecTBO D - obnacte uHTeprnperanuu. Kaxkmoil KOHCTaHTE c,
BXOJISIIECH B MHTEPIIPETUPYEMBIA TEPM f, CONOCTABIISIETCS 3JIeMeHT U3 D (ceD), kaxnomy k-

MECTHOMY (DYHKIIMOHAJIbHOMY CHMBOJY f, BXOISIIEMY B f, CONOCTaBisgeTcsS (QYHKIUS k
NEPEMEHHBIX [ :D¥ 5> D (MBI coxpaHsieM OJMHAKOBOE O0O3HAYCHME IJIi CUMBOJOB U HUX

MHTEPIIPETALMM, 3TO BIIOJHE COOTBETCTBYET HMHTYULIUU M HE JOJDKHO IPUBOIUTH K
nyranuie). Kaxnoil nepeMeHHOH, BXOAIIEH B HHTEPIPETUPYEMBI TEPM £, COTIOCTABISETCS

nepeMeHHasi, npoberatomas D. B pesynbrare TepMy ¢ comocTaBiseTcsl (QYHKUMS 7

nepemeHHbx F':D" — D, rie 1 - 9UCI0 PasINgHBIX CHMBOIOB IIEPEMEHHBIX, BXO/ISIIHX B /.
Ota  «cnoxHas»  (QYHKIUS  TOJy4aeTcss  CyHepro3ulued  «IpoCTbIX»  (QYHKUHUH,
COOTBETCTBYIOIUX (PYHKIIMOHAILHBIM CHMBOJIAM.

Ecim ¢t €Sy, TO ecTh TepM SBIAETCA KOHCTAHTOM WIIM IIEPEMEHHOH, TO BMECTO

CIOXKHOH GyHKImK F' modydaeM KOHCTAaHTY MM TOXICCTBEHHYR (GYHKIMIO id,

NEPEBOAIIYI0 3HAYEHUE NEpeMEHHON B Hero ke. Eciam ¢ €§), TO COOTBETCTBYIOIIAs
GbyHKIMS SBIISIETCS «TIPOCTOi». VICTUHHBIE ClIOXKHBIE (PYHKIIMU MOSBISIOTCS, HAUUHAS CO CIIOS
Ss.

3aMeTUM, 4YTO 3a/laHHas HWHTEpIpeTanus TepMa ¢ OJHOBPEMEHHO OIpenesseT

MHTEPIIPETALMIO KAXKI0T0 TEPMA, BXOASILETO B 7.



[IpencraBuM mporecc BHIYUCICHUS CIOXKHOW (yHKIUUA F ! ¢ HOMOIIBIO OTMEYEHHOrO

rpaba G'. CrpomTtcst Ba TPEICTABICHHS: CTATHYECKOE (BCE PE3yNBTAThI MIPOMEKYTOTHBIX

BBIYHCIICHUI pacrioiaratotcst Ha rpade) U JTMHAMUYecKoe (Iar 3a I1arom, CJIoi 3a CJIoeMm).
Ilycts 3amaHa uHTEpHperanus TepMma ! U ONPEIEICHbl 3HAYEHUs BCEX IEPEMEHHBIX,

BxosmuXx B ¢. Torma mist mo0oro Tepma 7, BXOJAIIETO B £, TAK)KE 3aJlaHa WHTEPIpPETAUs 1

ompejieNieHBl 3HaueHus Bcex GyHkimit F' (7 <t). Kaxnoii BepmmHe 7, Bxoasueil B rpad

G(t), comocTaBisercs 3Hadenne Qynkuuu F° - anmement D. Ilpu 3TOM BepIIMHAM HYJIEBOTO

CJIOd COOTBCTCTBYIKOT 3HAYCHHA IMNCPCMCHHBIX W KOHCTAHT, a GHHHCTBGHHOﬁ BCPIINHC

MoCJIeIHEer0  (BBIXOJHOTO) CJos - 3HaueHue F L bynem HazbBath 3semMeHTHl D,
COOTBETCTBYIOIINE BEPITUHAM, 3HAUEHUAMU YTUX BEPIIUH U 0003HaYaTh UX Z( 7).

Jns kaxaoW BEpPIUIMHBL 7, NPUHAJICKALICH HEHYJIEBOMY CIIOK0, MOXKHO BBIIIACATH
_ 7T T
ypaeHenue GyHKYUOHUposaHus, CB3bIBaolee 3HaueHus BepuuH. Ilycts p(0)=f", f° €F}

1 in(7) - COBOKYIMHOCTh BXOIAIIUX B 7 pedep. HamoMHMM, 4TO COBOKYITHOCTH METOK pedep,
OKaHYHMBAKOIMUXCA B 7,
{P(7,9|(7,n)ein(7)}
oOpa3yer pa3ouenue MHOkecTBa {1,2,....k}.
VYpaBHeHUe GYHKIMOHUPOBAHUS IS BEPUIMHBI 7, IPUHAICKAIIEH HEHYJIEBOMY CIIOIO,

UMEET BH/]I
Z(t)= [ (z1s..0s23), z; = Z(7') mpu i € P(7', 7), (7', 7) €in(7). 4)
B cuny ypaBHenus pynkuuonupoBanus (4), eciu sl BXOIAIUX B 7 pedep (7',7)€in(7)
M3BECTHBI 3HAaUeHHs Z(7') ¥ 3ajaHa MHTepIpeTanus cuMBonia p(7)= f° - METKU BEpIINHBI, TO

MOKHO HailTh 3HaueHue BepmmHbl Z(7). Ha ocHOBaHMM 3TOro (OYEBHAHOTO) 3aMeUYaHUS
CTPOUTCS TMHAMUYECKOE MPEICTABICHUE BHIYMCICHUS CII0KHON (DYHKIIHH.

C xaxnoi BepIIMHOM Tpada 7, MpUHAUIKALICH HEHYJIEBOMY CJIOI0, ACCOLUHPYETCS

aBTOMAT, BRIUMCISIOMMN (yHKIMIO f ' (z),...,2;), THe f' €F, - MeTKa BEPUIMHBI T.
ABTOMAaTBI CpabaTHIBAIOT IO CJIOSIM B JUCKPETHBIE MOMEHTBI BPEMEHHM (TaKThl) - AaBTOMATHI i-
ro cJosl B i-ii MOMEHT BpeMeHHU. B HadanbHBIE MOMEHT c(hOpMUPOBAHBI 3HAYCHHS BEPILIMH
HYJICBOTO CJIOSI - U3BECTHBI 3HAUYCHHUS NEPEMEHHBIX U KOHCTaHT. OHM MOCTYNAKOT HA BXOJbI
aBTOMATOB IIEPBOTO CJIOSI B COOTBETCTBUM C HyMmepauued aprymeHToB. Ilocne i-ro Takra

(YHKLIMOHMPOBaHMs ONPEACICHBI 3HAUCHUS BEPILUH, NIPUHAUIEKAIINX CIosIM Sj,...,5;. Ha



i+1-M TakTe aBTOMAThl i+1-ro CiI0S BBIYMUCISAIOT 3HAUYEHUS BEPUIMH i+1-ro ciios, moiyvas
BXOJHBIE CUTHAJIbl C MPEABLAYIIUX CJIOEB MO MpaBUIy (4) - B COOTBETCTBUM C METKAMHU

BXOJIAIINX pedep.

3. Beiunc/ieHHsl HA OPMEHTHPOBAHHOM rpade

Jnst nanpHEHero moyie3Ho 0000IIeHNE U3JT0KEHHBIX KOHCTPYKIIMM, TIPeIHa3HAYCHHOE
JUISL OTIMCAHMSI OTHOBPEMEHHOTO BBIYMCIICHUSI HECKOJIBKUX CIOKHBIX (DYHKLINH.

[Tycth G - cBsI3HBIN (HO HE 00s13aTEIFHO OPUEHTUPOBAHHO CBSI3HBIN) OPUEHTHPOBAHHBIN
rpa¢ 6e3 OpHeHTUPOBAaHHBIX HUKIIOB. Kak u BeIlle, MHOXKECTBO BepinH G ob6o3HavyaeM v((G),
MHOkeCTBO pedep - e(G). Ilycts, nanee, kaxmoi BepmmHe 7eV(() comocTaBieHa METKa -
cuMBOJ andasuta p(7), a Kaxaomy pedpy (7',7)€e(G) comocTaBisieTcss METKa - KOHEUHOE

MHO>KECTBO HATypaJibHBIX uucen P(7',7) U BBIOJHEHO YCIOBHUE COIJIACOBAHMS A: €clu s

nanHoro rev(G) MHOXeCTBO BXoAsmux pebep (7,7) Hemycto, To p(7)= f ' € F} (aBnsercs

k-MecTHBIM (YHKIIMOHATHHBIM CHUMBOJIOM TPU HEKOTOPOM k) U CEMEHCTBO MHOXKECTB
{P(7,7|(7,7)ee(G)} npu ¢dukcupoBaHHOM 7 00pazyeT pa3OMeHHe MHOXKECTBA HOMEPOB
{1,...k}.

C noMoIpo TPaH3UTUBHOTO 3aMblkaHKsl G yCTaHABIMBAEM Ha MHOXKECTBE €r0 BEPIINH
v(G) OTHONICHHS YACTHUYHOTO TOPSAKA: 7>7', €CHHM CYIIECTBYET OPUCHTHPOBAHHBIA MYTh,
Benymui or 7 K . M3-3a OTCYTCTBUS OPUEHTUPOBAHHBIX IIMKJIOB 3TO OTHOIIEHUE
AHTUCUMMETPUYHO: €CIIU 727 WU 7’27, TO 7 COBMajgaer ¢ 7. MUHHUMalIbHBIC BEPUIUHBI (K
KOTOPBIM HE BEJIET HU OJTHOTO pedpa) Ha3bIBAEM 8XOOHbLIMU, & MAKCUMAJIbHBIE (OT KOTOPHIX HE
UJIET HU OJHOro pedpa) - 6vixoonbimu. OOO3HAUUM MHOXKECTBO BXOJHBIX BEPIIMH Vi, a
BBIXOAHBIX - Vg,¢. METKH BXOJHBIX BEPIIMH SBIIAIOTCS CHUMBOJIAMH HEPEMEHHBIX WU
KOHCTAHT, METKU OCTAJbHBIX BEPIIUH - (PYHKIIMOHAILHBIE CUMBOJIBI.

Omnpenenum NocioiHyto cTpykTypy: V(G)= 5o U s1U...Us . HyneBoii cioii cocrout u3
MUHUMAJIBHBIX BEPIIMH, TEPBBIA CIIOH M3 MHHHMAIbHBIX BEpIIMH Tpada, MOTydaeMoro
ynaneHueM u3 G HyJIEBOTO CJIOS M BBIXOJAIIUX U3 HETO pedep u T.1. - i+1-i cioil coCTOUT u3
MUHUMAJIBHBIX BEPIIMH rpada, moilydyaemMoro yaaieHueM u3 G BceX BEpIIUH OObEeTUHEHUS
5o U sjU..Us; " comepxammx ux pedep. IlocnenHuil cioii cOCTOUT TONBKO U3 BBIXOIHBIX
BepinuH. [Ipenpiayinye cioun Tak:ke MOTYT COJEPKATh BBIXOIHBIC BEPIIHHEI.

C xaxnoit BepmmHOM rpada 7ev(G) oaHO3HAYHO CBsI3aH TEPM (KOTOPBIH MBI, CIEHYs

TpPaAULIMU TIPEABIYILETro pa3jena, Takxke OyneM 0003Ha4yath 7). s ero mocTpoeHus yaaium



u3 G BCe BEPILUHBI, KPOME T€X, OT KOTOPBIX K 7 MOKHO MPOUTH 110 OPUEHTUPOBAHHOMY IYTH,
a TaKkKe CBA3aHHbIE C HUMH peOpa. Ilonaydennwii rpad obGozmaumm G’ :

V(G*)={7ev(G)|=7}. Tpad G° yn0BIETBOPSAET YCIOBUAM TEOPEMBI 3, OITOMY MO HEMY
€IMHCTBEHHBIM 00pa30M BOCCTAaHABIIMBAETCS TEPM (M COOTBETCTBYIOIIAS CJIOKHAS (PYHKITHS).

[TycTh 3a1aH0 MHOECTBO D - 007aCTh MHTEPIPETALIMY U YKa3aHAa HHTEPIIPETALIS BCEX
CHMBOJIOB, OTMEUAIOIINX BEpPIIMHBI Tpada, a TakKe 3HAUYCHHs TEPEMEHHBIX, OTBEYAIOLIHX
BXOJHBIM BepiiMHaM. Torga mo ypaBHEHUsSIM (YHKUMOHUPOBaHUS (4) (OHM MOJHOCTBIO
COXPaHSIOTCS U JIJI pacCMaTPUBAEMbIX I'Ppa(OoB) MOKHO ONPEACIUTh 3HaUCHUS Z( 7) A7 BCEX
BeplIMH rpada. B pesynbrare onpenenstorcss 3Ha4eHUs] BCEX CIOKHBIX (YHKIUH, GopMybl
JUIS1 KOTOPBIX SIBJISIOTCSI TEPMaMH, COOTBETCTBYIOIMMH BepiuuHaM rpada G.

Onwucannple oOmme rpadpl MOTYT MOSABIATHCS B PA3MUYHBIX CUTyauusax. Jlis
JaTbHENIIIEr0 BaYKHO TO, YTO TaKue Tpad)bl BO3HUKAIOT, €CIIH U3 Tpada BEIYUCICHHUS CI0XKHON

(GYHKUIMHU yAaIUTh OJUH WU HECKOJIBKO TOCIETHUX CIIOEB.

4. JIBoiicTBeHHOe GyHKIIMOHUPOBaHMe, NU(PepeHIHATIbHbIE ONIePATOPLI U
rpagveHT CI0KHON PyHKUMMN

A. IIpou3eoomnas ciodicHOU QYyHKYUU 00HO20 NEPeMeHHO20

OCHOBHYIO HJEH0 JBONCTBEHHOIO0 (DYHKIMOHUPOBAHMS MOXHO IIOHATh YK€ Ha
npocTeiiieM npuMepe. PaccMOTpuM BBIYMCICHHUE TPOU3BOIHON CI0XKHON (DYHKLIMU OHOTO
nepemeHHOro. [lycTh 3amanbl GyHKIMH 0THOTO IepeMeHHOTO f1(A4) ,f2(A) ,....,/2(4) . O6pazyem
U3 HUX CIIOKHYIO (DYHKITHIO

FQO)=fn (a1 (- (f1 (¥))-..))- (1)

MOo>KHO MpEeaCTaBUTh BbIUMCIIEHHE F(X) KaK pe3ynbTaT paboThl # aBTOMATOB, KaXKIbIH
U3 KOTOPBIX MMEET OJIUH BXOJ U BBIAAET Ha BBIXOJE 3HaueHue f; (4), rae A - BXOAHOH curHai
(puc.2, a). YToOBI MOCTPOUTH CHCTEMY aBTOMATOB, BBIYHCISIONIYIO F7(X), HaO JOMOJIHHUTH
HCXOJIHBIE aBTOMATHI TAKMMH, KOTOPHIC BRIUUCIAIOT GYHKINU f7'(A), Tae A - BXOJHON CUTHAJ
(BayKHO pa3nuyaTh MPOU3BOIHYIO f; IO BXOJAHOMY CUTHAITY, TO €CTh IO apryMEeHTy (DyHKIHH f;,
Y TIPOU3BOHYIO CIIOKHOU PyHKIHH fi(A(X)) 10 X; f;'(4) - mpou3BoOIHbIE IO A).

Jns Beruncnenust F'(x) morpeOyercst emie Lenoyka u3 #-1 OJMHAKOBBIX aBTOMATOB,
UMEIOIUX I10 JBa BX0/1a, 10 OJHOMY BBIXOAY M MOJAIOIIMX HA BBIXOJ IIPOU3BEICHUE BXOJIOB.

Torna ¢popmyny IpoU3BOIHON CIOXKHOW (PyHKIIMU



dF
e = S U G (00X Sy G (1) )% X fi ()

MO>XHO PeaJIn30BaTh C MOMOIIBIO CETH aBTOMATOB, M300pakeHHOU Ha puc. 2, 6. CHavaia 1o
ATOM cXeMe BBIUMCIICHUS HIYT CJIEBA HANPaBO: HA BXOABI f] U fi' HOJAIOTCSA 3HAYCHUS X, TIOCIIE
BBIYHMCIICHUH f1(X) ATO YHCIO TOAAaeTcs Ha BXOAbl fo M f,' W T.1. B KOHIE Iemouku

OKa3bIBAIOTCS BHIUMCICHHBIMU BCe f; (fi1 (...)) v f(fi1 (...)).

PR fix) B HAi)) Ry fuat(fuza (- A1) p LON
0)

o hilx) B 5(AE) Ry foat(fuma (- A1) B ()
P a]:fll - i

BCC IV ) U R A/ Fn-1

Puc.2. CxemaTnueckoe npeCTaBIE€HNE BEIUNCICHUS CII0KHOU
(YHKIMU OHOTO MEPEMEHHOTO U €€ MTPOU3BOIHBIX.

Tem camblM, UIsi KakJOro aBTOMaTa HIKHEH CTPOKHM, KpPOME CaMOro IMpaBoro,
OKa3bIBaeTCsl C(HOPMUPOBAHHBIM 10 OAHOMY 3HAUEHHUIO BXOJa, a Y caMOro IpaBoro - ooa,
MO3TOMY OH MOXET cpaboTaTh W HauyaTh MepeAady CUrHajza B OOpaTHOM HAalpaBiICHUH -
CrpaBa HajeBO. DTO OOpaTHOE JBMIKEHUE €CTh MOCJIEAOBATENbHOE BBIYMCICHHE MOMAPHBIX

MIPOM3BENICHUN U Tepeada ux HajaeBo. B konme momydaem dF/dx.

b. /lsoticmeennoe ¢hynkyuonuposarnue u bvicmpoe ouggepenyuposanue

Bbuucnenue rpanueHta CI0KHOM (YHKIMHM MHOTHX MEPEMEHHBIX Takxke Oyner
MPEJICTABICHO KaK HEKOTOPbIM BBIYUCIUTENBHBIM MpPOLECC, B XO0J€ KOTOPOrO CHUTHAJbI
nepeMenaTcst B 00paTHOM HalpaBJIEHUH - OT BBIXOJHBIX JIEMEHTOB Tpada K BXOIHbIM. 1
TaK e, KaK MpU BBIYUCICHUU CIOXHOU (YHKIMH, OyJeT SBHO MPEJICTaBICHO MPOXOXKIACHUE
KaXJ10ro y3ia (mogo0HO TOMY, KaK 3TO CAENaHO B ypaBHEHHM (hyHKIMOHHpoBaHuUsA (4)), a

BECh IPOLIECC B IIEJIOM OYAET CKJIaIbIBaThCsl U3 TaKUX AJIEMEHTapHbIX ()parMeHTOB 3a CUET



CTPYKTYpBI CBsi3eil Mexay y3namu. Cama 3Ta CTPYKTypa - Ta e camas, 4YTO U JUIsl IPSMOTO
npoiiecca.

Bcrony B 3TOM paszgene o0iacTe MHTEPIpPETAllMU - JEHCTBUTENbHAS TpsiMasi, a BCE
byakuun qudepeHITupyembI.

OCHOBHOM HWHCTPYMEHT IMIPH TOCTPOSCHUH JBOMCTBEHHOTO ()YHKIIMOHUPOBAHUS -
dbopmymna s auddepeHIUpPOBaHUS <«IBYXCIOWHOW» CIOKHOW (YHKIIUM HECKOJIbKHUX

MIEPEMEHHBIX

ﬂAj
P )

1

o

1

G (A0 )s Ay (K105 X sy A (K105 )) Zk:
=19

@(‘ X
A

[Ipu mpoBeseHUM MHAYKLIMU 1O YKCITY CJIOEB HaM IMPHJIETCS HCHOJIb30BaTh rpadsl €
HECKOJIbKUMH BBIXOJHBIMH BEpILIMHAMU, OMIMCAHHBIE B MPEbIIYILIEM pa3zelie, IO3TOMY Cpasy
Oyznem paccMaTpuBaTh 3TOT OoJiee OO cirydaii.

HUtak, myctb G - CBs3HBIA (HO HE 00s3aTeIbHO OPHUEHTUPOBAHHO CBS3HBIN)
OpUEHTHPOBaHHBIN rpad 6e3 opueHTHpPOBaHHBIX LUKIOB. Kak u Bbime, v(G) - MHOXECTBO
BepmnH G, ¢(G) - MHOXKecTBO pedep. [lycTs, nanee, kaxaoit BepmmHe 7€ Vv((G) comocTaBicHa
MeTKa - cuMBoNl andaButa p(7), a Kaxaomy pedpy (7,7)ee(G) comocTaBisieTcs MeTKa -

KOHEYHOE MHOKECTBO HaTypajbHBIX 4Hcen P(7',7) U BBIIIOJHEHO YCIOBHUE COTJIacOBaHUS A:

eciu s jaHHoro rev(G) MHOXeCTBO BXoasiux pebep (7,7) Hemycto, 0 p(7)= ' € F}

(aBnsieTcs k-MeCTHBIM (PYHKUMOHAIBHBIM CHMBOJIOM IIPH HEKOTOPOM k) U CEeMEHCTBO
MHOkecTB {P(7,7)|(7,7)ee(G)} npu ¢ukcupoBaHHOM 7 oOpaszyeT pa3OHEeHHE MHOXKECTBA
HOoMepoB {1,....k}. Jlns kaxaon BepmuHbl 7€ V((G) 0003HAUUM MHOKECTBO BXOJISIINX B HEE
pebep in(7), a BEIXOIAIUX U3 Hee - out( 7).

Ilycte yka3zaHa WHTEpHpeTanusi BCEX CHUMBOJOB, OTMEUAIONIUX BEpUIMHBI Tpada,
3HAYCHUS]  TNEPEMCHHBIX,  OTBEYAIOIIMX  BXOJHBIM  BEpPIIMHAM W  YpaBHCHHSAM
dbyHkronupoBanus (4) onpeneneHsl 3HaYeHU Z(7) IS Bcex BepiuH rpada. B pesynbrare
OTIpEIeIICHbI 3HAYCHUS BCEX CIIOKHBIX (QYHKIUH, GOPMYIIBI IJIs1 KOTOPBIX SBISIFOTCS TEPMaMH,
CcOoOTBeTCTByIomUMHU BepmuHaMm rpada G. Ilpomecc Beruucienus Z(7) OyneM Ha3bIBaTh
npsAMbIM B TIPOTUBOBEC 0OpAMHOMY WIH OB0UCMEEHHOMY, K OIMCAHHIO KOTOPOTO MBI
HEPEXOAUM.

[Mpu 3amaHHBIX Z(7) A0S KaXIOW BEPIIMHBI U KaXXIOTO pedpa CTPOSTCS nepemeHHbule
08olicmeenn020 yHKyuonuposeanus (WM, 0OoJee KPaTKO, O0BOLUCMEEHHble NepeMeHHbLe).

bynem o6o3HauaTh ux 14 7) Ay BEpIIUH U (7', 7) - 175 pedep.



JUisi BBIXOIHBIX BEpIIMH £47) SBIAIOTCS HE3aBUCUMBIMU MepeMeHHbIMH. IlycTh ux
3Ha4YeHUus 3aAaHbl. [l BEpIIMHBI 7, HE SBISIOLICICS BBIXOAHOM, 3HaUeHUE L T) €CTh CyMMa

3HAUYCHHUH ,Z[BOIZCTBGHHLIX NEPCMCHHBIX, COOTBCTCTBYIOIINX BBIXOAAIINUM U3 rpe6paM:

wry= 2 u(r,t). 6)

(7,7")eout(7)
st pebpa (7', 7) 3Hauenue (7', 7) onpenensercs corinacHo popmyne (5):
. It i)
w0y =) Y, TR (7)

ieP(7',7) di

B dopmyne (7) f° =p(r)eF, - MeTka pebpa 7, t,...,t; - APTYMEHTBI «(IPOCTOI»

Gyskimu  f°, a mpousBomHble f° OGepyTcs TpH YCIOBHSIX, ONpPEAETAEMBIX HPSIMBIM

mponeccom:

t; =Z(0) npu 0 ein(7), j € P(0,7). (8)
Jns xaxpaoro je {l1,...,k} Takoe € cymecTByeT U €AMHCTBEHHO B CHJIy TOTO, YTO METKH
BXOJISIIIUX B BEPIIUHY 7 pebep 00pa3yroT pa3drueHne MHOKECTBa HOMEPOB {1,....k}.
B camoMm pacmpocTpaHeHHOM ciydae Bce METKH pedep P(7,7) comepkaT Mo OJHOMY
aneMeHTy. B aToMm ciyuae ¢opmyna (7) mpruoOperaeT 0COOEHHO MPOCTON BUJT

F (1)

rae P(7',7) = {i(7', 7)}. (7)
di(r‘,r) of

(7', 7) = (1)

Ucnionp3yss  (6)-(8), MOXHO 3ammcaTh TIpaBWja BBIYUCICHUS JIBOMCTBEHHBIX

MNEPCMCHHBIX JIs1 BEPUINH, HC UCITOJIB3YIOIIIHC ,Z[BOﬁCTBGHHLIX NEPCMCHHBIX JIs1 p66€p2

0
fyennst
() (= > uz, 9)] = Y we Yy T
(7,0)eout(r) (7,0)eout(r) ieP(z,0) i
Ir7ie TPOU3BOJHBIE | g p(6) € F;, Gepytcst mpu yCIOBUSX
t; =Z(n) npu 17 €in(6), j € P(7,0). (10)

['peueckumu OykBamu 7, 6, 77 31€Ch 0003HAYEHBI BEPUTUHBI rpada.
Onsate ke, B pacnpoCTpaHEHHOM cCiydae, koraa Bce P(7,7) OTHOSIEMEHTHBI,

npumensieM (7') BMecto (7) u momydaeM

FO(t,ensty) , ,
uo) = 2uno)|= 3 wO)T— rne P(7,0) = {i(z.0)} (9
(7,0)eout(7) (z,0)eout(r) i(7,0)



Hanomuum, yTo Ka)x10il BeplIMHE 7, MPUHAUIeKALIEH HeHylaeBoMy cioto rpada G,

COOTBETCTBYIOT TEPM 7 U CIOKHast GpyHKIUA F° OT HE3aBMCUMBIX NEPEMEHHBIX U KOHCTAHT,
OTMEYAIOIINX BEPIIMHBI HYJI€BOro cios G.

IIponiecc BBIYMCIEHHS JABOMCTBEHHBIX IIEPEMEHHBIX OPraHU3yeTCs IOCIOMHO OT
BBIXOJHBIX BEpPIIMH K BXOJHBIM H 4YacTO Ha3bIBae€TCs IPOLECCOM  0OpamHo20
pacnpocmpanenus (back propagation) uiau IpocTo 0OPATHBEIM MPOIECCOM.

Teopema 5. IlycTh 3amaHa WMHTEpHpeTaIMs BCEX CHMBOJIOB, OTMEUYAIONIUX BEPIIMHBI
rpada G, ompenereHbl 3HAYEHUS HE3aBUCHUMBIX TIEPEMEHHBIX (@ TakKe KOHCTAHT),

COOTBETCTBYIOIIUX BEpPIINHAM BXOJHOTO CJIOSl Vi, M 3HAUEHMs HE3aBUCHMBIX IE€PEMEHHBIX
JIBOMCTBEHHOTO (DYHKLIMOHUPOBAHUS £ 7) JUIS BEPLIMH BBIXOJHOTO CJIOSL V. lorma Juis
aroboro O vy,

077‘[
Gy

wo= Y. ur)

T&Vout

(1)

rac FT - COOTBCTCTBYIOIIast BEPIINHC T(I)YHKI_[I/ISI OT HC3aBUCUMBIX MCPCMCHHBIX U KOHCTAHT,

OTMEUAIOIUX BEPUIMHBI HyJeBOro ciosi G, Xy - COOTBETCTBYIOINIAs BepuIMHE Oec v,

NepeMeHHasl WM KOHCTaHTa, a npou3BoAHbIe B (11) 6epyTcst npu GUKCHpPOBaHHBIX 3HAUCHHIX
IPOYUX NIEPEMEHHBIX U KOHCTAHT.

Hoxazamenbcmeo TPOBOANUTCS WHAYKIMEH MO yuciay cioeB. s rpadoB u3 IBYX
CJIOEB - HYJIEBOTO W TEpBOro - TeopeMa odeBuaHa. Cmyck or i+1-cmoiHbIX TpadoB K i-
CJIOMHBIM MPOU3BOAMUTCS C MTOMOIIBIO (POPMYIIBI 5.

[IpoxoxaeHue BepimnHbI Tpada 1 IpuIeralolux K Hel pedep npu npsMoM U 00paTHOM

npolieccax MpoOWITIOCTPUPOBAHO HA pUC. 3.

Puc. 3. IIpoxoxxaeHne BepIIMHBI 7 B IPSAMOM (a) 1 oO6paTHOM (0) HaIpaBICHUH.
5. CinoxkHOCTh BbIUMC/IeHUS QYHKIIUM U ee TPaJHueHTa



HOILC‘-II/ITaeM TCIICPb  YUCIIO onepauﬂﬁ, HCO6XO,Z[I/IMBIX 11 BBIYHUCIICHHSA BCEX
JIBOMCTBEHHBIX IEPEMEHHBIX £ 7) ISl BEPIIHH U 14 7', 7) - 111 pedep.

BO-HepBBIX, HYKHO BBIYHUCJIIWUTH BCC YACTHLIC ITPOU3BOJHBIC

FO sty
a;

JUISL BCEX BEpIIMH € M BCeX k apryMEHTOB «IPOCTOI» (DYHKIIMH, COOTBETCTBYIOMIEH KaKIOH
BCPIIHHC. Yuciao Takux MNPOU3BOJHBIX PpPAaBHO CYMMC 4YHCIa AaprymcHTOB [JisI BCCX
(YHKIIMOHATBHBIX CHMBOJIOB, COOTBETCTBYIOIIMX BEpIIMHAM Tpada, TO €CTh CIeIYIoen

BeIUUMHE L

E= ) P(1,0).
(1,0)ee(G)

JloroBopumMcst B 3TOM paszjienie oToOpaxkars pedpa (7',7), UMeromue B cBoux MeTkax P(7,7)
0oJIbIIIE OTHOTO HOMEpa, KaK IMyYKu pedep, UAYIIHUX OT BEpPIIUHBI 7' K BEPIIUHE 7 - IO OJTHOMY
TakoMy peOpy miis Kaxkaoro Homepa u3 P(7',7). Yucio E nmpocto paBHO unciy pedep B rpade.
Uucao HeoOXOIMMBIX YMHOKEHUH M YHCIIO CIIOKEHHUH TakKe He MPEeBOCXOIAT E.

Konn4yecTBO BBIYMCICHHA «IPOCTHIX» (YHKIHMA TMPU BBIYUCICHUU CIIOXKHON PpaBHO
yucay BepmuH rpaga. O6o3naunm ero V. OtHomenue FE/V naer mnpexacraBieHue 00
OTHOIICHUH BBIYMCIIUTENBHBIX 3aTPAT Ha BHIYMCIECHUE TPAJNEHTa K 3aTpaTaM Ha BHIYHCIICHUE
¢yskumu. YToObI IOCIEI0BATENBHO UCTIONB30BaTh ATY OLIEHKY, a TAaKXKe HUCKaTh T€ (PyHKIHNH,
JUISL KOTOPBIX BBIUMCIICHHE TPAJAMEHTA €lle Mpouie, Heo0XoauMo 3a(UKCUpPOBATh UCXOHBIE
npenanonoxenus. bynem o603Hayath 7, 3aTpaThl HA BEIYUCIEHHUE f .

1. Jmst kaxxaoi BepimnHbI Tpada, COOTBETCTBYIONICH € (PYHKITUH f, U JTI000TO apryMeHTa

oTo (yHKIMHU X cripaBeuBa oueHKa T = Tpr oy

2. lns bymkumit  f= f7(z),...,Z;), COOTBETCTBYIOUIMX  BepmMHaM  rpada,

k
Ty 2Ty, ZZZ Z; , TO €CTb CyMMa IIEPEMEHHBIX - IPOCTENIAs (PYHKIIUS;
i=1

3. YMHOXEHHE U CJI0KEHUE HMEIOT MPUMEPHO OJTMHAKOBYIO CJIOKHOCTD.

B mpennonoxenusix 1-3 3adukcupoBaH TOT YpOBEHb TOYHOCTH, C KOTOPBIM OyIyT
nenatbes OIeHKU. [Ipu (hopMaTbHOM HCITOJIB30BAaHWKM OTHOIICHUS «a TPUMEPHO PaBHO by
HEN30eKHBI MapaJOKCHl TUTIA «Ky4a»: OJUH KaMEeHb HE Ky4a, €CJIM # KaMHel - He Kyda, TO U
n+l - ToXe, clemoBaTeNbHO... . YTOOBI M30€XKaTh 3TOTO U CHelaTh PAacCyKICHHs Oosee

HarJSIAHBIMU, TIOCTYNIUM clenylomM o0pa3oM. CIOXXHOCTh «IIpOCTOW» (QYHKUUU Kk



MEPEeMEHHBIX U 000 ee 4YacTHOW MPOM3BOMHON OIEHUM Kak ck, T€ ¢ - HEKOTopas
KOHCTaHTa, ¢>1; CIOXXHOCTh CyMMBl k ciaraeMbIX (M TPOU3BEACHHUS k COMHOMXUTEJEH)
omnpeaenuM kKak k-1. [locnmepaHee BbIUMTAaHWE €IWHHUIBI UMEET CMBICH MPU PACCMOTPEHUU
00JIBIIOrO YKCiIa CyMM, COJIEPIKALIUX MAaJIO CIaracMbIX.

[Tyctp, kak u BbImIe, £- uncio pedep rpada, V- uucio BepmuH, Ve - YACI0 BRIXOIHBIX
BEPIIKH (MM HE COOTBETCTBYET HU OJHOU CyMMBI B (6)). CII0)KHOCTH MPSMOTO MPOXOXKICHUS
rpada (BerauciaeHus: GyHKIIHI) OIEHUBACTCS Kak cE.

OO6patHoe mpoxoxaeHue rpada mpu BBIYUCICHUU TPAIMEHTOB CKJIAJBIBACTCS U3 TPEX
CllaraembIX:

1. BeuncneHre BCEX YaCTHBIX MPOU3BOMHBIX MPOCTHIX (DYHKIUH, COOTBETCTBYIOIIUX

BepmmHaM Tpada. Heobxomumo BeUMCIUTh E TakuxX NPOU3BOAHBIX. CII0XKHOCTH
BBIUMCJICHHUSI OJHOM TaKoOW MPOW3BOJHOW [UIsi BEPIIMHBI 7, HUMEIOMICH [in(7)]

BXO/SIIIMX pedep, omeHuBaeTcs Kak c|in(7)|. OueHkKa CI0KHOCTH BBIUYMCICHUS BCEX

3TUX NPOU3BOAHBIX AAETCS CIEAYIOIIEer cyMMoil Tpif= ¢ Z |in( r)|2 (ScE 2 ).
T

2. Beruncnenue Bcex nmpousBereHuit (7) Ha peOpax - £ mpou3BeqeHU (B CBSI3H C TEM,
YTO Mbl B JIaHHOM paszfeiie IepeAady CUrHaja Ha pas3Hble BXOJbl aBTOMATa,

T
BelUUCIAONEro f - (zjy,...,z; ), 0003Ha4aeM pa3aMuHbIMU peOpamH, ypaBHeHUs (7),

COXpaHsis MPEKHIOI BHEUIHIO (opMy, TpeoOpa3yroTcs Tak, YTO B CYMMax OCTAaeTCs

110 OJTHOMY CJIaraéMoMYy, OCTaIbHOE CYMMHPOBAHHE MEPEHOCUTCS K BepiInHaM (6)).
3. Boraucnenne Becex cymm (6) - CIOKHOCTB paBHA E-(V- Vyy).

I/ITOI‘O, IoJIHaA CI0KHOCTH O6paTHOFO MPOXOXKACHUS CUTHAJIOB OLICHUBACTCS KaK

T= Tpigt2 E-(V- Vou)= ¢ D_|in(7)* +2 E-(V- Vouy).

T
OCHOBHYIO pOJIb B TMOCIEAHEH CyMME WIrpaeT IEepBOE€ CcjlaraeMoe - HMEHHO UM
OTIpEIeNIAETCS CIIOKHOCTh 00paTHOro pacnpocTpaneHus no rpady (ecnu Bee |in(7)[=1, To Tpif
=cE, a yxe B ciydae, korjaa |in(7)[=2, mbl mony4aeMm 1pif =2¢E). I[loaTOMy MOXKHO TIOJIOKUTH
T~Tpis (ctporo roBops, 3Tpie=T>Tpif , OMTHAKO Pa3IMUUsA B JBA-TPU pasza JUIs HAc cerdvac
HECYIIECTBEHHBI ).

Ecnu xapakTepHOE 4YHCIO TEPEMEHHBIX Y TNPOCTHIX (DYHKIMHA, COOTBETCTBYIOILUX

BepmmHaMm rpada, paBHO m (TO ecTh |in(7)[=m), TO Mg BBIYUCISIEMOU MO Tpady CIOXKHOMN



¢yHKIMU F MOXHO OLIEHUTHh OTHOUICHHE 3aTpaT Ha BblYHMCIeHHE F u gradF cremayrommm

obpazoM:

E T,
radFEc—kzzckE, Tp =CE, ﬂzk.
k Tp

Ty

JTa OICHKa, KOHEYHO, JIy4IIle, YeM IOJTHOE YMCIIO MEPEMEHHBIX 7, HO BCE K€ UCKOMOE
OTHOIIICHHUE OIEHUBAETCS MPUMEPHO KaK OTHOIICHUE Yucia pedep K uuciy BepmuH E/V (¢
TOYHOCTBIO JI0 MEHEE 3HAYMMBIX cliaraeMbix). Ecnu Hac umHTEpecyroT rpadbl ¢ OOJbIIUM
YHUCIOM CBsi3ed, TO A coxpaHeHHs 3(P(PEKTHBHOCTH BBIUMCIEHUS TPAJAUEHTOB HYKHO
OTPaHUYMBATHCS  CHCIHMAJIBHBIMH  KJIacCaMW  MPOCTHIX  (QyHKmmMA. M3  MCXOAHBIX

npennonoxenni 1-3 Hanbonee cymecrserno nepsoe (7 = Tpr) 5 ). 3a0anuMCst BOIPOCOM:

Ui Kakux (YHKOUE [ BBIUKCICHHE YACTHBIX MPOM3BOJHBIX BOOOIIE HE Tpedyer
BBIYMCIICHUN?
OtBer oueBHIEH: OOIIMI BU TaKUX (DyHKIIMHA
f(zq,...2,) = Z z; + Zijk, (12)
ief jeP) keP;

rIe MHOXECTBa WMHIAEKCOB P, P,, P; He mnepecekalTcs W, Kpome Toro, P,, P; uUMEIOT
OJIMHAKOBOE YHMCIIO JICMEHTOB. 3HAYCHUS BCEX YACTHBIX MPOU3BOJHBIX TaKUX (PYHKIIMHA yiKe
M3BECTHBI, 2 UCTOYHUKHU (aapeca) dTUX 3HAUYCHUM YKa3bIBalOTCsA CBs3siMH Tpada. Kakue-to
3HAYEHUS Z; BO BTOPOM CyMMe MOTYT OBbITh KOHCTaHTaMHU (3HAUEHHUS HYJIEBOTO CJIO0s), KaKue-
TO - HE3aBUCHMBIMH TIEPEMEHHBIMH (TaK)Ke HYJIEBOW CIIOM) MIM 3HAYEHUSMHU, HalJCHHBIMU
IPU IPOMEKYTOUHBIX BbIUHCICHUSIX.

B obmem cnydae ¢ynkumm (12) OwnmHedHbl. VX YacTHBI ciydail - JHHEHHBIE
byHkuu: ecau uHAEKcaM u3 P, B (12) COOTBETCTBYIOT KOHCTaHTBI, TO (yHKums f -
JIMHEHAs.

N ¢yskmun Buga (12), W COOTBETCTBYIONIME WM BEpUIMHBI OyaeM Ha3bIBaTh
K8A3UTUHEUHbIMU.

[Tycte unTEpnpeTanus GyHKIMOHAIBHBIX CUMBOJIOB TaKOBa, YTO B rpade BHIYMCICHUI
IIPUCYTCTBYIOT TOJIBKO BEPLIMHBI JBYX COPTOB: KBA3WJIMHEHWHBIC WIH C OJHOM BXOJHOH
CBSA3bI0 (COOTBETCTBYIOIIME TMPOCTHIM (YHKIUSIM OJHOTO mepeMeHHoro). O0o3HaYnM
KOJNMYECTBA JTHX BepwmH V, u V) coorBeTcTBeHHO. OlEHKa CIIOXHOCTH BBIYUCIEHUS

rpaJveHTa Jjis Takux rpadoB mpuHOUMOUaAIbEHO MeHseTcs. OO0paTHoe (PyHKIIMOHHMpPOBAHUE B

9TOM ClTydae TpeOyeT CIEAYIOIINX 3aTpar:



1) Ilouck Bcex NPOU3BOAHBIX (YHKLUUN OJHOTO TMEPEMEHHOTO, COOTBETCTBYIOIUX
BepIIMHaM rpada (4uciio TaKuX MPOU3BOIHBIX PaBHO V1), CIIO)KHOCTh TTOMCKA OJTHOM
IPOM3BOIHON OLIEHUBACTCA KaK C.

2) Beruucnenue Bcex npousBeneHuit (7) Ha pedpax - £ mpou3BeIcHUH.

3) Boraucnenne Becex cymm (6) - CIOKHOCTB paBHa E-(V- Voy).

Htoro, cymmapHas CI0XKHOCTb 00pPaTHOTO MPOXOXKICHHS CUTHAJIOB OLIEHUBAETCS KaK

TgradF: CV1+2E'( V- Vout)‘

OneHuM CII0KHOCTb BBIYMCIICHUHN TIPU MPSIMOM PacTpOCTPaHEHHH:

1) Anst m000# KBa3sWIMHEWHOW BEPIIMHBI 7 CIIOKHOCTh BBIYUCICHHS (DYHKIMH
orieHuBaeTcs Kak |in(7)|-1,

2) Jlnst mo00# BEpIIMHBI ¢ OJHON BXOAHOM CBS3BIO CIOKHOCThH OLEHUBAETCS KaK C.

Wtak, 1ms npsiMOTro pacrpoCTPaHEHUsI CJI0KHOCTD OI[CHUBAETCS KaK

Tr=cV\+(E- V- Vq).
o T, gradF’
C poctoM uucna cBsizeit ———— —> 2 !
F

I'padpr BerumcneHuit (¢ 3amaHHON HWHTEpHpeTanueld (QyHKIHOHAIBHBIX CHMBOJIOB), B
KOTOPBIX TMPHUCYTCTBYIOT TOJBKO BEPIIMHBI JBYX COPTOB: KBa3WJIWHEHHBIC WJIH C OJHOUN
BXOJHOU CBS3bI0 (COOTBETCTBYIOIIHME MPOCTHIM (YHKIHUSM OJHOTO TIEPEMEHHOTO) WUIPAIOT
0ocoOyio ponb. byneM Ha3bBaTh WX cyujecmeéeHHo Keazununeunvimu. J{ns QyHKUIUM,
BBIUMCIISIEMBIX C TOMOIIBIO TakUX IpadoB, 3aTpaTbl Ha BBIYMCIECHHE BEKTOpa TIpaJHMeHTa
OPUMEPHO BIBOE OOJIbILE, YEM 3aTpaThl Ha BhIYHMCICHHE 3HaueHHs ¢yHkuuu (Bcero!). Ilpu
9TOM YHCJIO CBs3el W oOTHOmeHWue FE/V Moryr OBITh CKOJb YTOZHO OOJBIIMMHU. ITO
JIOCTOMHCTBO JIeTIaeT HCMOJIb30BAHMWE CYIIECTBEHHO KBAa3WJIMHEWHBIX TpadoB BecbMa
NPUTATaTeIbHBIM BO BCEX 3a/Jadax oONTUMHU3aluuu. MX 4YacTHBIM clydaem SIBJISIFOTCS
HEHPOHHBIC CETH, Ui KOTOPBIX POJb KBA3WIMHEWHBIX BEPIIMH WrPAIOT aJalTHBHBIE
JIMHEMHBIE CyMMAaTOPBI.

Takum 00pa3om, 0OpaTHOE MPOXOXKIECHUE aIaITUBHOTO CyMMaTopa TpeOyeT TaKuX kKe
3aTpar, Kak M npsmoe. [lns Apyrux SIeMEHTOB CTaHAApTHOrO HeWpoHa oOpaTHOe
pacrpocTpaHeHHE CTPOMUTCS CTOJIb K€ MPOCTO: TOYKA BETBJICHUS NMPU OOpaTHOM mpoliecce

MpeBpaiaeTcs B IPOCTOM CyMMAaTop, a HENIWHEHHBIM mpeobpazoBarens x +— f(x) B

JUHEHHYIO cBs3b 1 > f'(x)u ¢ koapdunmentom cBs3u f'(x). IlosToMy [uis HEHPOHHBIX



cereil 0OpaTHOE pPacHpOCTPaHEHUE BBIMIATUT O0COOEHHO mpocTo. JleTamu MOXHO HalWTH B
Ppa3IMYHBIX PYKOBOJCTBAaX, Hapumep [35,6]

Otnuune obiero ciryyast oT 0oJiee MPUBBIYHBIX HEHPOHHBIX CETEH COCTOUT B TOM, YTO
MO>XHO HCITOJIb30BaTh OmiMHEHHbIe KoMOMHAMU (12) MpOW3BOIBHBIX YK€ BBIYHCICHHBIX
¢GyHKUIUMH, a HE TOJBKO JUHEHHbIE (YHKIUU OT HUX C IMOCTOSHHBIMH KO3 (HUIMEHTAMHU-
BECaMH.

B onpenenennom cmeiciie kKBa3winHeWHble QyHKIUU (12) BBIYHCISIOTCS JTHHEHHBIMU

cymmaropamu ¢ Becamu 1 u z; (j € P,) u aprymentamu z; (i € B) u zj (k € ), TonbKO

Beca He 00s13aTEeNIbHO SBJISIOTCS KOHCTAHTaMH, @ MOTYT BBIYMCIIATHCS Ha JIIOOOM Clloe.
EcTecTBEHHO BO3HHMKAaeT BONPOC O BBIUMCIUTEIBHBIX BO3MOXKHOCTSAX CETEH, BCe
BEPILMHBI KOTOPBIX SIBJIAIOTCS KBa3sWJIMHEWHBIMH. MHOXECTBO (YHKIUH, BBIYHUCISAEMBIX
TaKUMH CETSMH, COACPKHUT BCE KOOPIAMHATHBIE (YHKIUU U 3aMKHYTO OTHOCHUTEIHHO
CIIOKEHMS, YMHOKEHUSI HAa KOHCTaHTy M yMHOXeHus ¢GyHkiuil. CrenoBareiabHO OHO
COJCPKUT M BCE MHOTOWIEHBI OT JIFOOOr0 KOJIMYeCTBa nepeMeHHbIX. JIrobas HempepbiBHAs
GyHKIMS HA 3aMKHYTOM OIPaHUYEHHOM MHOKECTBE B KOHEYHOMEPHOM MPOCTPAHCTBE MOXKET

OBITH CKOJIb YTOJJHO TOYHO MPUOIMKEHA C UX MOMOIIBIO.

6. JIBoiicTBeHHOCTD 10 Jle:kaHAPY M CMBICJI IBOHCTBEHHBIX NepeMeHHBIX

[TpocmarpuBas TEKCT MpEAbILIYLINX Pa3/eiioB, s yOeauics, 4To NoApoOHOe U3JI0KEHHUE
Y JJIEMEHTHI CTHJI MAaT€MaTU4YEeCKOW JIOTMKM MOTYT JJa)Ke OYEBUAHOE CHENIaTh CIOKHBIM. B
JTAHHOM pa3Jielie OMUCBIBAETCS CBSA3b ABONCTBEHHOrO (DYHKIIMOHUPOBAHMS CETEH aBTOMATOB C
npeoOpa3oBanuem Jlexxanapa u  HeolpedesleHHbIMH MHOXuTensMu Jlarpamka. 3910
U3JI0)KEHUE OPUCHTHPOBAHO HA YWTATENsd, 3HAKOMHUBIIETOCS C JIATPAH)KEBBIM U
raMUJIBTOHOBBIM  (popManu3MaMM M HMX CBS3bI0 (B KJIACCHYECKOM MEXaHHUKE WM
BapHalMOHHOM HcuuciieHnH). PakTHUecKn Ha AByX CTpaHMLax Oy[eT 3aHOBO M3JI0KEH BECh
IPEIbIAYLIUI MaTepual IJ1aBbl.

[lepemennble 00paTHOro (YHKIMOHUPOBAHUS £/ MOSIBISAIOTCS KaK BCIIOMOIaTelbHbIE
IpY BBIYMCIICHUU MPOU3BOIAHBIX CIIOKHOU (QyHKIMH. IlepeMeHHbIe TaKOrO THUIIA MOSBISIOTCS
He ciaydaiiHo. OHHM TOCTOSIHHO BO3HUKAIOT B 33JadaX ONTHUMM3alUU U SBISIFOTCS
MHOXUTENIAMU Jlarpanxa.

Msb1 BBOOUM 4, HCXOAsd w3 mpaBwil au(PGEepeHIIMPOBAHUS CIOXHOW (YHKIIUH.

Bo3moskeH apyroil myTh, CBSi3aHHBIA € mepexojoM oT ¢yHkuuu Jlarpamxa k QyHKIUH



lamunerona. M3noxkuM ero w mapamienbHO MONYYUM psif AambHEHImmx 0000menuit. s
BCEX CETEW aBTOMATOB, BCTPEYABIIMXCS HaM B MPEABIAYIIMX pa3feiax M riaBaxX, MOXKHO
BBIJICJIUTH TPU TPYIIIBI IEPEMEHHBIX:

BHEIITHKE BXOAHBIC CUTHAJIEI X,

nepeMeHHbIe (PYHKIIMOHUPOBAHUS - 3HAUCHUS HA BBIXOJIaX BCEX DJIEMEHTOB CETH [, ,

nepeMeHHbIe O0yUEHUS ..

(MHOTOTOUYHMSIMHU 3aMEHSIOTCS Pa3INYHbIe HA0OPHI UHIEKCOB).

OO0beMHUM WX B JIBE TPYNIBI - BBIYUCISEMBIC BEIWYWUHBI ) - 3HAYCHUS [ W
3amaBaeMbie - b (BKIIOYas a. W X ). YIOPOCTUM HHJIEKCALUIO, TIEpeHymepoBaB f u b
HaTypaJIbHBIMH YUCIAMU: f1,....f ; D1 ,...,Dpr .

[Tycth QyHKIIMOHMpPOBAHHUE CUCTEMBI 3a/1aeTcsl HAbopoM u3 N ypaBHEHUI

WiV1 seesVN 5D1 5eesba)=0 (i=1,...,N). (13)

JIyisi TOCIIOMHOTO BBIYMCICHUS CIIOKHBIX (DYHKIIUN BBIUUCISIEMBIE TIEpEMEHHBIC - 3TO
3HAYEHUs BEPUIMH JJISI BCEX CJIOEB, KPOME HYJEBOTO, 33JaBa€MbI€ IEPEMEHHBIE - 3TO
3HAUEHUSl BEPIIMH TEPBOrO CJOsi (KOHCTAaHTHI M 3HAYEHUS TEPEMEHHBIX), a YpaBHEHUs

(GYHKIIMOHUPOBAHUS UMEIOT MPOCTEHITNI BUI (4), 111 KOTOPOTO
v; =Z2(1)— f(z1,....2}),
rnez; = Z(7')npuie P(7', 7).

[Ipeanonaraercs, uto cucrema ypaBHeHu# (13) 3amaeT criocoO BEIYUCICHUS V; .

[Tycts umeercst Gynkuus (narpawxuan) H(yp ,...,pn ,b1 ,...,by). ITa GYHKIUS 3aBUCUT
oT b ¥ SBHO, U HESBHO - Yepe3 MepeMeHHbIe PYHKIIMOHUPOBaHUs y. Ecinm mpencraButh, 4To
ypaBHeHus (13) paspeieHsl OTHOCUTENBHO BceX ¥ (y=)(b)), TO H MOXXHO NPEICTaBUTh KaK
GyHKIIUIO OT b:

H=H,(b)=H(y1(b),...,yn(b),b). (14)

rae b - BEKTOp ¢ KOMIIOHEHTaMH b; .

Hns 3amaum  oOyueHuss TpeOyercss Haitu npousBogubie  D=0H(b)/0b;
HemocpeacTBEHHO U SIBHO 3TO CIENATh TPYAHO.

[octynum mo-npyromy. BBeaem HOBbIE EpEMEHHBIE Lj,...,Ly (MHOXHUTENH Jlarpanxka)

U Tpou3BOAAIIYI0 pyHKIHIO W:

Nu

W(y,b, 1) = H(p,b)+ Y, tiy;(»,b).
=1

B dbyuxuuu W aprymeHTsl y, b U 4 - HE3aBUCHUMBIE IIEPEMEHHBIE.



VYpaBuenus (13) MOXHO 3amucath Kak
w
Hi

=0, (i=1...,N). (15)

3ameTuM, 4TO JJIA TeX ), b, KOTOpbIE YIOBIETBOPAIOT ypaBHEeHUM (13), ipu M0OBIX 1
W(y,b,)=H(y,b). (16)
DTO 03HAYaeT, YTO JJIi UCTHMHHBIX 3HAYCHUH NMEPEMEHHBIX (DYHKIIMOHUPOBAHHS ) TIPH
naHHbIX b pynkuusa W(y,b,u) coBnanaet ¢ uccinenyemoi pynkuueit H.
[TonpiTaemcsi mog00paTh TaKylo 3aBUCUMOCTH L4(b), 4TOOBI, Hcoab3ys (16), moayduTs

st D=0H,(b)/0b; nanbonee mpocteie BepaxxeHus . Ha MHOrooOpasun perienuii (15)

b _ HO(b)LE) _ AW ((b).b.u(b)

l ad 24

[TosTomy

D, - AH(y,b) ZaH(y,b) @,(b)
ébz j=1 @}j d)i

_ W(y,b,p) meﬁmc%@+§mw@mxﬁﬂg a7
O’bi jl @/j O’bi j=1 duj O’bi

Y[ a.p) WMMﬂx%@ N opi(3b)  a(y,b)

le[ Pj kz1 P b; +JZ=1#J P

Ms1 Bcrony paznmuuaeM (yuknuto H(y,b), tae y m b - He3aBHCUMBIC TIEPEMEHHbBIC, U
GyHKIMIO TONBKO OT mepemeHHbix b H(y(b),b), tne y(b) onpeneneHsl u3 ypaBaenuii (13).
AHanornuHoe paznudeHue npuHaumaetcs ais Gyakuuit W(y,b,u) u W((b),b,u (b)).

[IpousBoun B omnpenenenun (b) HaO UCHOIB30BATh HAMIIYYIIUM 00pa30M - BCE PaBHO
OT HEro npujercs U30aBIATbCA, Aoomnpenesnss 3aBucuMocTtdu. Ecnu BeIOpaTh Takue g, 4To
claraeMble B INEpPBOH CyMMe NOCJieqHe CTpoku BbIpaxeHus (17) oOpatsaTcs B Hymlb, TO
dbopmyna mist D; pe3ko ynpoctutcs. [1omoxum mostomy

N
H(y,b) Wi (y,b)
ST Yy ) (18)
P k=1 o
D10 - cucrteMa ypaBHEHWM it ompexaenenus iy (k=1,...,N). Ecnmu u onpenencHs
coriacHo (18), To

N
H(y,b oy i(y,b)

l b, ] b;



9TO - B TOYHOCTU TE€ BBIPAKECHHUS, KOTOPBIE HCIOJIB30BAIUCH IIPU ITOUCKE MPOU3BOIHBIX
CIIOKHBIX (YHKUMH. B Hammx BBIYKUCIEHUSAX Mbl IOJIb30BAINCH SIBHBIM OINHCAaHHEM
¢ynkumonupoBanus. Meron MHoxuTenell Jlarpanxka AOmMycKaeT U MeHee SBHbIE ONMUCAHUS
CETEH.

B maremaTtnueckoM (onbKIOpe OBITYET TakoW TEe3UC: CIOXKHAas 33Jada ONTHUMHU3ALUU
MOXET OBITh pellleHa TOJIBKO MpH 3()(PEKTUBHOM HCIOIB30BAaHUU ABOHCTBEHHOCTU. MeToIbl

obIcTporo AudPepeHIUPOBaHUS ABIAIOTCS IPKON WILTIOCTpAIMEN 3TOTO TEe3UCA.

7. OnTUMHU3anMOHHOE 00y4YeHHe Hel{POHHBIX ceTel

Koraa MoxHO mipeicTaBuTh 0OydeHHE HEHPOHHBIX CETeH Kak 3ajady onTumusanuu? B
TeX CIy4asx, KOrJa yHaercsi oyeHums pabOTy CeTH. DTO O3HAYAeT, YTO MOXHO YKa3aTb,
XOpOILO WJIM IJIOXO CETh PEILIAeT MOCTAaBJICHHbIE €l 3aJaud U OIEHUTh 3TO «XOPOILO WU
10x0» KonuyectBeHHo. Ctpoutcs gpyuxkyus oyenxu. OHa, KaK MPaBHIIO, SIBHO 3aBUCHT OT
BBIXOJIHBIX CHTHAJIOB CETH W HEABHO (uepe3 (HYHKIIMOHUPOBAHHUE) - OT BCEX €€ MapaMeTpOB.
IIpocreimumii ¥ camblii paCIIPOCTPAHEHHBIN IPUMEP OLICHKU - CyMMa KBaJpaTOB PacCTOSHUN
OT BBIXOJIHBIX CUTHAJIOB CETH J10 UX TPeOyEeMbIX 3HAYCHUI:

-2 D7 @),

TEVout

%
rae Z (7) - Tpebyemoe 3HaYeHHE BBIXOAHOTO CUTHAJIA.

Jpyroii mpuMep OLEHKU- KauecTBO Kiaccudukanuu B cetax Koxonena. B atom ciydae
OTBETHI 3apaHee HEU3BECTHBI, HO Ka4eCTBO PA0OTHI CETH OLIEHUTh MOXHO.

YCTpOUCTBO, BBIYMCIIOLIEE OLEHKY, HAJICTPauMBAeTCA HaJ HEUPOHHOM CETBIO H
IPAaAMEHT OLIEHKHM MOKET OBITh BBIYMCIEH C HCIOJIB30BAHUEM OINMCAHHOIO IPUHIUIA
JIBOMCTBEHHOCTH.

B Tex cmy4asx, korga OLEHKa SIBISETCS CyMMOW KBaJpaToB OIIMOOK, 3HAYCHMS
HE3aBUCHMBIX TEPEMEHHBIX JBOMCTBEHHOrO (YHKUMOHMPOBAHUS (A7) JJs BEpIIMH
BBIXOJIHOTO CJIOS V ot IIPH BBIYUCICHUH I'pafveHTa /1 yCTaHABIMBAIOTCS PABHBIMU

u(e) =2 = (2()-Z"(v)) - (19)
(1)
Ha BXOJ] IpU 00paTHOM (PYHKIIHOHUPOBAHUU MOCTYHAIOT OLIIMOKH BBIXOJHBIX CHUTHAJIOB! 3TO

00CTOATEILCTBO HACTOJBKO BICYATINIIO I/ICCJ'IeI[OBaTeJ'IeI\/’I, YTO OHH Ha3BaJIu MCETOJ



BBIYUCIICHHSI TPAJUCHTA OLIGHKH METOJOM OOpaTHOTO pacrlpocTpaHeHHs ommOok. Brpouewm,
nociie popmyiel Yuapoy, onmrucaHHoi B riaase 2, popmyna (19) nomkHa ObITH OUYEBUTHOM.

Jns oOyueHHs] UCHONB3YyeTCs OLIEHKA, YCpPEOHEHHas IO IpHUMepaM C H3BECTHBIM
OTBETOM.

[Ipemnaraercst paccMaTpuBaTh 00yd4eHHE HEHPOHHBIX CETel KakK 3a/lauy ONTHMHU3ALUU.
3TO 03HAyYaeT, YTO BECh MOIIHBINA apceHall METO/I0B ONTHUMH3AIUU MOKET OBITh UCIIBITAH JIJIS
oOydenusi. Tak U BUIUTCS: HEHPOKOMITBIOTEPHI HAUCKOPEHILETO CITycKa, HEUPOKOMIIBIOTEPHI
Hprorona, ®neryepa u T.11. - IO HA3BAaHUIO METO/Ia HETMHEMHON ONTUMU3ALUH.

CymiecTByeT, OJHAKO, Psiji CreU(pUUEcKuX orpaHnueHuil. OHU CBSA3aHBI C OTPOMHOMN
pa3MepHOCTHIO 3a/1a4n 00ydeHus. Yuciio mapaMeTpoB MOXKET JOCTUTaTh 10° - u naxe OoJee.
Ve B NOpOCTEWIINX NPOrPAMMHBIX HMHTATOpPaX Ha IEPCOHAIBHBIX KOMIIBIOTEPAX
noaOupaeTcst 10° - 10* rapameTpoB.

W3-3a BBICOKOI Pa3MEpHOCTH BO3HUKAET JIBa TPEOOBAHUS K aJITOPUTMY:

1. Orpannuenue no namsatu. Ilycts n - yucio mapamerpoB. Ecnu anroputm tpedyer
2
3aTpaTr nmaMmsATH MOpsiAKa 7~ ,T0 OH BPSJ JIM OpUMEHUM g oOyudeHus. BooOiie rosops,

KeNaTeIbHO UMETh aITOPUTMBI, KOTOpbIe TPeOyIOT 3aTpaT maMsaTu nopsaka Kn, K=const.
2. BO03MOXXHOCTh MapajjIeIbHOTO BBINOJHEHHUS Haubojee TPYAOEMKUX 3TaloB

QITOPUTMA U KENATENIbHO - HEMPOHHOU ceThlo. Ecu kakoil-mubo 0co0o MmpuBIEKATEIbHBIN
2
QIropuT™M TpeOyeT MmamsATh MOpsAAKa 7~ , TO €ro BCE K€ MOXHO HCIIOJNB30BaTh, €CIU C

MOMOIUIbIO aHaJIM3a YYBCTBUTEIBHOCTH M, BO3MOXKHO, KOHTPACTHUPOBAHUS COKPATUTh YHUCIIO
00y4aeMBbIX MMapaMeTpoB J0 Pa3yMHBIX MPEIEIIOB.

Eme n1Ba oOCcTOSITENIbCTBA CBSA3AHBI C HEHPOKOMIIBIOTEPHOH CIIeIU(PUKOH.

1. OGy4yeHHBIH HEHPOKOMIBIOTEP ODKEH C IMPHEMJIEMOH TOYHOCTBIO pelaTh BCe
TECTOBbIC 3a7aud (WM, OBITh MOXXET, MOYTH BCE C OYEHb MaJOM YacCThIO HMCKIIIOUYCHUN).
[TosTomy 3amaya o0Oy4yeHHMS CTAHOBHUTCS IO CYIIECTBY MHOTOKPUTEPHAILHOW 3amayeit
ONTUMU3AIMHU: HAJIO0 HAUTH TOYKY OOIIEro MUHMMYMa 00JbIoro yucia Gyakuuid. O0ydeHue
HEHPOKOMIIBIOTEPA MCXOAUT M3 TUIOTE3bl O CYIIECTBOBAHMM TaKoW TOUYKH. OCHOBaHUS
TUIOTE3bl - OYEHb OOJBIIOE YHUCIO MEPEeMEHHBIX U CXOACTBO Mexay ¢yHkuusmu. Camo
noHsatue "cxoAcTBO" 37ech TPyAHO (opManu3oBaTh, HO ONBIT IOKA3bIBA€T YTO
MPEIOJIOKEHNE O CYHIECTBOBAHHWU OOLIEr0 MUHMMYyMa WJIHM, TOUHEE, TOYEK, I/iIe 3HAYCHUS

BCCX OLICHOK MAJIO OTJIMYAIOTCA OT MUHUMAJIBHBIX, 4aCTO OIMPAaBAbIBACTCA.



2. OOyueHHBII HEUPOKOMIIBIOTEP JOJDKEH MMETh BO3MOXKHOCTH MPUOOPETaTh HOBBIE
HaBBIKK 03 yTpaThl cTapbhiXx. Bo3smoxkHo Oonee cimaboe TpeOoBaHME: HOBBIE HABBIKM MOTYT
COMPOBOXKAATHCA MOTEPEe TOYHOCTH B CTAphIX, HO 3Ta MOTEps HE JOHKHA OBITh 0C000
CYIIECTBEHHOH, a KaUeCTBEHHBIE U3MEHEHHUSI IOJKHBI OBITh UCKIIIOUEHBL. DTO O3HAYaET, UTO B
JIOCTAaTOYHO OOJBIION OKPECTHOCTH HAaWJAEHHOW TOYKH OOIIEr0o MUHHMYMa OLICHOK 3HAYCHHS
3TUX (PYHKUMN HE3HAYUTENbHO OTJIMYAIOTCA OT MUHUMAaIbHBIX. MaJjo Toro, 4To JOHKHA OBITH
HaliieHa To4yKa O0Ilero MUHUMYyMa, TaK OHa eIle MOJDKHA JIeKaTh B JOCTATOYHO HIUPOKOMN
HU3MEHHOCTH, TJl€ 3HAYEHUS BCEX MHHMMM3UPYEMbIX (PYHKUMN ONM3KH K MUHUMYMY. Jlis
peLIeHNs 3TOU 3a/1a4u HY>KHBI CIIELIMAJIbHBIE CPEJICTBA.

Utak, wumeeM uyeThipe cHequpUYECKUX OTPaHUYEHUS, BBLACIAIOIUX O0OyueHue
HEHPOKOMITBIOTEpA U3 OOIMIMX 33734 ONTHUMH3AIMU: aCTPOHOMHUYECKOE YHCIIO MapaMeTpoB,
HEOOXOJUMOCTh  BBICOKOIO Mapajuieiu3mMa MpH  OO0YyYeHHH, MHOTOKPUTEPUAIBHOCTh
pelraeMbIX 3agad, HEOOXOJUMOCTh HAWTH JIOCTAaTOYHO INHUPOKYIO 00JacTb, B KOTOPOW
3HAYEHUS] BCEX MUHUMU3UPYEMbIX (QYyHKIUN OJU3KM K MUHHUMalbHBIM. B ocTaibHOM - 3TO
IIPOCTO 3aJla4a ONTUMH3ALMU U MHOTME KJIACCUYECKHE U COBPEMEHHBIE METO/BI 10CTATOYHO
€CTECTBEHHO JIOKATCSl Ha CTPYKTYPY HEUPOHHOU CETH.

3aMeTuM, KCTaTH, YTO €CIIM BECTH ONTUMHU3ALMI0 (MUHUMHU3ALUIO OMIMOKH), MEHSIS
napaMeTpbl CeTH, TO B pe3ysibTaTe IMOJIyYUM pelIeHHEe 33/Jayd ammpokcumanuu. Ecimu ke
BEJICTCSI MUHMMM3AIIHS 1IeJIEBOM HEKOTOPOH (DYHKITUU U MIIYTCS COOTBETCTBYIOIINE 3HAYCHUS
MEPEMEHHBIX, TO B pe3yJbTaTe peliaeM 3ajady ONTUMHU3ALHK (XOTa (popMalbHO 3TO OJHA U
Ta K€ MaTeMaTU4yecKas 3ajada M pa3JieJIeHue Ha MapaMeTpbl U MEPEeMEHHBIC OMpEeeseTcs
JIOTUKOW TpeaMeTHON oOmactv, a ¢ (GOpMalbHOW TOYKH 3pPEHUS pa3HHIA MPAKTHYCCKH
OTCYTCTBYET).

3HAaUUTENbHOE YHCJIO MYOJHMKAlMid TO MeTojaM OOydeHUs HEHPOHHBIX ceTei
MOCBSAIIEHO MEPEHOCY KIIACCUUYECKHX aJTOPUTMOB ONTHUMHU3ALMM (CM., Hampumep, [7,8]) Ha
HEHPOHHBIE CETH WJIM TOMCKY HOBBIX PENaKIMi 3THX METOAOB, 00Jiee COOTBETCTBYIOIIUX
OMHMCAHHBIM OTPAHUYEHUSIM - TaKWUX, HAMpUMEp, KaK METOJ] BHUPTYaJdbHBIX dYacTwil [5,6].
CymiecTByOT OOMIUPHBIE 0030pPBI M KYPCHI, IMOCBSIICHHBIE OOYYCHHIO HEHUPOHHBIX CETeH
(mampumep, [9,10]). He Oynem 3aech ocTaHaBIMBATLCS HAa 0030pe 3THX padoT - ecliu HalIeH
TPagUeHT, TO OCTAIBHOE MPUIIOKHUTCS.

Pabora Hax riaBoit Obiia mozgnepkaHa KpacHosipckuM KpaeBbIM (POHIOM HAyKH, FPAaHT
6F0124.
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