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Lu ≡ −ε∆u+
∂

∂x
(b(x)u) = f

A 6
Ω,

E G F

u = 0
;86

Γ
E j%F

s _ JD9:J
ε ¿ 1
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a(u, v) = (f, v) ∀ v ∈ H1
0 (Ω).

E E0F
��JD9:J

a(·, ·) : H1
0 (Ω)×H1

0 (Ω)→ R
AaN$7 _ JoZ�A P A 6�JUOQ9$lu;89:L3<�JC7:JD9:LMA 6�JU<bZTf

a(u, v) =

∫

Ω

(
ε∇u∇v − bu∂v

∂x

)
dΩ
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u = v + ρ
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s _ JD9:J
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ah(uh, vh) = fh(vh) ∀ vh ∈ Th.
E �%F

��JD9:J
ah(·, ·) : Th × Th → R

AaNpO�Z�A P A 6�JUOQ9Mlu;89:L OQX�X�9:;ik�A LpO%7:A 6��
a(·, ·) OQ6?<

fh : Th → R
AaN�7 _ JyOQX�X�9:;ik�A LpO%7:A ;86�;Ql�7 _ J)A 6�6�JD9�X�9:;�<�=?>@7

(f, ·) B 5
6}7 _ J)=?N/=?OQP
A 6TS8JUN�7:A �TO%7:A ;86b;Ql E �%FGK�7 _ J	lu;8P P ;%s�A 6��MJCk�X?OQ6?N/A ;86Y;Ql17 _ JoJD9:9:;89-AaN�=?N/JU< �

ah(uh − uI , wh) = ah(uh, wh)− ah(uI , wh) + a(uI , wh)

− a(uI , wh) + a(u,wh)− a(u,wh)
E � F

= fh(wh)− f(wh) + (a− ah)(uI , wh) + a(u− uI , wh).
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a(ρ,wh)− ah(ρI , wh)
A 6Y7 _ JoJUN�7:A LpO%7:J

ah(uh − uI , wh) =
(
fh(wh)− f(wh)

)
+
(
a(u,wh)− ah(uI , wh)

)

=
(
fh(wh)− f(wh) + a(v, wh)− ah(vI , wh)

)

+
(
a(ρ,wh)− ah(ρI , wh)

)
.
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x	OQ=?N:N�K H+JDAa<�JDP1LMJC7 _ ;�<}lu;89	N/;8P S+A 6��h7 _ J)7�s-;QK
<�A LMJD6?N/A ;86?OQPw<�AaN:>C9:JC7:J)X�9:;8Z�P JDL[OQ9:J
>C;86?N/Aa<�JD9:JU<�B ^$_ J&>DOQPa>C=�PaO%7:A ;86?N�s-JD9:J&>DOQ9:9:A JU<y;8=+7-;86M7 _ J��89:Aa<�N�;Ql 7 _ 9:JDJ�7�f+X"JUNDB85
6
7 _ J`7
s-;QK
<�A LMJD6?N/A ;86?OQP�X�9:;8Z�P JDL37 _ J)JCk�O8>@7�N/;8P =�7:A ;86}s$O8N�X�9:JUN/JD687:JU<}A 6}7 _ J`lu;89:L
;Ql�Aa6+�?6�A 7:JhN/JD9:A JUNDB J�P P�6+=�LMJD9:Aa>DOQPw9:JUN/=�P 7cN	;86�N�7cOQZ�A P A 7�f�OQ6?<�>C;86TS8JD9:�8JD6?>CJyOQ9:JyA 6
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5
6 7 _ AaNY> _ OQX�7:JD9p7 _ J�Z";8=�6?<�OQ9:f S%OQP =�J}X�9:;8Z�P JDL lu;89M7 _ J�;89c<�A 6?OQ9:f�<�A W JD9:JC6T7:AaOQP
>C;86TS8JU>@7:A ;86�K
<�;8LMA 6?O%7:JU<�>C;86+SQJU>@7:A ;86�K
<�A W =?N/A ;86�JU�T=?O%7:A ;86�AaNo>C;86?N/Aa<�JD9:JU<�B�5
6�N/X�A 7:J
;Ql+A 7cN�N/A LMX�P Aa>CA 7�f%K@7 _ AaNRX�9:;8Z�P JDL _ O8N 7 _ J�> _ OQ9cO8>@7:JD9:AaN�7:Aa>�luJDO%7c=�9:J�;QlT7 _ J�>C;86+SQJU>@7:A ;86�K
<�;8LMA 6?O%7:JU< X�9:;8Z�P JDLpNUKw6?OQLMJDP f%K�O�Z";8=�6?<�OQ9:f�PaOif8JD9UBAJ&NMO�9:JUN/=�P 7!KwLM;TN�7p;Ql�7 _ J
>CPaO8N:N/Aa>DOQP��?6�A 7:Jp<�A W JD9:JD6?>CJpOQ6?<��?6�A 7:JMJDP JDLMJD6T7oLMJC7 _ ;�<�N�l OQA P B ^$_ =?NUK�s�J _ OiSQJpO
N/A LMX�P JY;8Z � JU>@7y7:;�<�JDLM;86?N�7:9cO%7:JhA 6 <�J@7@OQA P$OQP P$> _ OQ9cO8>@7:JD9:AaN�7:Aa>pX�9:;8X"JD9/7:A JUN`;Ql�7 _ J
X�9:;8Z�P JDL3O8N$s�JDP P�O8N$;Ql17 _ J	6+=�LMJD9:Aa>DOQP�LMJC7 _ ;�<�N$X�9:;8X";TN/JU<�B

�.J���� P9A<T9R��FAD?BA�� �
RN>
	 C9?BE��
	NA���> �9T R � �(C9?BE3CFAD? �
RNA��
�.J��.J����(E.U��9T9>@?����F>�� AD?

� ;86?N/Aa<�JD9	7 _ Jp;89c<�A 6?OQ9:f�<�A W JD9:JD6T7:AaOQP�JU�T=?O%7:A ;86�s�A 7 _ 7 _ J _ Aa� _ JUN�7)<�JD9:A SQO%7:A SQJ
L`=�P 7:A X�P A JU<�Z+fYOMN/LpOQPaP�X?OQ9cOQLMJC7:JD9

Lu ≡ −εu′′ + (b(x)u)
′
= f(x)

;86
(0, 1),

E G B G F
0 < B0 ≤ b(x) ≤ B1

;86
[0, 1]

E G B j%F

N:O%7:AaN�luf+A 6��y7 _ J �&A 9:Aa> _ P JC7�Z ;8=�6�<�OQ9:fY>C;86?<�A 7:A ;86

u(0) = u0, u(1) = u1.
E G B E0F

^$_ J�lu=�6?>@7:A ;86?N
b
OQ6?<

f
OQ9:JoO8N:N/=�LMJU<h7:;MZ JoN/= �h>CA JD6T7:P fbN/LM;+;Q7 _

b ∈ C2[0, 1], f ∈ C2(0, 1).
E G B r F
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− 0.2

0.0

0.2

0.4

0.6

0.8

1.0

0 1ε = 2.0

ε = 0.5

ε = 0.125

ε = 0.03125

��� �����	��
���
�������
�����������
����������! ��	"����$#&% ��#'
(��)�* +,�
ε→ 0 -

^$_ J�N/LpOQP P?>C;+J��h>CA JD6T7
0 < ε << 1

;Ql"7 _ J&<�A W =?N/A ;86y7:JD9:L�>DOQ=?N/JUNw7 _ J�<�JD9:A SQO%7:A SQJUN
;Ql+7 _ J�N/;8P =�7:A ;86�7:;�A 6?>C9:JUO8N/J�JCk�X";86�JD6T7:AaOQP P f�O%7

x = 1
E)M G \ NOK M jQE N"F@B ^$_ J�OQX�X"JUOQ9cOQ6?>CJ

;Ql�OpZ";8=�6?<�OQ9:fYPaOif8JD9�AaN�A P P =?N�7:9cO%7:JU<�A 6�z1A �?B G B ��JD9:Jo7 _ J`JCk�O8>@7�N/;8P =�7:A ;86?N�;Qlw7 _ J
X�9:;8Z�P JDL

−εu′′ + ((1 + 2x)u)′ = 6x2 + 2x− 2ε+ 2
exp(−2/ε)

1− exp(−2/ε) , x ∈ (0, 1),

u(0) = u(1) = 0,

OQ9:J	N _ ;%s�6Ylu;89$lu;8=�9�<�A W JD9:JD6T7�SQOQP =�JDN$;Ql17 _ J`<�A W =?N/A ;86�X?OQ9cOQLMJC7:JD9
ε
B

�.J��.J�� � P9A<> � � �7C ��E �
R�
�A�. C�> ���
RNE�� E�/ �
P9A �
E 	NU �
RNE��
^$_ JD9:JMOQ9:JyLpOQ6Tf}7:JU> _ 6�Aa�T=�JUN�7:;�<�JUN:>C9:A Z J`7 _ JpO8N/f+LMX�7:;Q7:Aa>)Z J _ OUS+A ;89�;Ql�7 _ J

N/;8P =�7:A ;86y;Ql 7 _ J�X�9:;8Z�P JDL E G B G F K E G B E0FRlu;89�N/LpOQP P
ε
B ��J�=?N/J�7 _ J�LMJC7 _ ;�<M;Ql JCk�X?OQ6�K

N/A ;86`A 6yX";%s-JD9cN�;Ql
ε
X�9:;8X";TN/JU<oZ+f`| B 5@B S&AaN _ A t)OQ6?<)g�B J`B gR=?N�7:JD9:6�A t B ��J$A 687:9:;�<�=?>CJ

7 _ J&6�JDs E L l O8N�7!L F�S%OQ9:AaOQZ�P J
τ =

1− x
ε

7:;)<�JUN:>C9:A Z J�7 _ J&;Ql�Z ;8=�6�<�OQ9:fyPaOif8JC9�JCW JU>@7cN
6�JUOQ9

x = 1
B

J�X�X�P f+A 6��h7 _ J S&AaN _ A tbK$gR=?N�7:JD9:6�A tb7:JU> _ 6�Aa�T=�J%K s�J);8Z�7cOQA 6}7 _ J`lu;8P P ;%s�A 6��hJCk+K
X?OQ6?N/A ;86b;Ql�7 _ J`N/;8P =�7:A ;86

u(x) = v0(x) + ρ̃0(τ) + ε (v1(x) + ρ̃1(τ)) + ε2z̃(x)

s _ JD9:J
v0

OQ6?<
εv1

OQ9:J�N/LM;�;Q7 _ >C;8LMX";86�JD6T7cN�s _ Aa> _ �8A S8J&O`�8;+;�<MOQX�X�9:;ik�A LpO%7:A ;86
;Ql�7 _ JMN/;8P =�7:A ;86�;8=�7cN/Aa<�J)7 _ JyZ";8=�6?<�OQ9:f�PaOUf8JD9!K

ρ̃0
OQ6?<

ερ̃1
OQ9:J`Z";8=�6?<�OQ9:f�PaOifQJD9

7:JD9:LpNUK1OQ6?<
ε2z̃(x)

AaN)O}9:JDLpOQA 6?<�JD9`7:JD9:L�B ��JD9:J%K
v0(x)

AaN`7 _ JYN/;8P =�7:A ;86 ;Ql�7 _ J
9:JU<�=?>CJU<YX�9:;8Z�P JDL

(bv0)
′
= f

;86
(0, 1), v0(0) = u0

E G B �%F
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OQ6?<
v1(x)

AaN$7 _ J`N/;8P =�7:A ;86b;Ql�7 _ JoX�9:;8Z�P JDL

(bv1)
′
= v0

′′ ;86
(0, 1), v1(0) = 0.

E G B � F
^$_ J	Z ;8=�6?<�OQ9:fpPaOif8JD9-lu=�6?>@7:A ;86?N�OQ9:Jo<�JUN:>@9:AaZ"JU<YZ+fhLMJUOQ6?N$;Ql17 _ JoX�9:;8Z�P JDLpN

−ρ̃′′0(τ) + b(1)ρ̃′0(τ) = 0, ρ̃0(0) = u1 − v0(1), lim
τ→∞

ρ̃0(τ) = 0,

OQ6?<

−ρ̃′′1(τ)+b(1)ρ̃′1(τ) = b′(1)ρ̃0(τ)−τb′(1)ρ̃′0(τ), ρ̃1(0) = −v1(1), lim
τ→∞

ρ̃1(τ) = 0

s�A 7 _ 7 _ J`N/;8P =�7:A ;86?N

ρ̃0(τ) = (u1 − v0(1)) exp(−b(1)τ),
E G B � F

ρ̃1(τ) =
(
(u1 − v0(1))b′(1)τ2/2− v1(1)

)
exp(−b(1)τ). E G B �0F

^$_ Jhlu=�6?>@7:A ;86?N
ρ̃k(τ)

OQ9:JY<�JC�?6�JU< lu;89
τ ≥ 0

Z�=�7ylu;89MN/LpOQP P-S%OQP =�JUN);Ql
ε
7 _ JDf

<�A W JD9olu9:;8L TDJD9:;�;86�P f�A 6 O}N/LpOQP P�S+Aa>CA 6�A 7
f�;Ql-7 _ JhX";8A 6T7
τ = 0

B ^$_ JD9:JClu;89:Jps�J
L`=�P 7:A X�P f

ρ̃0(τ)
OQ6?<

ρ̃1(τ)
Z+fh7 _ J`>C=�7/K ;QW}lu=�6?>@7:A ;86blu9:;8L

C2[0, 1]
<�JC�?6�JU<�O8N

s(t) =





0, t ≤ 1/3,
LM;86�;Q7:;86�Aa>DOQP P fpA 6?>C9:JUO8N/JUN$;86

[1/3, 2/3],

1, t > 2/3

E G B \0F

OQ6?<YX?O8N:N-7:;y7 _ JoSQOQ9:AaOQZ�P J
x �

ρ0(x) = s(x)ρ̃0(τ), ρ1(x) = s(x)ρ̃1(τ).
E G B GUn F

J&N-O)9:JUN/=�P 7!KTs-J&�8JC7-7 _ J&lu;8P P ;is�A 6��)JCk�X?OQ6?N/A ;86h;QlR7 _ J	N/;8P =�7:A ;86h;Ql E G B G F V E G B E0Fwlu;89
N/LpOQP P

ε
u(x) = v0(x) + ρ0(x) + ε (v1(x) + ρ1(x)) + ε2z(x).

E G B G8G F

�.J��.J�� � P9A<A�� ��R � > �
A��(E�/ �
P9A2?BA�� >SR��9T9AD? �
AD? �
��J�A 6T7:9:;�<�=?>CJ�7 _ J�lu;8P P ;%s�A 6���6�;89:LpN lu;89�7 _ J�lu=�6?>@7:A ;86)<�JC�?6�JU<	;86	7 _ J�N/JD�8LMJD687

[0, 1]

||v||p =








1∫

0

|v|p dx




1/p

, 1 ≤ p <∞,

sup
[0,1]

S+9cOQA |v|, p =∞.

E G B G j%F

^$_ J�lu;8P P ;%s�A 6��o7 _ JD;89:JDL.�8A SQJUN�7 _ J&JUN�7:A LpO%7:J&;Ql�7 _ J�9:JDLpOQA 6?<�JD9�7:JD9:L
z(x)

A 6h7 _ J
=�6�A lu;89:L 6�;89:L�B
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� P9A E3?BA�� �.J�� ������� ��
 � ��� ���	� � � � � � E G B j%FGK E G B r F ��
 �
����� � � ������� � ����� z(x) ��

��
 ������� � � � � � � E G B G8G F ��� ��� � ��
 ��� �
� ��� ��� �

||z||∞ ≤ c1 ∗) E G B G E0F

� � ��
 � ��� � �
� � � � c1 � ��������� ����� � ����
 ε �� ?BEQE�/ J ��JoJCk�X�9:JUN:N
z
lu9:;8L E G B G8G F �

z(x) =
1

ε2
(u(x)− v0(x)− ρ0(x)− ε (v1(x) + ρ1(x))) .

��J�N/=�Z?N�7:A 7:=�7:J-7 _ AaNwJCk�X�9:JUN:N/A ;86`A 6 E G B G F1OQ6?<`=?N/J�7 _ J$JCk�X?OQ6?N/A ;86);Ql�7 _ J-lu=�6?>@7:A ;86?N
b(x)

OQ6?<
b′(x)

A 6T7:;y7 _ J ^ Oif+P ;89�N/JD9:A JUN�O%7
1
B � ;8P P JU>@7:A 6��pN/A LMA PaOQ9$7:JD9:LpNUK�s-Jo�8JC7

Lz(x) = f̃ ≡ a0 + a1
1

ε
A+ a2

1− x
ε

A+ a3
(1− x)2

ε2
A

E G B G r F

s _ JD9:J
a0(x)

K
a1(x)

K
a2(x)

KDOQ6?<
a3(x)

OQ9:J�N/;8LMJwZ ;8=�6?<�JU<&lu=�6?>@7:A ;86?N�OQ6?<
A(x) =

exp(−(1−x)b(1)/ε) B!H+A 6?>CJ�7 _ J�lu=�6?>@7:A ;86?N t exp(−t) OQ6?< t2 exp(−t) OQ9:JwZ ;8=�6�<�JU<;86
[0, 1]

ZTfbN/;8LMJo>C;86?N�7cOQ687@NUK+7 _ J	P O8N�7$7
s-;M7:JD9:LpN$A 6
f̃
OQ9:JoOQPaN/;yZ ;8=�6?<+JU<�B

^$_ Jh>DOQPa>C=�PaO%7:A ;86�;Ql
z(0)

OQ6?<
z(1)

ZTf�LMJUOQ6?No;Ql$Z";8=�6?<�OQ9:f�>C;86?<�A 7:A ;86?N	lu;89
7 _ J`Z ;8=�6?<�OQ9:fYPaOifQJD9&>C;8LMX ;86�JD687cN

ρ0
OQ6?<

ρ1
OQ6?<b7 _ J)=?N/J`;Ql�X�9:;8X JD9/7:A JUN�;Qlw7 _ J

>C=�7/K ;QW}lu=�6?>@7:A ;86
s(t)

f+A JDPa< �

z(0) = z(1) = 0.
E G B G �%F

^$_ J	X�9:;8Z�P JDL E G B G r F
K E G B G �QF�N:O%7:AaN��?JUN-7 _ J`>C;8LMX?OQ9:AaN/;86YX�9:A 6?>CA X�P J M G j G N B ^ OQt8J

y(x) = exp(σx)

(
γ0 + γ1x+ γ2 exp

(
− (1− x)B1

2ε

)
+ γ3 exp

(
− (1− x)B1

4ε

))

O8N�OyZ?OQ9:9:A JD9-lu=�6?>@7:A ;86�s _ JD9:J

σ = 1 + max
x∈[0,1]

|b′| − b′
2b

.

^$_ JD6

Ly(x) ≥ |Lz(x)| ;86
(0, 1), y(0) ≥ 0, y(1) ≥ 0.

��JD6?>CJ	Z+fh7 _ J`>C;8LMX?OQ9:AaN/;86YX�9:A 6?>CA X�P J	s-J _ OiS8J

|z(x)| ≤ y(x) ≤ max
x∈[0,1]

y(x) = c1.

∗) � � )��	��+�� �!% % ��)���� ci
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ε
�
x
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h��+ ��% ��+,
(� +,* " 
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^$_ AaN�>C;8LMX�P JC7:JUN-7 _ J`X�9:;�;Ql�B
¤J�P ;86��Ms�A 7 _ 7 _ JoJCk�X?OQ6?N/A ;86 E G B G8G F->C;86?N/Aa<�JD9-7 _ J`O8N/f+LMX�7:;Q7:Aa>	JCk�X?OQ6�N/Aa;86

u(x) = v0(x) + ρ(x) + εz1(x)
E G B GU� F

s _ Aa> _ s�A P P�Z J�=?N/JU<h7:;p<�JD9:A SQJ�7 _ Jo�T=?O8<�9cO%7:=�9:J&9:=�P J	A 6 HTJU>@7:A ;86�E�B ��JD9:J
v0(x)

AaN
7 _ J`N/;8P =�7:A ;86�;Ql17 _ Jo9:JU<�=?>CJU<bX�9:;8Z�P JDL3O8N�Z"JClu;89:J8B ^$_ JoZ ;8=�6?<�OQ9:fhPaOUf8JD9�>C;8LMX";QK
6�JD687�AaN$7cOQt8JD6bP A t8J	A 6 M G j G N�A 6b7 _ J	lu;89:L

ρ(x) = s(x) (u1 − v0(1)) exp(−(1− x)b(x)/ε).
E G B G%� F

z�;89$7 _ Jo9:JDLpOQA 6?<�JD9$7:JD9:L
z1(x)

7 _ J	lu;8P P ;is�A 6��MJUN�7:A LpO%7:JoAaN$X�9:;%S8JU<hA 6 M G j G N B
� P9A E3?BA�� � J�� ���
	 � � ��
���� ��
 � ��� ���	� � � � � � E G B j%FGK E G B r F 
���� � � ��� z1 � ��� ���	� �
� � E G B GU� F V E G B G%� F �	��
 � � ��
 ������� � � � � � � � ���	� ��� � �
� � � � c4 �
	���
 ��
���� ��
 � � �
� ��� ��� �

|z(j)1 | ≤ c4 � � [0, 1], j = 0, 1,
E G B G �0F
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� ε �
��J`OQPaN/;MJDS%OQP =?O%7:J�7 _ J`<�A W JD9:JD6?>CJ	Z JC7
s-JDJD6b7 _ J	lu=�6?>@7:A ;86?N

ρ0
OQ6?<

ρ
B

�FA�� �7>��QJ�� � � ρ0 � ��� ρ � � ��
 � ����	 ��� � ��� � � ����� ��� � � � � � � � � ��
 � � ����� 0 � ���	� �
� � ��
 � 
�� ��� 	�� � � E G B GUn F � ��� E G B G%� F ��� � ��� � � ���	� � � ����
 � � ��
 ����� � � � � � � � � ���	� ��� ���
�
� � � � c5 �
	���
���
���� ��
 ��� �
� ��� ��� �

|ρ0 − ρ| ≤ c5ε � � [0, 1]
E G B G \0F
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� ε �� ?BE E�/ J d fb7 _ J)LMJUOQ6�K S%OQP =�Jo7 _ JD;89:JDLPK?7 _ J`lu;8P P ;%s�A 6��hA 6�JU�T=?OQP A 7
f _ ;8Pa<�N�lu;89�OQ6+f

x ∈ [0, 1] �

| exp(−(1− x)b(1)/ε)− exp(−(1− x)b(x)/ε)|

≤ (b(1)− b(x))1− x
ε

exp(−(1− x)b̃/ε)
s _ JD9:J

b̃ ∈ [B0, B1]
B$H+A 6?>CJ

|b(1)− b(x)| ≤ |1− x|‖b′‖∞ ≤ c6|1− x|
OQ6?<

t2 exp(−αt) ≤ c7
lu;89&OQP P

α ≥ 0
OQ6?<

t ∈ [0,∞)
K�7 _ J	lu;8P P ;%s�A 6��MA 6�JU�T=?OQP A 7�f

_ ;8Pa<�N �

|b(1)− b(x)|1− x
ε

exp(−(1− x)b̃/ε)

≤ c6ε
(
1− x
ε

)2

exp(−(1− x)b̃/ε) ≤ c6c7ε.
^$_ AaN�>C;8LMX�P JC7:JUN-7 _ J`X�9:;�;Ql�B

¤
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�.J��.J � � P9A��(A >�� / E3? �IU 	N> ��RNE��*J � P9A ��A���?BE@G�����>
	NAD?	�QR�� � A��
P9EQT
|}=�P 7:A X�P f E G B G F"Z+f	OQ6oOQ9:Z�A 7:9cOQ9:f$lu=�6?>@7:A ;86

v ∈ H1
0 (0, 1)

B d f�OQX�X�P f+A 6��&x�9:JDJD6 L N
lu;89:L`=�PaO�K"s-J);8Z+7@OQA 6�7 _ Jys�JUOQtblu;89:L`=�PaO%7:A ;86 � ����� u ∈ H1(0, 1) � 
 � ��
 � ��� � � � � �
��
 � ����	 ��� � ��� ��� ���	� � � � � E G B E0F � ��� � 
 ����
 	���� � � �

a(u, v) = (f, v) ∀ v ∈ H1
0 (0, 1).

E G B j n F

��JD9:J
a(·, ·): H1(0, 1)×H1

0 (0, 1)→ R
AaN-7 _ JoZ�A P A 6�JUOQ9$lu;89:L

a(u, v) =

∫ 1

0

(εu′ − bu) v′ dx, E G B j G F

OQ6?<
(·, ·) AaN$7 _ J`N�7cOQ6?<�OQ9c<hA 6�6�JD9�X�9:;�<�=?>@7�A 6 L2(0, 1)

B
^ ;MN/;8P S8J�7 _ J�X�9:;8Z�P JDL�6T=�LMJD9:Aa>DOQP P f0KTs-J�=?N/J&7 _ J	vwJC7:9:;%STK�x	O%P JD9:t+A 6M�?6�A 7:J	JDP JCK

LMJD687�LMJC7 _ ;�<�B ^ ;yZ"JD�8A 6Ys�A 7 _ K+s-J	<+JUN:>C9:A Z J�N/;8LMJ�N/X?O8>CJUN-OQ6?<hJUN�7:A LpO%7:JUN�s _ Aa> _
OQ9:J�6�JU>CJUN:N:OQ9:fMlu;89$7 _ JoA 6+S8JUN�7:A �TO%7:A ;86Y;Ql�>C;86TS8JD9:�8JD6?>CJ8B

��JbA 6T7:9:;�<�=?>CJ�O}7:9:AaOQP$N/X?O8>CJ
Sh ∈ H1(Ω)

s�A 7 _ O�Z?O8N/AaN {ϕj}M+1
j=0

OQ6?<�O
7:JUN�7yN/X?O8>CJ

Th ∈ H1
0 (Ω)

s�A 7 _ O}Z?O8N/AaN {ψj}Mj=1

Bwg�JC7
ah(·, ·) : Sh × Th → RZ"J�O�Z�A P A 6�JUOQ9`lu;89:L s _ A > _ OQX�X�9:;ik�A LpO%7:JUN	7 _ JYlu;89:L
a(·, ·) OQ6?< fh : Th → RZ"J`Oylu=�6?>@7:A ;86?OQPRs _ Aa> _ OQX�X�9:;Uk�A LpO%7:JUN-7 _ JoA 6�6�JD9�X�9:;�<�=?>@7

(f, ·) B ^$_ JD6}s�J _ OiS8J
7 _ J�lu;8P P ;is�A 6��)lu;89:L)=�PaO%7:A ;86Y;Ql�7 _ JovwJC7:9:;iSTK�x	OQP JD9:tTAa6hLMJC7 _ ;�< E N/JDJ%KTlu;89�JCk�OQLMX�P J%K
M E8\ N"F � ����� uh ∈ Sh � ��� � � 
 �	� � � ��
 � ����	 ��� � ��� ��� ���	� � � � � � E G B E0F � ��� ��
 � ��
 	���� � � �

ah(uh, vh) = fh(v
h) ∀ vh ∈ Th.

E G B j8j%F

H+A 6?>CJ
Sh = span{ϕ0, ..., ϕM+1}, Th = span{ψ1, ..., ψM}

7 _ Jolu;89:L)=�PaO%7:A ;86 E G B j8j%F$AaN�JD�+=�AaS%OQP JD6T7�7:;p7 _ J)P A 6�JUOQ9&N/f�N�7:JDL ;Ql�OQP �8JDZ�9cOQAa>�JU�T=?O%K
7:A ;86?N

LhUh = Fh E G B jQE0F
s _ JD9:J

Uh = (u1, ..., uM )
T AaN$7 _ JoSQJU>@7:;89�;Ql1=�6�t+6�;%s�6?NUK�OQ6?<

Fh =
(fh(ψ1)−a(ϕ0, ϕ1)u0, fh(ψ2), . . . , fh(ψM−1), fh(ψM )−a(ϕM+1, ϕM )uM+1)

T

AaN-7 _ Jo9:A � _ 7/K _ OQ6?<bN/Aa<�J	S8JU>@7:;89UB
Lh AaN-7 _ JoLpO%7:9:A kYs�A 7 _ 7 _ JoJDP JDLMJD6T7cN

Lh
ij = ah(ϕj , ψi), i, j = 1, ...,M.

E G B j%r F

^$_ J-=?N/=?OQP�s-Oif	7:;	A 6TS8JUN�7:A �TO%7:J�7 _ J�>C;86+S8JC9:�8JD6?>CJ�;Ql E G B j8j%F�>C;86?N/AaN�7cN1A 6yJDS%OQP =?O%7:A 6��
7 _ Jo<�A W JD9:JC6?>CJ

u− uh A 6h7 _ J	JD6�JD9:�8fM6�;89:L�A 6Y7:JD9:LpN-;Ql
u− uI s _ JD9:J uI AaN�7 _ JA 687:JD9:X ;8PaOQ687$;Ql�7 _ JoN/;8P =�7:A ;86hA 6

Sh
B ^$_ JD6Ys�J�;8Z�7cOQA 6h7 _ J�JUN�7:A LpO%7:J&A 6

Lp
VT6�;89:L�B

d =�7�lu;89R7 _ J-N/A 6��8=�PaOQ9:P f�X"JD9/7:=�9:Z JU<	X�9:;8Z�P JDLpN�7 _ J-JUN�7:A LpO%7:J�;Ql
u−uI LpOif�Z"J�S8JD9:f
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�	"���$#��%	 &�'%()	"��� G �

X";+;89oZ"JU>DOQ=?N/Jp;Ql-7 _ JhZ";8=�6?<�OQ9:f�PaOifQJD9`>C;8LMX ;86�JC6T7`;Ql-7 _ JYN/;8P =�7:A ;86RB ^$_ JC9:JClu;89:J
s�J`N�7:=?<�fh7 _ J`<�A W JD9:JD6?>CJ

u− uh <�A 9:JU>@7:P f �

|ah(uh − uI , wh)| = |ah(uh, wh)− ah(uI , wh) + a(u,wh)− a(u,wh)|
≤ |fh(wh)− f(wh)|+ |a(u,wh)− ah(uI , wh)| E G B j8�%F
+ |a(ρ,wh)− ah(ρI , wh)|+ |a(z1, wh)− ah(zI1 , wh)| ∀ wh ∈ Th.

��JD9:J
u
AaNh7 _ J�N/;8Pa=+7cA ;86�;Qlo7 _ J�<�A W JD9:JD6T7:AaOQP�X�9:;8Z�P JDL E G B G F�K E G B E0FGK

uh
AaNY7 _ J

N/;8P =�7:A ;86 ;Ql�7 _ J�<�AaN:>C9:JC7:J�X�9:;8Z�P JDL E G B j8j%FGK�OQ6?<
uI

K
vI0

K
ρI

K
zI1 ∈ Sh

OQ9:Jb7 _ J
A 687:JD9:X ;8PaOQ687cN$;Ql

u
K
v0

K
ρ
K
z1

9:JUN/X JU>@7:A SQJDP fTB
^$_ J)Z?O8N/Aa>`Aa<�JUOh;Ql�7 _ JyLMJC7 _ ;�<�<�AaN:>C=?N:N/JU< _ JD9:J)AaN�7:;h7 _ Jy>C;86?N�7:9:=?>@7	OQ6�OQX�K

X�9:;Uk�A LpO%7:A ;86 ;Ql&7 _ J}Z�A P A 6�JUOQ9Mlu;89:L 7 _ O%7h9:JU<�=?>CJUNy7 _ J}JD9:9:;89y;Ql�7 _ J}Z";8=�6?<�OQ9:f
PaOUf8JD9$>C;8LMX";86�JD6T7UB ^$_ J��8JD6�JD9cOQP OQ6?OQP f�N/AaN�;QlR7 _ J	X�9:;8Z�P JDL OQ6�<p7 _ Jo>C;86?N�7:9:=?>@7:A ;86
;Ql�7 _ Jp<�AaN:>C9:JC7:JyOQ6?OQP ;8�8=�J`s _ Aa> _ �8A S8JUN�7 _ J)�?9cN�7�;89c<�JD9

ε
VT=�6�A lu;89:L >C;86TS8JD9:�8JD6?>CJ

>DOQ6bZ"J	lu;8=�6?<bA 6 M G j G N B ��J`>CA 7:J`N/;8LMJ	9:JUN/=�P 7cN-lu9:;8L�7 _ AaN�s-;89:t B
z�;89hS8JU>@7:;89cN

V h = (v1, · · · , vM )
T ∈ � M s-J}A 6T7:9:;�<�=?>CJ}7 _ J�<�AaN:>C9:JC7:J

p
K

6�;89:LpN

||V h||p =





(
M∑

i=1

di|vi|p dx
)1/p

, 1 ≤ p <∞,

max
1≤i≤M

|vi|, p =∞

E G B j � F

OQ6?<

|||V h|||p = ‖(Dh)
−1

(Lh)
T
V h‖p, 1 ≤ p ≤ ∞. E G B j � F

��JD9:J
Dh AaN-7 _ J`<�AaOQ�8;86?OQP LpO%7:9:A kYs�A 7 _ 7 _ JoX ;TN/A 7:A SQJoJDP JDLMJD687cN

di =
LMJUO8N

(
N/=�X�X

ϕi), i = 1, ...,M.

� ;Q7:J�7 _ O%7 E G B j � F�AaNwO�6�;89:L�A 6 � M s _ JD6`7 _ J$LpO%7:9:A k
Lh AaN1A 6+S8JD9/7:A Z�P J8B ^ ;8�8JC7 _ JC9

s�A 7 _ 7 _ J	N/X?O8>CJ
Sh

s-J	>C;86?N/Aa<�JD9�7 _ J	N/X?O8>CJ ◦

Sh= span{ϕ1, ..., ϕM}
B ^$_ J�N/X?O8>CJUN

◦

Sh
OQ6?<

Th
OQ9:JMJU�T=�A X�X"JU<�s�A 7 _ <�A W JD9:JD687`6�;89:LpNDB 5
6�;89c<�JD9&7c;�A 687:9:;�<�=?>@Jy7 _ JUN/J

6�;89:LpN-s-Jo=?N/J�7 _ JoAaN/;8LM;89:X _ AaN/LpN ◦

Sh ↔ � M OQ6?<
Th ↔ � M <�JC�?6�JU<bZ+f

vh =
M∑

i=1

viϕi ∈
◦

Sh, V h = (v1, · · · , vM )T ∈ � M ,

wh =

M∑

i=1

wiψi ∈ Th, Wh = (w1, · · · , wM )T ∈ � M .
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��JoA 687:9:;�<�=?>CJ�lu;89
vh ∈

◦

Sh
OQ6?<

wh ∈ Th
7 _ Jo6�;89:LpN

‖vh‖p,h = ‖V h‖p
OQ6?< |||wh|||q,h = |||W h|||q,

E G B jQ�0F

9:JUN/X"JU>@7:A S8JDP f8B
d JU>DOQ=?N/J);Ql-<�JC�?6�A 7:A ;86?N E G B j%r FGK E G B jQ�0FGK OQ6?<}7 _ J ���;8Pa<�JD9�A 6�JU�T=?OQP A 7�fb7 _ Jylu;8P K

P ;is�A 6��MJUN�7:A LpO%7:Jo;Ql�7 _ JoZ�A P A 6�JUOQ9$lu;89:L
ah

_ ;8Pa<�NDB

�FA�� �7> �VJ M G j G N�� 	 ��� � � � ��
���� 1 ≤ p ≤ ∞ � 1/p + 1/q = 1 � ��� ��
 � � ��� ��� �
Lh � � � � � � � � � 	�� � � � ��
 � � 
�� � ���
� vh ∈ ◦

Sh � ��� wh ∈ Th � � 
�� �	�
|ah(vh, wh)| ≤ ‖vh‖p,h|||wh|||q,h.

E G B jQ\0F

� ;%s�s-J	lu;89:L`=�PaO%7:J�7 _ JoZ?O8N/Aa>	>C;86+S8JD9:�8JD6?>CJ&9:JUN/=�P 7UB

� P9A E3?BA���� J�� � � u � ��� uh � � ��
 � ����� 	 � � � � � ��
 ��
 � � � ��� � ��� �
E G B j n F � ���E G B j8j%F

� ��� � � � � � ���	� � � � ��
 � � 
�� � ��
 � � � � ��� � ��� � � � uI ��
 u � � Sh ��
 � ����� � � � � �
� ��� ��� �

‖uI − uh‖p,h ≤ sup
wh∈Th/{0}

|(f, wh)− fh(wh) + ah(uI , wh)− a(u,wh)|
|||wh|||q,h

E G B E n F


���� � � � 
 ����� 1/q + 1/p = 1 � 1 ≤ p ≤ ∞ �
� A�� >@?	��J ^$_ JpJD9:9:;89	JUN�7:A LpO%7:JpAa6�7 _ Jh>C;86T7:A 6+=�;8=?N

Lp VT6�;89:L l ;8PaP ;is�N	lu9:;8L
7 _ Jo6�;89:L JU�T=�A S%OQP JD6?>CJ

c8‖v‖p,h ≤ ‖v‖p ≤ c9‖v‖p,h ∀ v ∈
◦

Sh
E G B E G F

s _ JD9:Jo>C;86?N�7cOQ687cN
c8
K
c9

OQ9:J	A 6?<�JDX"JD6?<�JD687&;Ql
h
B

^$_ J�<�AaN:>C9:JC7:J$X�9:;8Z�P JDL�s _ Aa> _ AaN1�?9cN�7/K ;89c<�JD9�>C;86TS8JD9:�8JD6T7!Ki=�6�A lu;89:LMP f`A 6
ε
K%s$O8N

>C;86?N�7:9:=?>@7:JU<	A 6 M G j G N BD5
6o7 _ J-6�JCk+717
s-;�N/JU>@7:A ;86?N�s�J-s�A P PT;8Z�7cOQA 6o7 _ J$N/JU>C;86?<+K ;89c<+JD9
LMJC7 _ ;�<�B

�.J�� � P9A���R��9R �
A�H 	NA�� A�� �
	 A��
P9EQT � R �
P > �FR��9A >@?�� U9>STV?B> �
UV?BA � U 	NA

5
6Y7 _ AaN�N/JU>@7:A ;86�s�JoA 687:9:;�<�=?>CJ�7 _ Jo9:JUN�7:9:Aa>@7:A ;86

b′(x) ≥ 0
;86

[0, 1]
E G B ETj%F

s _ Aa> _ N/A LMX�P A �?JUN	7 _ JpX�9:;�;Ql�;Ql�N�7cOQZ�A P A 7�f8B ^$_ AaNo9:JUN�7:9:Aa>@7:A ;86�X�9:;%S+Aa<�JUN�7 _ JMlu=�P �?P P K
LMJD687-;Ql 7 _ J&LpO%k�A L)=�L�X�9:A 6?>CA X�P J�lu;89�7 _ J&X�9:;8Z�P JDL E G B G F1V E G B E0F@B ��J�N _ ;is 7 _ O%7
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lu;89$N/LpOQP P
ε
7 _ AaN-9:JUN�7:9:A >c7cA ;86Y>DOQ6hZ J�A 6T7:9:;�<�=?>CJU<hs�A 7 _ ;8=�7$P ;TN:N-;Ql��8JD6�JD9cOQP A 7
fTB J&N�K

N/=�LMJ�7 _ O%7-lu;89$N/;8LMJ
x0 ∈ [0, 1]

s-J _ OiS8J
b′(x) < 0

BT5
6T7:9:;�<�=?>CJ	O`6�JDs�=�6�t+6�;%s�6
lu=�6?>@7:A ;86

w(x) = u(x) exp(−σx)
s�A 7 _ 7 _ JoX";TN/A 7:A S8Jo>C;86?N�7cOQ6T7

σ = 1 + max
x∈[0,1]

|b′| − b′
2b

.

^$_ JD6Y7 _ JoX�9:;8Z�P JDL E G B G F�V E G B E0F�AaN�JU�T=�A S%OQP JD6T7$7:;M7 _ J	lu;8P P ;is�A 6��M;86�J

−εw′′ + (b− 2εσ)w′ + (b′ + bσ − εσ2)w = f exp(−σx) ;86
(0, 1),

w(0) = u0, w(1) = u1 exp(−σ).
z�;89oN/LpOQP P

ε
7 _ Jp>C;+J��h>CA JD6T7	;Ql

w
AaN	X";TN/A 7:A S8Jy;86�7 _ JpN/JD�8LMJD6T7

[0, 1]
N/A 6?>CJ

b′ +
bσ − εσ2 ≥ b− εσ2 ≥ 0

B ��JD6?>CJ�7 _ JoLpO%k�A L)=�L3X�9:A 6?>CA X�P J _ ;8Pa<�NDB
��J`>C;86?N/Aa<�JD9$7 _ J`O8N/f+LMX�7:;Q7:Aa>�JCk�X?OQ6?N/A ;86 E G B G8G FCB

�.J�� J����%E����	��?BU�
��
RNE�� E�/ �
P9A�� U9>STV?B> �
UV?#A<?BU 	NA
^ ;&OQX�X�9:;ik�A LpO%7:Jw7 _ J-N/;8P =�7:A ;86

u
KUs-J�=?N/J�7 _ J�X�A JU>CJDs�AaN/J�P A 6�JUOQ9��?6�A 7:J�JDP JDLMJD6T7cN

;86�Oy6�;86+=�6�A lu;89:L �89:Aa<

ωh = {xi : i = 0, 1, . . . , n; 0 = x0 < x1 < . . . < xn−1 < xn = 1}
E G B E8E0F

s�A 7 _ OyLMJUN _ N/A TDJ
hi = xi − xi−1

B?z�;89�N/A LMX�P Aa>CA 7�fYs-Jo>C;86?N/Aa<�JD9�OM�T=?O8N/A =�6�A lu;89:L
�89:Aa<bN:O%7:AaN�luf+A 6��)7 _ J`>C;86?<�A 7:A ;86

c10h ≤ hi ≤ h = max
1≤i≤n

hi.
E G B EQr F

��J`<�JD6�;Q7:J�7 _ J`N/JC7�;Ql1A 6T7:JD9:A ;89�6�;�<�JUN$Z+f

ωh = {xi : xi ∈ ωh, i = 1, . . ., n− 1}.
5
687:9:;�<�=?>CJ�7 _ JoZ?O8N/AaN-lu=�6?>@7:A ;86?N

ϕi(x) ∈ C[0, 1]
<�JC�?6�JU<�ZTf

ϕi(x) =





(x− xi−1)/hi,
A l

x ∈ [xi−1, xi] ∩ [0, 1];
(xi+1 − x)/hi+1,

A l
x ∈ (xi, xi+1] ∩ [0, 1];

0
;Q7 _ JD9:s�AaN/J

OQ6?<h7 _ J`N/X?O8>CJUN$;Ql�7:9:AaOQPROQ6?<Y7:JUN�7�lu=�6?>@7:A ;86?N

Sh =
N/X?OQ6 {ϕ0, . . . , ϕn}

OQ6?<
Th =

N/X?OQ6 {ϕ1, . . . , ϕn−1}.
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^ ;oOQX�X�9:;Uk�A LpO%7:J�7 _ J$X�9:;8Z�P JDL E G B j n FGK%s�J$=?N/J-7 _ J�vwJC7:9:;iSTK�x	OQP JD9:t+A 6`LMJC7 _ ;�< �
����� uh ∈ Sh �
	���
���
���� uh(0) = u0, u

h(1) = u1 � ���

a(uh, wh) = (f, wh) ∀ wh ∈ Th.
E G B ET�%F

^$_ AaNyOQX�X�9:;TO8> _ _ O8N)N/;8LMJb<�AaN:O8<�S%OQ6T7cOQ�8JUNDB ��A 7 _ 7 _ JbZ";8=�6?<�OQ9:f�PaOif8JD9!KR7 _ J
N/;8P =�7:A ;86�;Ql-7 _ JpOQP �8JDZ�9cOQAa>yN/f�N�7:JDL _ O8N	=�6?N:O%7:AaN�l O8>@7:;89:f�O8>D>C=�9cO8>@fTB d JUN/Aa<�JUNUK 7 _ AaN
N/f�N�7:JDLeZ"JU>C;8LMJUN1=�6?N�7cOQZ�P J-lu;89

ε ≤ h BQz1A 6?OQP P f%Kis _ JD6M>C;86?N�7:9:=?>@7:A 6��&7 _ J�OQP �8JDZ�9cOQAa>N/f�N�7:JDLPK%;86�J _ OiSQJ-7:;	A 6T7:JD�89cO%7:J�lu=�6?>@7:A ;86?NDB ^$_ =?NUKi7 _ J�OQX�X�P Aa>DO%7:A ;86y;Ql �T=?O8<�9cO%7:=�9:J
9:=�P JUNwAaN��T=�A 7:J�6?O%7:=�9cOQP B ��J�> _ ;+;TN/J��T=?O8<�9cO%7:=�9:J-9:=�P JUN�A 6pOoN/X"JU>CAaOQP�s$Oifo7:;oJD6?N/=�9:J
N�7cOQZ�A P A 7
fyOQ6?<`7:;oA LMX�9:;%SQJ-7 _ J�O8>D>C=�9cO8>Cfo;Ql?7 _ J�OQX�X�9:;ik�A LpO%7:J-X�9:;8Z�P JDL�;8Z�7cOQA 6�JU<�B

^$_ JD9:JClu;89:Jys�JM9:JC7:=�9:6�7:;Y7 _ JMZ�A P A 6�JUOQ9�lu;89:L E G B j G F@B ^$_ Jy�?9cN�7�7:JD9:L AaN�Aa687:JCK
�89cO%7:JU< JCk�O8>@7:P f�lu;89pOQ6+f

u ∈ Sh
K
v ∈ Th

B�z�;89y7 _ J}N/JU>C;86?< 7:JD9:L s-Jb=?N/Jb7 _ J
lu;8P P ;is�A 6��p�T=?O8<�9cO%7:=�9:J�9:=�P Jo;86bJUO8> _ A 687:JD9:SQOQP �

∫ xi

xi−1

bv dx ≈ (αibi−1vi−1 + βibivi)hi
E G B E � F

s _ JD9:J
vi = v(xi)

lu;89)OQ6 OQ9:Z�A 7:9cOQ9:f}lu=�6?>@7:A ;86
v(x)

B��&N/A 6��}7 _ AaNolu;89:L)=�PaOblu;89
as�Jb;8Z�7cOQA 6 7 _ Jb6�JDs Z�A P A 6�JUOQ9ylu;89:L

ah
;Ql�OQ6 OQP �8JDZ�9cOQAa>M7�f+X"JYlu;89

v ∈ Sh
OQ6?<

wh ∈ Th �

ah(v, wh) =
n∑

i=1

(ε(vi − vi−1)/hi − αibi−1vi−1 − βibivi) (wh
i − wh

i−1).
E G B E � F

^$_ J�N�7cOQ6?<�OQ9c<�s$Oif 7:; �
=?N�7:A luf�7 _ J�O8>D>C=�9cO8>Cf ;Ql�7 _ J�x	OQP JD9:t+A 6�N/;8P =�7:A ;86 AaN
7:;�=?N/J HT7:9cOQ6��4L N	�?9cN�7)P JDLMLpO�OQ6?<�7 _ Jb>@Pa;TN/JC6�JUN:No;Ql�7 _ JhZ�A P A 6�JUOQ9`lu;89:LpN

a
OQ6?<

ah
s�A 7 _ OQ9:�8=�LMJD6T7cNolu9:;8L 7 _ J�>CPaO8N:N);Ql&O8<�LMAaN:N/A Z�P Jhlu=�6?>@7:A ;86?NDB���6�lu;89/7:=�6?O%7:JDP f%K

A 6 ;8=�9M>CO8N/Jh7 _ AaN)LMJC7 _ ;�< f+A JDPa<�N)X";�;89)JUN�7:A LpO%7:JUNy<�=�JY7:;�7 _ JbZ";8=�6?<�OQ9:f�PaOifQJD9
>C;8LMX";86�JD6T7cN

ρ0, ρ1
B ^$_ JD9:JClu;89:J�s-J&> _ ;�;TN/J$7 _ J�X?OQ9cOQLMJC7:JD9cN

αi, βi
A 6YN/=?> _ Oos-Oif

O8N�7:;�LpOQtQJM7 _ JUN/JhZ�A P A 6�JUOQ9	lu;89:LpN`O8N`>CP ;TN/JhO8N	X ;TN:N/A Z�P J �
=?N�7`lu;89o7 _ Jplu=�6?>@7:A ;86?N

ρ0
K
ρ1
B�z?;89$JCk�OQLMX�P J%K�lu;89$7 _ J	lu=�6?>@7:A ;86

ρ0
7 _ JoJCk�O8>@7�JU�T=?OQP A 7�f

∫ xi

xi−1

bρ0 dx = (αibi−1ρ0,i−1 + βibiρ0,i)hi

N _ ;8=�Pa<�Z"Jy7cOQt8JD6RB ��;%s�JDS8JD9!K"7 _ AaN`>C;86?<�A 7:A ;86�>C;86T7cOQA 6?N&7 _ JpA 687cJC�89cOQP�A 6�7 _ JpP JCl 7/K
_ OQ6?<�N/Aa<�J%K�7 _ O%7Y<�;�JUNM6�;Q7hX JD9:LMA 7p7:; ;8Z�7cOQA 6 7 _ J}JCk�X�P Aa>CA 7YJCk�X�9:JUN:N/A ;86�A 6�7 _ J
�8JD6�JD9cOQP->DO8N/J8B ^$_ JD9:JClu;89:Jhlu;89M>C;86+S8JD6�A JD6?>CJYs-Jb=?N/J E G B � FGK E G B GUn F	lu;89

ρ0
A 6 7 _ J

9:A � _ 7/K _ OQ6?<�N/Aa<�Jh;Ql-7 _ AaN`JU�T=?OQP A 7�f�OQ6?<�9:JDX�PaO8>CJ
b(x)

ZTf�A 7cN`P A 6�JUOQ9`A 687cJC9:X ;8PaOQ687UB
J&N�OM9:JUN/=�P 7!K�s-JoOQ9:9:A S8J	O%7$7 _ JoJU�T=?OQP A 7�f

∫ xi

xi−1

(bi−1(xi − x)/hi + bi(x− xi−1)/hi) exp(−b(1)(1− x)/ε) dxE G B E8�0F
= αibi−1 exp(−b(1)(1− xi−1)/ε)hi + βibi exp(−b(1)(1− xi)/ε)hi.
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^ OQt+A 6��`7 _ J�A 6T7:JD�89cOQP?Aa6h7 _ J�P JCl 7/K _ OQ6?<YN/Aa<�J	OQ6?<h<�A S+Aa<�A 6��)7 _ J�;8Z�7cOQA 6�JU<hJU�T=?OQP A 7�f
ZTf

hi exp(−b(1)(1− xi)/ε)
s-Jo�8JC7

αibi−1 exp(−σi) + βibi = bi−1

(
1

σ2i
− 1

σi
exp(−σi)−

1

σ2i
exp(−σi)

)

E G B E8\0F

+ bi

(
1

σi
− 1

σ2i
+

1

σ2i
exp(−σi)

)

s _ JD9:J
σi = b(1)hi/ε

B ^ ;y7 _ J`OQZ";%SQJ	JU�T=?OQP A 7�fhs-JoO8<�<Y7 _ JoJU�T=?O%7:A ;86

αi + βi = 1
E G B r n F

s _ Aa> _ X"JD9:LMA 7cN�7:;�OQX�X�9:;ik�A LpO%7:J�OQ6	A 6T7:JD�89cOQPQ;Ql�O�N/LM;�;Q7 _ lu=�6?>@7:A ;86os�A 7 _ 7 _ J��?9cN�7/K
;89c<�JD9�O8>D>C=�9cO8>Cf8B ^$_ =?NUK�s-J`OQ9:9:A S8JoO%7�7 _ J)N/f�N�7:JDL3;QlwP A 6�JUOQ9&OQP �8JDZ�9cOQAa>&JU�T=?O%7:A ;86?N
A 6b7
s-;M=�6�t+6�;%s�6?NDB�5 7cN�<�JC7:JD9:LMA 6?OQ6T7�AaN��8A S8JD6bZTf

ξi = bi − bi−1 exp(−σi).
E G B r G F

H+A 6?>CJ
b′ ≥ 0

OQ6?<
exp(−σi) < 1

K
ξi

AaNMN�7:9:Aa>@7:P f X";TN/A 7:A S8J8B ��JD6?>CJY7 _ J�N/f�N�7:JDL
E G B E8\0F�V E G B r n F _ O8N�OQ6b=�6�Aa�T=�J`N/;8P =�7:A ;86RB

^$_ =?NUK�s-Jh>DOQ6 JCk�X"JU>@7`7 _ O%7`7 _ JYZ";8=�6?<�OQ9:f�PaOifQJD9olu=�6?>@7:A ;86
ρ0

N:O%7:AaN��?JUN	7 _ J
JU�T=?OQP A 7
f

∫ xi

xi−1

bρ0 dx = (bρ0)
∗
i hi +O(h3).

E G B r+j%F

^$_ J	X�9:;�;Ql�;Ql17 _ AaN�N�7cO%7:JDLMJD687�AaN��8A S8JD6bPaO%7:JD9UB ��JD9:J	s-J	=?N/J	7 _ Jo6�;Q7cO%7:A ;86

(bρ0)
∗
i = αibi−1ρ0,i−1 + βibiρ0,i.

5 7�AaN$JUO8N/fp7:;MS8JD9:A lufp7 _ O%7�lu;89
ρ1

s�J _ OiSQJ
∫ xi

xi−1

bρ1 dx = O(ε).

J&>@7:=?OQP P fY7 _ J)>C;86T7:9:A Z�=�7:A ;86�;Qlw7 _ AaN�7:JD9:L AaN&N�7:A P P1N/LpOQP P JD9&<�=�Jo7:;p7 _ J)>C;�J��h>CA JD687
ε
;Ql17 _ J	lu=�6?>@7:A ;86

ρ1
A 6Y7 _ JoJCk�X?OQ6?N/A ;86 E G B G8G F@B

� ;%sm>C;86?N/Aa<�JD9$7 _ Jo9:JDLpOQA 6�A 6��MX?OQ9/7�;Ql�7 _ J`N/;8P =�7:A ;86

g(x) = v0(x) + εv1(x) + ε2z(x).
E G B rTE0F

z�;89
g(x)

7 _ J`�T=?O8<�9cO%7:=�9:J�9:=�P J E G B E � F _ O8N$;86�P fp7 _ J	�?9cN�7/K ;89c<�JD9�O8>D>C=�9cO8>Cf �
∫ xi

xi−1

b(x)g(x) dx = (bv0)
∗
i hi + (1/2− βi)h2i (bv0)′i−1

+ (bv1)
∗
i hi +O(h3 + εh2 + ε2h)

E G B r8r F
= (bg)

∗
i hi + (1/2− βi)h2i (bg)′i−1 +O(h3 + εh2 + ε2h).



j n ��� �������%�����	� 
�� ��
 ��� 	��4'Q���%���������

��JD9:J�s-J	=?N/J&7 _ J	l O8>@7$7 _ O%7$7 _ J�lu=�6?>@7:A ;86?N
v′′0

K
v′1

K�OQ6?<
z
OQ9:J�Z ;8=�6?<�JU<b;86

[0, 1]
B

^ OQtQJ	A 6T7:;h>C;86?N/Aa<�JD9cO%7:A ;86h7 _ JoJU�T=?OQP A 7
f

−ε(ρ0 + ερ1)
′′ + (b(ρ0 + ερ1))

′ = O(ε)

s _ Aa> _ 9:JUN/=�P 7cN�lu9:;8L�7 _ J	<�JC�?6�A 7:A ;86h;Ql
ρ0

OQ6?<
ρ1
B ^$_ JD6hs-J�7:9cOQ6?N�lu;89:L�7 _ J&LpOQA 6

7:JD9:L ;Ql17 _ JoJD9:9:;89�7:;M7 _ J	lu;89:L

(bg)′ = (bg)′ − εg′′ +O(ε) = (bu)′ − εu′′ +O(ε) = f +O(ε).

^$_ JD6bA 6?N�7:JUO8<b;Ql E G B r8r F�s-J	�8JC7

∫ xi

xi−1

b(x)g(x) dx = (bg)
∗
i hi E G B r+�%F

+ (1/2− βi)h2i fi−1 +O(h3 + εh2 + ε2h).

� _ JD6b>C;86?N�7:9:=?>@7:A 6��)7 _ J	Z�A P A 6�JUOQ9�lu;89:LpN
a
OQ6?<

ah
OQP P"7 _ J&7:JD9:LpN$OQ9:J�L`=�P 7:A X�P A JU<

ZTf −(wh)′
B ^$_ JD9:JClu;89:J-7 _ J�LpOQA 6y7:JD9:L�;Ql"7 _ J�JD9:9:;89

a(g, wh)−ah(g, wh)
;86y7 _ J

N/JD�8LMJD687
[xi−1, xi]

7cOQtQJUN-7 _ J	lu;89:L

−(1/2− βi)h2i fi−1(wh)′i−1/2.
E G B r � F

��JM>@;86?N�7:9:=?>@7&7 _ JM�T=?O8<�9cO%7:=�9:J`9:=�P J)l ;89&7 _ Jy9:A � _ 7/K _ OQ6?<�N/Aa<�J`7:;YJDP A LMA 6?O%7:J)7 _ AaN
7:JD9:L�B���Jo9:JDs�9:A 7:J�7 _ J	lu=�6?>@7:A ;86?OQPRA 6b7 _ Jo9:A � _ 7/K _ OQ6?<bN/Aa<�J`O8N

∫ 1

0

f(x)wh(x) dx = −
∫ 1

0

F (x)(wh(x))′ dx ∀ wh ∈ T h E G B r � F

s�A 7 _ 7 _ J�OQ6T7:Aa<�JD9:A S%O%7:A S8J
F ′(x) = f(x)

B �&N/A 6�� 7 _ J ^ Oif+P ;89YJCk�X?OQ6?N/A ;86 K�A 6�O
N/A LMA PaOQ9$s$OifYO8N E G B r8r F�s�Jo;8Z�7cOQA 6

∫ xi

xi−1

F (x) dx = F ∗i hi + (1/2− βi)h2i fi−1 +O(h3).
E G B rT�0F

^$_ =?NUK%7 _ J�LpOQA 6y7:JD9:L�;Ql"7 _ J�JD9:9:;89�>C;8A 6?>CAa<�JUNws�A 7 _ E G B r8r F@B%5
6M;89c<�JD9w7:;`OUS8;8Aa<`7 _ J
>DOQPa>C=�PaO%7:A ;86�;Qlw7 _ J)OQ6T7:Aa<�JD9:A S%O%7cA SQJ%K�s-J`=?N/Jo7 _ J)<�A W JD9:JD6?>CJ)OQ6?OQP ;8�8=�Jo;Ql�A 6T7:JD�89cO%K
7:A ;86yZ+f`X?OQ9/7cN17cOQt+A 6��	A 687:;`O8>D>C;8=�687w7 _ J�Z";8=�6?<�OQ9:f`>C;86?<�A 7:A ;86?N

wh(0) = wh(1) =
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0 �
∫ 1

0

f(x)wh(x) dx = −
∫ 1

0

F (x)(wh(x))′ dx = −
n∑

i=1

∫ xi

xi−1

F (x)(wh)′ dx

= −
n∑

i=1

(wh)′i−1/2(F
∗
i hi + (1/2− βi)h2i fi−1) +O(h3)

n∑

i=1

(wh)′i−1/2

=

n−1∑

i=1

wh
i (F

∗
i+1 − F ∗i )−

n∑

i=1

(1/2− βi)h2i fi−1(wh)′i−1/2

+O(h3)
n∑

i=1

(wh)′i−1/2.

��J)> _ ;�;TN/J�7 _ J`s-JDA � _ 7cN
µi

OQ6?<
νi

A 6�N/=?> _ OMs$OUfbO8N$7:;h9:JDX�PaO8>CJ�7 _ J)<�A W JD9:JD6?>CJ
Z"JC7�s�JDJD6p7 _ J�SQOQP =�JUN�;Ql 7 _ J&OQ6T7:Aa<�JD9:A S%O%7:A S8J

F
Z+f)7 _ J�lu=�6?>@7:A ;86

f
s�A 7 _ 7 _ J�7 _ A 9c<+K

;89c<�JD9�O8>D>C=�9cO8>Cf �

F ∗i+1 − F ∗i = µifi−1 + νifi +O(h3).
E G B rT\0F

^$_ JD6hs-J&=?N/J�7 _ J ^ OUf+P ;89�JCk�X?OQ6?N/A ;86hO%7�7 _ J�X";8A 6T7
xi−1

OQ6?<hN/JC7�7 _ J	>C;+J��h>CA JD6T7cN
;Ql
hi

OQ6?<
h2i

7:;MZ"JoJU�T=?OQP �

µi + νi = hi(1− βi) + hi+1βi+1, E G B � n F
2νihi = h2i (1− βi) + hi+1βi+1(2hi + hi+1).

��JD6?>CJ
µi

OQ6?<
νi
OQ9:J$=�6�Aa�T=�JDP fM<�JC7:JD9:LMA 6�JU<�B%J&N�O	9:JUN/=�P 7!KQA 6y7 _ J�9:A � _ 7/K _ OQ6?<yN/Aa<�J

s�Jo�8JC7$7 _ J`OQX�X�9:;ik�A LpO%7:J&lu=�6?>@7:A ;86?OQP

fh(w
h) =

n∑

i=1

(µifi−1 + νifi)w
h
i

E G B � G F

s�A 7 _ 7 _ J`>C;+J��h>CA JD6T7cN
µi

OQ6?<
νi
lu9:;8L E G B � n F@B

H 6`N/=�Z?N�7:A 7:=�7:A ;86`;Ql+7 _ J�Z�A P A 6�JUOQ9�lu;89:L
a(·, ·) OQ6?<�7 _ J�9:A � _ 7/K _ OQ6?<oN/Aa<�J (f, wh)A 687:; E G B ET�%FGKTs-J�;8Z�7cOQA 6h7 _ Jo<�AaN:>C9:JC7:J�X�9:;8Z�P JDL � ����� uh ∈ Sh �
	���
 ��
���� uh(0) =

u0 � u
h(1) = u1 � � ���

ah(uh, wh) = fh(w
h) ∀ wh ∈ Th.

E G B �8j%F
��J�9:JDs�9:A 7:J�7 _ AaN-X�9:;8Z�P JDL.A 6p7 _ J�JU�T=�A SQOQP JD687-LpO%7:9:A k+K S8JU>@7:;89�lu;89:L � ��� � �
� � 	�� �

��
 � 
 	 � � � � � �
uh =

n∑

i=0

γiϕi
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� � ��
 ��
 � � ��� � 
 � � γi � 
 � ��
 � ��� � � 
 �	� � � ��
 � ��� ���	� � � � � � γ0 = u0 � γn = u1 � � � � ���
� � ��
 � � � �
� ��� ��
 � � � � � � ��� � � � � � � � ��
 	���� � � � �

Ahγ = F h E G B �QE0F

s�A 7 _ 7 _ J�S8JU>c7c;89w;Ql"7 _ J�=�6�t+6�;is�6?N
γ = (γ1, ..., γn−1)

T OQ6?<`7 _ J��8AaSQJD6)7 _ J�9:A � _ 7/K
_ OQ6?<bN/Aa<�J

Fh = (F h
1 , ..., F

h
n−1)

T s _ JD9:J

Fh
1 = µ1f0 + ν1f1 + a1u0,

Fh
i = µifi−1 + νifi, i = 2, ..., n− 2,

Fh
n−1 = µn−1fn−2 + νn−1fn−1 + en−1u1.

^$_ J	LpO%7:9:A k
Ah _ O8N-7 _ J	7:9:Aa<�AaOQ�8;86?OQP"lu;89:L

Ah =




d1 −e1
−a2 d2 −e2 0

... ... ...

... ... ...

... ... ...

0 −an−2 dn−2 −en−2
−an−1 dn−1




OQ6?<bA 7cN�JCPaJCLMJD6T7cN�OQ9:J	�8A SQJD6bZ+f

ai = ε/hi + αibi−1,

di = ε/hi + ε/hi+1 + αi+1bi − βibi,
E G B �%r F

ei = ε/hi+1 − βi+1bi+1, i = 1, ..., n− 1.

�.J�� J�� � ?BE3CFAD? �
RNA���E�/ �
P9A<T9R�� 
#?BA��
A2C9?BE��
	NA��
� ;%s�s-JoA 6TS8JUN�7:A �TO%7:J�7 _ J`<�AaN:>C9:JC7:J	X�9:;8Z�P JDL�B

�FA�� �7> � J�� ������� ��
 ����� �
� ��� � � � � � � E G B j%FGK E G B r FGK E G B ETj%F 
�� � � � � ε � h > 0 ��
 �� ��� ��� � Ah ��
 ��
 � � � �
� ��� E G B �QE0F � � � � M ��� ��� ��� � � ��� 
 � � � �
� � � � � � � � � 	�� � � �
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� ?BEQE�/ J?z1A 9cN�7�s-J&>C;86?N/Aa<�JD9�7 _ J�X?OQ9cOQLMJC7:JD9
αi

;Ql 7 _ J��T=?O8<�9cO%7:=�9:J�9:=�P J8BTz�9:;8L
7 _ JoJU�T=?O%7:A ;86?N E G B E8\0F�K E G B r n F�s-J _ OiS8J

αi =
1

bi − bi−1 exp(−σi)
(
bi−1

σi exp(−σi)− 1 + exp(−σi)
σ2i

+ bi
σ2i − σi + 1− exp(−σi)

σ2i

) E G B �8�%F

=
1

bi − bi−1 exp(−σi)
(1− exp(−σi)

σ2i
(bi − bi−1) + bi

)
− 1

σi
s _ JD9:J

σi = b(1)hi/ε
B2H+A 6?>CJ�7 _ J�A 6�JU�T=?OQP A 7:A JUN

σi > 0, exp(−σi) < 1
OQ6?<

b′(x) ≥ 0
_ ;8Pa<Ylu;89�OQ9:Z�A 7:9cOQ9:f

ε
OQ6?<

h
K�s�J _ OiSQJ

αi > 1/σi ∀ ε, hi > 0.
E G B � � F

�&=�J	7:; E G B �%r FGK E G B � � FGK�OQ6?<YA 6�JU�T=?OQP A 7�f
bi−1 ≤ b(1)

7 _ JoJUN�7:A LpO%7:J

0 ≤ ε

hi
− bi−1ε

b(1)hi
<

ε

hi
+ αibi−1 = ai

_ ;8Pa<�NDB ��JD6?>CJ	7 _ J`>C;+J��h>CA JD6T7cN
ai

;Ql17 _ J`N/f�N�7:JDL E G B �QE0F-OQ9:J	N�7:9:;86��8P fhX";TN/A 7:A S8J8B
^$_ J�X�9:;+;QlR;QlR7 _ J�X";TN/A 7:A S8JD6�JUN:N�;Ql

ei
AaN�9cO%7 _ JD9$>C;8LMX�P Aa>DO%7:JU<�B d JD>DOQ=?N/J&;QlR7 _ J

<�JC�?6�A 7:A ;86�;Ql
βi+1

7 _ J	lu;8P P ;is�A 6��MJU�T=?OQP A 7:A JUN _ ;8Pa< �

ei =
ε

hi
− bi+1

bi+1 − bi exp(−σi)

(
bi

(
1

σ2i
− exp(−σi)

σi
− exp(−σi)

σ2i
− exp(−σi)

)

+ bi+1

(
1

σi
− 1

σ2i
+

exp(−σi)
σ2i

))

E G B � � F

=
ε

hi
− b2i+1

σi (bi+1 − bi exp(−σi))
+

bi+1

bi+1 − bi exp(−σi)

(
bi exp(−σi)

σi

+ bi exp(−σi) +
bi+1 − bi

σ2i
(1− exp(−σi))

)
.

^$_ Jo<�A W JD9:JD6?>CJo;Ql�7 _ J	7�s-;MP AaN�7�7:JD9:LpN$A 6b7 _ Jo9:A � _ 7/K _ OQ6?<bN/Aa<�J	JU�T=?OQPaN

b(1)bi+1 − b2i+1 + b(1)bi exp(−σi)
σi (bi+1 − bi exp(−σi)) E G B �Q�0F

=
bi+1(b(1)− bi+1) + b(1)bi exp(−σi)

σi (bi+1 − bi exp(−σi))
.
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��6?<�JD9M7 _ J}9:JUN�7:9:Aa>@7:A ;86?N E G B j%FyOQ6?< E G B ETj%F)Z";Q7 _ 7:JD9:LpNMA 6 7 _ J}6+=�LMJD9cO%7:;89pOQ9:J
6�;86�6�JD�TO%7:A SQJ�OQ6?<�7 _ J-<�JD6�;8LMA 6?O%7:;89RAaNRX";TN/A 7:A S8J8BUz�;89R7 _ J-N:OQLMJ�9:JUO8N/;86 KCA 6o7 _ J�PaO8N�7
7:JD9:L3OQP P�7 _ 9:JCJ`�T=?OQ6T7:A 7:A JUN$A 6�X?OQ9:JD6T7 _ JUN/JUN$OQ9:J	6�;86�6�JD�TO%7:A SQJoOQ6?<h7 _ J`>C;�J��h>CA JD687
;Ql�7 _ JYX?OQ9:JD6T7 _ JC7:Aa>DOQP�JCk�X�9:JUN:N/A ;86 AaN)X";TN/A 7:A S8J8B ��JD6?>CJYs�J _ OUS8J

ei > 0 ∀ i =
1, ..., n− 1

B
z�;89$7 _ J`N/f�N�7:JDL E G B �QE0F�7 _ J	lu;8P P ;%s�A 6��M9:JDPaO%7:A ;86?N _ ;8Pa< �

d1 − a2 > 0,

di − ai+1 − ei−1 = 0, i = 2, ..., n− 2,
E G B �Q\0F

dn−1 − en−2 > 0.

d JU>DOQ=?N/JY;Ql�7 _ J�X";TN/A 7:A S8JD6�JUN:N);Ql
ai

OQ6?<
ei

lu;89MOQP P
i
K17 _ J�LpO%7:9:A k A 6 E G B �QE0FoAaN

<�AaOQ�8;86?OQP K
<�;QLMA 6?OQ6T7-OQP ;86��`>C;8P =�LM6?N-OQ6?<hN�7:9:Aa>@7:P fp<�AaOQ�8;86?OQP K
<�;8LMA 6?OQ687-OQP ;86��o7 _ J
�?9cN�7	OQ6?<�7 _ J)PaO8N�7�;86�JUNDB ^ OQt+A 6��YA 687:;bO8>D>C;8=�6T7&7 _ J`l O8>@7&7 _ O%7�7 _ J)LpO%7:9:A k

Ah AaN
A 9:9:JU<�=?>CA Z�P J M j G NOKT7 _ A N$P JUO8<�N-7:;M7 _ J`>C;86?>CP =?N/A ;86b;QlwgRJDLMLpO � B

¤

�FA�� �7>�� J�� � � Wh = (w1, ..., wn−1)
T � � ��
 � � ��� 	 � � � � ��
 ��
 ��� � ��� � ���

(
Ah
)T
Wh = Qh E G B �8n F

� � ��
 � � � � ��� � 
 � � 
�� ��� � � ��� Qh = (q1, ..., qn−1)
T � � ������� ��
 � ��� �
� ��� � � � � � � E G B j%FGK

E G B r FGK E G B ETj%F
� � ���

ε ≤ c11h, c11 > 0
E G B ��G F

��
 ��� �
� ��� ��� �
n−1∑

i=2

|wi − wi−1|+ |w1|+ |wn−1| ≤ c12
n−1∑

i=1

|qi|
E G B � j%F


���� � � � � ��
 � ��� � �
� � � � c12 � ��������� ����� � � ��
 ε � ��� h �
� ?BEQE�/ J�5
6 O�N/A LMA PaOQ9`s-Oif�O8N`gRJDLMLpO�E�B EbA 6 M G j G N�s-Jp9:JDs�9:A 7:Jy7 _ JhN/f�N�7:JDL

E G B �8n F�Aa6Y7 _ J	lu;89:L

ei−1(wi − wi−1) + ai+1(wi − wi+1) = qi, i = 1, ..., n− 1, E G B � E0F
w0 = wn = 0.

�&N/A 6��y7 _ Jo6�;Q7cO%7:A ;86

vi = wi − wi−1

s�Jos�9:A 7:J�7 _ J`<�A W JD9:JD6?>CJoJU�T=?O%7:A ;86Ylu9:;8L E G B � E0F-O8N

vi+1 =
ei−1
ai+1

vi −
qi
ai+1

.
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�	"���$#��%	 &�'%()	"��� j8�

gRJC7�=?N�N/JC7
l−1∏

k=l

δk = 1
OQ6?< l−1∑

k=l

δk = 0

lu;89�OQ9:Z�A 7:9cOQ9:f
δk
B ^$_ JD6blu;89�OQP P

i = 1, ..., n
7 _ JoJU�T=?OQP A 7�f

vi = v1

i−1∏

j=1

ej−1
aj+1

−
i−1∑

j=1




i−1∏

k=j+1

ek−1
ak+1


 qj
aj+1

E G B � r F

_ ;8Pa<�NDB ^ OQt+A 6��MA 687:;hO8>D>C;8=�6T7$7 _ JoJU�T=?OQP A 7
f

n∑

j=1

vj = wn − w0 = 0,

s�Jo;8Z�7cOQA 6Y7 _ JoA 6�A 7:AaOQPRS%OQP =�J

v1 =
n∑

i=1

i−1∑

j=1




i−1∏

k=j+1

ek−1
ak+1


 qj
aj+1

/ n∑

i=1

i−1∏

j=1

ej−1
aj+1

.
E G B � �%F

z�9:;8L E G B � r F-OQ6?< E G B � �%F�s-J	�8JC7

n∑

i=1

|vi| ≤
n∑

i=1




i−1∏

j=1

ej−1
aj+1


 |v1|+

n∑

i=1

i−1∑

j=1




i−1∏

k=j+1

ek−1
ak+1


 |qj |
aj+1 E G B �8� F

≤ 2
n∑

i=1

i−1∑

j=1




i−1∏

k=j+1

ek−1
ak+1


 |qj |
aj+1

.

^ OQt+A 6�� A 6T7:;�>C;86?N/Aa<�JD9cO%7:A ;86�7 _ J�<�JC�?6�A 7:A ;86�;Ql`7 _ J�>C;+J��h>CA JD6T7cN
ak

OQ6?<
ek

A 6
E G B �%r FGK 7 _ JM9:JUN�7:9:Aa>@7:A ;86 E G B � � FGKROQ6?<�7 _ JMl O8>@7o7 _ O%7

b
AaN	Z ;8=�6?<�JU<�<�=�JM7:; E G B j%FGK

s�Jo;8Z�7cOQA 6Y7 _ JoA 6�JU�T=?OQP A 7:A JUN

ek−1 = ε/hi − βkbk ≤ ε/c10h,
ak+1 = ε/hi + αk+1bk ≥ ε/c10hi +B0/2,

1/aj+1 ≤ 1/ (ε/hi +B0/2) ≤ 2/B0.

J�X�X�P f+A 6��y7 _ JDL37:;y7 _ Jo9:A � _ 7/K _ OQ6?<YN/Aa<�Jo;Ql E G B �8� FGK+s-J _ OUS8J�7 _ JoJUN�7:A LpO%7:J



i−1∏

k=j+1

ek−1
ak+1


 |qj |
aj+1

≤ 2

B0
ηi−j−1|qj |

s _ JD9:J
η =

1

1 +B0c10h/2ε
.
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�&N/A 6��h7 _ AaN�A 6�JU�T=?OQP A 7�f�s-Jy> _ OQ6��8Jo7 _ Jy;89c<�JD9�;Ql�N/=�LML)=�7:A ;86�A 6}7 _ Jy9:A � _ 7/K _ OQ6?<
N/Aa<�J	;Ql E G B �8� F �

4

B0

n∑

i=1

i−1∑

j=1

ηi−1−j |qj | =
4

B0

n∑

l=1

n−l∑

j=1

ηl−1|qj |
E G B �+� F

≤ 4

B0

n∑

l=1

ηl−1
n−1∑

j=1

|qj | ≤
4

B0(1− η)

n−1∑

j=1

|qj |.

^$_ =?N�s-J	�8JC7 E G B � j%F�s�A 7 _ 7 _ J`>@;86?N�7cOQ6T7
c12 = 4(1 + 2c11/B0c10)/B0

B
¤5
6p7 _ J&7:JD9:LpN�;Ql�7 _ J&6�;89:LpN�A 6h7 _ J�N/X?O8>CJUN�;Ql�7:9:AaOQP"OQ6?<M7:JUN�7-lu=�6?>@7:A ;86?N E G B j � F

OQ6?< E G B jQ�0F�7 _ JoJUN�7:A LpO%7:J E G B � j%F�lu;89$lu=�6?>@7:A ;86?N
wh ∈ Th

_ O8N-7 _ J	lu;89:L

‖(wh)
′‖1 ≤ c12|||wh|||1,h.

E G B � �0F

�.J�� J�� �%E�� G.AD?��.A���
 A�?BA��
U 	 �
� ;%s�s-J`>C;86�N/A <+JD9$7 _ JoLpOQA 6b7 _ JD;89:JDL ;Ql�7 _ AaN�N/JU>@7:A ;86RB

� P9A E3?BA����QJ�� � � E G B j%FGK E G B r FGK E G B ETj%FGK � ��� E G B ��G F � � � ��� � � 
�� � ��
 � � � ��� � ��� �E G B �QE0F � ���
E G B G F�V E G B E0F � � ��
 ��
 � � ��� 	 � � � � � uh � ��� u ��� � ��� � � ���	� � � � ��
 � � ��
 �� �
� ��� ��� �

max
0≤i≤n

|uhi − ui| ≤ c15(h2 + ε2/h+ εh+ ε2)
E G B � \0F


���� � � �
��Jos�A P P�X�9:;�;QlR7 _ J`N:OQLMJ�7 _ JD;89:JDL3A 6bLM;89:J	�8JD6�JD9cOQP�>DO8N/J	A 6b7 _ Jo6�JCk+7&N/JU>@7:A ;86RB

� ;Q7:Aa>CJ-7 _ O%7�O8>D>C;89c<�A 6���7:; E G B � \0F�7 _ J�OQX�X�9:;ik�A LpO%7:J-N/;8P =�7:A ;86 _ O8N�7 _ J�N/JU>C;86?<+K
;89c<�JD9�O8>D>C=�9cO8>Cf`s�A 7 _ 9:JUN/X JD>@7�7:;

h
lu;89

ε << h
K8A 6pX?OQ9/7:Aa>C=�PaOQ9!Kilu;89

ε ≤ h3/2 B ^$_ J6T=�LMJD9:Aa>DOQP?J@k�X"JD9:A LMJD687cN�X�9:JUN/JD6T7:JU<yA 6 ��_ OQX�7:JD9�E`>C;86���9:L�7 _ AaN�9:JUN/=�P 7UB ^$_ =?NUKQlu;89
ε < h

7 _ JY>C;86?N�7:9:=?>@7:JU<�N:> _ JCLMJhAaNoLM;89:JhO8>D>C=�9cO%7:JMA 6 >C;8LMX?OQ9:AaN/;86�s�A 7 _ ;Q7 _ JD9
s�JDP P K t+6�;%s�6bLMJC7 _ ;�<�NUK�lu;89�JCk�OQLMX�P J%K�s�A 7 _ 7 _ J	�?9cN�7/K ;89c<�JD9�N:> _ JDLMJ	lu9:;8L M G j G N B

�.J�� � P9A ��R��9R �
ALH 	NA�� A�� � 	 A��
P9E T � R �
P���E�� 	NR��9A >@? � U9>STV?B> �
UV?BA
� U 	NA

5
6�7 _ AaN�N/JU>@7:A ;86�7 _ J)LM;86�;Q7:;86�Aa>CA 7
f E G B ETj%F$;Qlw7 _ J`lu=�6?>@7:A ;86
b(x)

A N�6�;Q7&9:JU�T=�A 9:JU<
Z"JU>DOQ=?N/J	;Ql�7 _ J`OQX�X�P Aa>DO%7:A ;86b;Ql17 _ Jo6�;86�P A 6�JUOQ9��T=?O8<�9cO%7:=�9:J�9:=�P J�lu;89$7 _ J`OQX�X�9:;ik+K
A LpO%7:A ;86b;Ql�7 _ J`>C;86+S8JU>c7cA SQJ�7:JD9:L A 6b7 _ JoZ�A P A 6�JUOQ9$lu;89:L�B ^$_ JD;89:JC7:Aa>DOQP P fM7 _ AaN�>C;86�K
<�A 7:A ;86�AaN�6�;Q7�7:;+;p9:JUN�7:9:Aa>@7:A S8J%K�Z�=�7&A 6}X�9cO8>@7:Aa>CJ	A 7&AaN�A 6?>C;86+S8JD6�A JD687!K�lu;89�JCk�OQLMX�P J%K
s _ JD6Y7 _ J	lu=�6?>@7:A ;86

b(x)
AaN$�8A S8JD6�<�AaN:>C9:JC7:JDP f8B
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�	"���$#��%	 &�'%()	"��� j �

�.J��QJ����%E����	��?BU�
��
RNE�� E�/ �
P9A�� U9>STV?B> �
UV?#A<?BU 	NA
��Jb9:JC7:=�9:6 7:;�7 _ J�OQX�X�9:;ik�A LpO%7:A ;86�;Ql�7 _ JbZ�A P A 6�JUOQ9`lu;89:L E G B j G F@B ^$_ JY��9cN�7

7:JD9:L AaN	A 687:JD�89cO%7:JU<�JCk�O8>@7:P f�lu;89`OQ6Tf
u ∈ Sh

K
v ∈ Th

BRz�;89�7 _ JhN/JU>C;86�<�;86�JMs�J
=?N/J�7 _ J	lu;8P P ;%s�A 6��p�T=?O8<�9cO%7:=�9:J�9:=�P J	;86bJUO8> _ A 6T7:JD9:S%OQP �

∫ xi

xi−1

bv dx ≈ (αibi−1 + βibi) (αivi−1 + βivi)hi.
E G B �%n F

��6�P A tQJ�7 _ J�N/A LMA PaOQ9�lu;89:L)=�PaO E G B E � FGKCA 6	7 _ AaN�>DO8N/J�A 6	7 _ J�X";8A 6T7cN�l ;89R7 _ J�>DOQPa>C=�PaO%7:A ;86
;Ql�7 _ JoS%OQP =�JUN$;Ql�7 _ J	lu=�6?>@7:A ;86?N

b
OQ6?<

v
OQ9:Jo> _ ;+;TN/J	A 6?<�A S+Aa<�=?OQP P fhs�A 7 _ 7 _ J _ JDP X

;QlR7 _ J	X?OQ9cOQLMJC7:JD9cN
αi

OQ6?<
βi

;86YJUO8> _ A 687:JD9:SQOQP
[xi−1, xi]

B � _ JD6bs-J	=?N/J E G B �%n F
lu;89

a
K%s�J$;8Z�7cOQA 6`7 _ J-6�JDs�Z�A P A 6�JUOQ91lu;89:L

ah
;Ql"OQ6yOQP �8JDZ�9cOQAa>�7
f+X J�lu;89

v, wh ∈ Sh �

ah(v, wh) =
n∑

i=1

(
ε(vi − vi−1)/hi

E G B �+G F
− (αibi−1 + βibi) (αivi−1 + βivi)

)
(wh

i − wh
i−1).

J&N�Z JClu;89:J%K�s-J`> _ ;+;TN/J�7 _ J`X?OQ9cOQLMJ@7cJC9cN
αi

K
βi

N/;y7 _ O%7�7 _ JoZ�A P A 6�JUOQ9�lu;89:LpN
aOQ6?<

ah
OQ9:J�O8N$>CP ;TN/J�O8N-X";TN:N/A Z�P J �
=?N�7$lu;89-7 _ J&lu=�6?>@7:A ;86

ρ0
B?x�JD6�JD9cOQP P fpN/X"JUOQt+A 6��4K

7 _ JoJCk�O8>@7�JU�T=?OQP A 7
f

∫ xi

xi−1

bρ dx = (αibi−1 + βibi) (αiρ0,i−1 + βiρ0,i)hi

N _ ;8=�Pa<�Z"Jy7cOQt8JD6RB ��;%s�JDS8JD9!K"7 _ AaN`>C;86?<�A 7:A ;86�>C;86T7cOQA 6?N&7 _ JpA 687cJC�89cOQP�A 6�7 _ JpP JCl 7/K
_ OQ6?<�N/Aa<�J%K�7 _ O%7Y<�;�JUNM6�;Q7hX JD9:LMA 7p7:; ;8Z�7cOQA 6 7 _ J}JCk�X�P Aa>CA 7YJCk�X�9:JUN:N/A ;86�A 6�7 _ J
�8JD6�JD9cOQPR>DO8N/J8B ^$_ JD9:JClu;89:J�lu;89&>C;86+S8JD6�A JD6?>CJos-Jo9:JDX�PaO8>CJ

b(x)
Z+fbA 7cN�SQOQP =�J

b(x) ≈
b∗i = αibi−1 + βibi

;86
[xi−1, xi]

B ^$_ =?N�s�J`OQ9:9:A S8J	O%7$7 _ JoJU�T=?OQP A 7�f

∫ xi

xi−1

b∗i exp(−b∗i (1− x)/ε) dx E G B � j%F
= b∗i

(
αi exp(−b∗i (1− xi−1)/ε) + βi exp(−b∗i (1− xi)/ε)

)
hi.

^ OQt+A 6��`7 _ J�A 6T7:JD�89cOQP?Aa6h7 _ J�P JCl 7/K _ OQ6?<YN/Aa<�J	OQ6?<h<�A S+Aa<�A 6��)7 _ J�;8Z�7cOQA 6�JU<hJU�T=?OQP A 7�f
ZTf

hi exp(−b∗i (1− xi)/ε)
K�s�Jo�8JC7

αi exp(−σi) + βi = (1− exp(−σi)) /σi
E G B � E0F

s _ JD9:J
σi = b∗i hi/ε

B ^ ;y7 _ J`OQZ";%S8J�JU�T=?OQP A 7�fhs-JoO8<�<Y7 _ JoJU�T=?O%7:A ;86

αi + βi = 1
E G B � r F
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 ��� 	��4'Q���%���������

s _ Aa> _ X"JD9:LMA 7cN�7:;�OQX�X�9:;ik�A LpO%7:J�OQ6	A 6T7:JD�89cOQPQ;Ql�O�N/LM;�;Q7 _ lu=�6?>@7:A ;86os�A 7 _ 7 _ J��?9cN�7/K
;89c<�JD9�O8>D>C=�9cO8>Cf8B ^$_ =?NUK�s-J`OQ9:9:A S8JoO%7�7 _ J)N/f�N�7:JDL3;QlwP A 6�JUOQ9&OQP �8JDZ�9cOQAa>&JU�T=?O%7:A ;86?N
A 6b7
s-;M=�6�t+6�;%s�6?NDB

� ;Q7:Aa>CJb7 _ O%7Mlu;89y7 _ J�l =�6?>@7:A ;86
b
s�A 7 _ 7 _ J}>C;86?N�7cOQ687pS%OQP =�J

bconst,i
;86�7 _ J

N/JD�8LMJD687
[xi−1, xi]

7 _ JoN/f�N�7cJCL E G B � E0F�V E G B � r F�Z"JU>C;8LMJUN$P A 6�JUOQ9 �

αconst,i exp(−σi) + βconst,i =
1

σi
(1− exp(−σi)) ,

αconst,i + βconst,i = 1.

5 7cN�N/;8P =�7:A ;86bAaN�;8Z�7cOQA 6�JU<YA 6b7 _ J`N:OQLMJ	s$OUfYO8N$A 6 M G j G N �

αconst,i =
1

1− exp(−σi)
− 1

σi
, βconst,i =

1

σi
− exp(−σi)

1− exp(−σi)
.

5
6bX?OQ9/7:Aa>C=�PaOQ9!K+lu;89�OQ6TfYX";TN/A 7:A S8J
bconst,i

7 _ AaN�N/;8P =�7:A ;86�N:O%7:AaN��?JUN-7 _ JoA 6�JU�T=?OQP A 7:A JUN

1/2 < αconst,i < 1, 0 < βconst,i < 1/2 ∀ hi, ε > 0.

z�=�9/7 _ JD9�s�J`>C;86?N/Aa<�JD9-7 _ J`>DO8N/J

ε ≤ h2 E G B � �%F
s _ Aa> _ AaNo;Ql�X�9cO8>@7:Aa>DOQP�A LMX";89/7cOQ6?>CJ8B ��JhJCk�X�9:JUN:N

βi
lu9:;8L 7 _ JYN/f�N�7:JDL E G B � E0F&V

E G B � r F �

βi =
1

σi
− exp(−σi)

1− exp(−σi)
.

E G B �%� F

z�9:;8L E G B � r F�A 7�lu;8P P ;is�N-7 _ O%7

αi = 1− βi.
E G B �8� F

^ OQt+A 6��yA 6T7:;hO8>D>C;8=�687�7 _ Jo<�JC�?6�A 7:A ;86�;Ql
b∗i

OQ6?< E G B �8� FGK�s�J`>DOQ6bs�9:A 7:J
σi

O8N

σi = (bi−1 + βi (bi − bi−1))hi/ε.
��JD6?>CJ�7 _ JD9:JoJCk�AaN�7cN�O%7�P JUO8N�7�;86�JoN/;8P =�7:A ;86

αi
K
βi

;Ql�7 _ J`N/f�N�7:JDL E G B � E0F�V E G B � r F
s�A 7 _ 7 _ JoX�9:;8X"JD9/7:A JUN

1/2 < αi < 1, 0 < βi < 1/2.

^$_ AaN)lu;8P P ;is�N)lu9:;8L 7 _ Jbl O8>@7y7 _ O%7ylu;89
βi = 0

7 _ J�P JCl 7/K _ OQ6?<�N/Aa<�Jb;Ql E G B �%� FoAaN
N/LpOQP P JD9�7 _ OQ6p7 _ J�9:A � _ 7/K _ OQ6?<p;86�J%K+OQ6?<M7 _ J&;8X�X ;TN/A 7:J�AaN�7:9:=�J�lu;89

βi = 1
B ^$_ JD9:JCK

lu;89:J%K+7 _ Jo9:;+;Q7�>DOQ6�Z"J	lu;8=�6?<bZTfh7 _ JoZ�AaN/JU>@7:A ;86bLMJC7 _ ;�<�B
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� ;%sm>C;86?N/Aa<�JD9$7 _ Jo9:JDLpOQA 6�A 6��MX?OQ9/7�;Ql�7 _ J`N/;8P =�7:A ;86

g(x) = v0(x) + εz1(x).

5
6�OYN/A LMA PaOQ9&s$OUf}O8N�A 6 E G B r8r FGK?=?N/A 6��h7 _ J`l O8>@7�7 _ O%7&7 _ J`lu=�6?>@7:A ;86?N
v′′0

K
v′1

K OQ6?<
z1

OQ9:J)Z";8=�6?<�JU<�;86
[0, 1]

K�s�Jp>COQ6�N _ ;%se7 _ O%7�7 _ Jp�T=?O8<�9cO%7:=�9:J`9:=�P J E G B �%n F _ O8N
;86�P fp7 _ J	�?9cN�7/K ;89c<�JD9$O8>D>C=�9cO8>Cf �

∫ xi

xi−1

b(x)g(x) dx = b∗i g
∗
i hi + (1/2− βi)h2i (bg)

′
i−1 +O(h3i ).

E G B � �0F

��J`>COQP >@=�PaO%7cJ
(b(x)g(x))′

A 6 E G B � �0F�;86�P fbO%7$7 _ JoA 687:JD9:A ;89�X";8A 6T7cN$;Ql17 _ J`<�;8LpOQA 6
Ω
B ^$_ JD9:JClu;89:J%K�>C;86?N/Aa<�JD9:A 6��`7 _ J�A 6�JU�T=?OQP A 7�f E G B � �%F�OQ6?<p7 _ Jo<�JC�?6�A 7:A ;86b;Ql

ρ0
OQ6?<

ρ1
K�s�Jo;8Z�7cOQA 6Y7 _ JoJUN�7:A LpO%7:J

−ε (ρ0 + ερ1)
′′
+ (b (ρ0 + ερ1))

′ ≤ c9ε
lu;89

x ≤ 1− hn.
^ OQt+A 6��)A 687c;MO8>D>C;8=�687-7 _ AaN-JUN�7:A LpO%7:J%K+s-J&7:9cOQ6?N�lu;89:L�7 _ J�LpOQA 6h7:JD9:L�;QlR7 _ J�JD9:9:;89
A 6 E G B � �0F�O8N-lu;8P P ;%s�N �

(bg)′ = (bg)′ − εg′′ +O(ε) = (bu)′ − εu′′ +O(ε) = f +O(ε).

^$_ JD6bA 6?N�7:JUO8<b;Ql E G B � �0F�s-J	�8JC7
∫ xi

xi−1

b(x)g(x) dx = b∗i g
∗
i hi + (1/2− βi)h2i fi−1 +O(h3i + εh2i + ε2hi).

��JU>DOQP P?7 _ O%7$s _ JD6b>@;86?N�7:9:=?>@7:A 6��`7 _ J�Z�A P A 6�JUOQ9�lu;89:LpN
a
OQ6?<

ah
OQP P?7 _ J&7:JD9:LpN-OQ9:J

L`=�P 7:A X�P A JU<YZ+f −(wh)′
B ^$_ JD9:JClu;89:J�7 _ J�LpOQAa6p7:JD9:L�;QlR7 _ J	JD9:9:;89�;86h7 _ J	N/JD�8LMJD687

[xi−1, xi]
_ O8N$7 _ J	l ;89:L

−(1/2− βi)h2i fi−1(wh)′i−1/2.

��J}=?N/J�7 _ J�N:OQLMJblu=�6?>@7:A ;86?OQP�;Ql�7 _ J}9:A � _ 7/K _ OQ6?< N/Aa<�J�O8NMA 6 E G B � G Fys�A 7 _ 7 _ J
>C;+J��h>CA JD6T7cN E G B � n F�7:;MJDP A LMA 6?O%7:J	7 _ AaN$7:JD9:L�B

H+=�Z?N�7:A 7:=�7:A 6��`7 _ J�Z�A P A 6�JUOQ9�l ;89:L
a(·, ·) OQ6?<)7 _ J�9:A � _ 7:K _ OQ6?<MN/Aa<�J (f, wh)

Aa687:;
E G B ET�%FGK�s-Jo;8Z�7cOQA 6�7 _ J)<�AaN:>C9:JC7:J`X�9:;8Z�P JDL ������� uh ∈ Sh �
	���
 ��
���� uh(0) = u0 �
uh(1) = u1 � � ���

ah(uh, wh) = fh(w
h) ∀ wh ∈ Th.

E G B � \0F
��J�9:JDs�9:A 7:J�7 _ AaN-X�9:;8Z�P JDL.A 6p7 _ J�JU�T=�A SQOQP JD687-LpO%7:9:A k+K S8JU>@7:;89�lu;89:L � ��� � �
� � 	�� �

��
 � 
 	 � � � � � �
uh =

n∑

i=0

τiϕi
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� � ��
���
 � � ��� � 
 � � τi � 
 � ��
 � ��� � � 
 � ��
 � ��� ���	� � � � � � τ0 = u0 � τn = u1 � � � � ��� � �
��
 � � � ��� ��� ��
 � � � � � � ��� � � � � � � � ��
 	���� � � � �

Ahτ = F
E G B � n F

s�A 7 _ 7 _ JoSQJU>@7:;89�;Qlw=�6�t+6�;is�6?N

τ = (τ1, ..., τn−1)
T

OQ6?<h7 _ Jo�8A S8JD6Y7 _ Jo9:A � _ 7/K _ OQ6?<bN/Aa<�J

Fh = (F h
1 , ..., F

h
n−1)

T

s _ JD9:J

Fh
1 = µ1f0 + ν1f1 + a1u0,

Fh
i = µifi−1 + νifi, i = 2, ..., n− 2,

Fh
n−1 = µn−1fn−2 + νn−1fn−1 + en−1u1.

^$_ J	LpO%7:9:A k
Ah _ O8N-7 _ J	7:9:Aa<�AaOQ�8;86?OQP"lu;89:L

Ah =




d1 −e1
−a2 d2 −e2 0

... ... ...

... ... ...

... ... ...

0 −an−2 dn−2 −en−2
−an−1 dn−1




s _ JD9:J

ai = ε/hi + αib
∗
i ,

di = ε/hi + ε/hi+1 + αi+1b
∗
i+1 − βib∗i ,

E G B � G F
ei = ε/hi+1 − βi+1b

∗
i+1.

�.J��QJ�� � ?BE3CFAD? �
RNA���E�/ �
P9A<T9R�� 
#?BA��
A2C9?BE��
	NA��
� ;%s�s-JoA 6TS8JUN�7:A �TO%7:J�7 _ J`<�AaN:>C9:JC7:J	X�9:;8Z�P JDL�B

�FA�� �7>��QJ�� 
 � � ��
 � ��� ���	� � � � � � E G B j%FGK E G B r FGK E G B � �%F � ��� � ��� � � � � � 
�� � � � �
h, ε > 0 ��
 �
� � ��
 	���� � � � � �

1/2 < αi < 1, 0 < βi < 1/2
E G B �Tj%F


���� � �
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^$_ JoP JDLMLpOyAaN�X�9:;iS8JU<YA 6b7 _ J`N:OQLMJ	s-OifYO8N�gRJDLMLpOME�B j`lu9:;8L M G j G N B
�FA�� �7> ���QJ�� 
 � � ��
 � ��� ���	� � � � � � E G B j%FGK E G B r FGK E G B � �%F � ��� � ��� � � � ��� 
�� � � � �
h, ε > 0 ��
 � � ��� ��� � Ah ��
 ��
 � � � �
� ��� E G B � n F � � � � M ��� ��� ��� � � ��� 
 � � � � � �
� � � � � � � 	�� � � �

� ?BEQE�/ J z�9:;8L E G B � G FGK E G B �Tj%FGK�OQ6?< E G B j%F�A 7-lu;8P P ;%s�N�7 _ O%7
ai > 0

lu;89�OQP P
i
B ��J

N _ ;is�7 _ O%7
ei > 0

lu;89�OQP P
i
B?z�;89

ei
s-J _ OiS8J

ei =
ε

hi+1
− βi+1b

∗
i+1.

z�9:;8L E G B �%� F�A 7�lu;8P P ;is�N-7 _ O%7

βi+1 =
1

σi+1
− exp(−σi+1)

1− exp(−σi+1)
.

� ;8P P JU>@7:A 6��y7
s-;pPaO8N�7�JU�T=?OQP A 7:A JUN�OQ6?<h7 _ J`<�JC�?6�A 7:A ;86
σi+1 = b∗i+1hi+1/ε

K�s-J	�8JC7

ei =
b∗i+1

1− exp(−σi+1)
.

H+A 6?>CJ)7 _ JyA 6�JU�T=?OQP A 7:A JUN
σi > 0, exp(−σi) < 1

K OQ6?<
b(x) ≥ B0 > 0

_ ;8Pa<
lu;89�OQ6TfY9cO%7:A ;yZ"JC7�s-JDJD6

ε
OQ6?<

h
K�s-J _ OiS8J

ei > 0 ∀ ε, h > 0.
z�;89$7 _ J`N/f�N�7:JDL E G B � n F�7 _ Jo9:JDPaO%7:A ;86?N

d1 − a2 > 0,

di − ai+1 − ei−1 = 0, i = 2, ..., n− 2,

dn−1 − en−2 > 0
_ ;8Pa<�B d JU>DOQ=?N/J

ai
OQ6?<

ei
OQ9:JhX";TN/A 7:A SQJhlu;89MOQP P

i
K17 _ JbLpO%7:9:A k

Ah AaNy<�AaOQ�8;86?OQP K
<�;8LMA 6?OQ687�OQP ;86���>C;8P =�LM6?NwOQ6?<yN�7:9:;86��8P fo<�AaOQ�8;86?OQP K
<�;QLMA 6?OQ6T7wOQP ;86���7 _ J-�?9cN�7�OQ6?<
PaO8N�7w;86�JUNDB ^ OQt+A 6��&A 6T7:;	O8>D>C;8=�6T717 _ J-l O8>@7w7 _ O%717 _ J$LpO%7:9:A k

Ah AaN1A 9:9:JU<�=?>CA Z�P J M j G NOK
7 _ AaN�>C;8LMX�P JC7:JUN-7 _ JoX�9:;+;Ql�B

¤

�FA�� �7> ���.J�� � � Wh = (w1, ..., wn−1)
T � � ��
 � � ��� 	 � � � � ��
 ��
 ��� � ��� � ���

(
Ah
)T
Wh = Qh E G B �8E0F

� � ��
 � � � ����� � 
 � � 
�� ��� � � ��� Qh = (q1, ..., qn−1)
T � � ������� ��
 ����� �
� ��� � � � � � � E G B j%FGKE G B r F

� � ���
E G B � �%F ��
 ��� �
� ��� ��� �

n−1∑

i=2

|wi − wi−1|+ |w1|+ |wn−1| ≤ c10
n−1∑

i=1

|qi|
E G B �Qr F


���� � � � � ��
 � ��� � �
� � � � c10 � ��������� ����� � � ��
 ε � ��� h �
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� ?BEQE�/ J ��Jo=?N/J	7 _ JoA 6�JU�T=?OQP A 7
f E G B �8� F�lu9:;8L3gRJDLMLpO � �

n∑

i=1

|vi| ≤ 2

n∑

i=1

i−1∑

j=1




i−1∏

k=j+1

ek−1
ak+1


 qj
aj+1

.
E G B �T�%F

^ OQt+A 6���A 6T7:;�>C;86?N/Aa<�JD9cO%7:A ;86�7 _ J-<�JC�?6�A 7:A ;86`;Ql+7 _ J->C;+J��h>CA JD6T7cN
ak

OQ6?<
ek

A 6 E G B � G F
OQ6?<h7 _ J	l O8>@7�7 _ O%7

b
AaN$Z ;8=�6?<�JU< K�A 6�O8>D>C;89c<�OQ6?>CJ�s�A 7 _ E G B j%F�s-Jo�8JC7




i−1∏

k=j+1

ek−1
ak+1


 1

aj+1
=

1

b∗i
(1− exp(−σi))

i−1∏

k=j+1

exp(−σk)

≤ 1

B0
(1− exp(−B1hi/ε)) exp

(
−B0

ε
(xi−1 − xj)

)
.

�&N/A 6��y7 _ JoPaO8N�7�A 6�JU�T=?OQP A 7�f%K�s�J`> _ OQ6��8J�7 _ Jo;89c<�JD9$;Ql�N/=�LMLpO%7:A ;86bA 6 E G B �T�%F �
n∑

i=1

|vi| ≤
2

B0

n∑

i=1

(1− exp(−B1hi/ε))

i−1∑

j=1

exp

(
−B0

ε
(xi−1 − xj)

)
qj

=
2

B0

n−1∑

j=1

qj

n−1∑

i=j+1

(1− exp(−B1hi+1/ε)) exp

(
−B0

ε
(xi − xj)

)

≤ 2

B0

n−1∑

j=1

qj

n−1∑

i=j+1

d
ε

xi − xj
.

��JD9:J&s-J	OQX�X�P A JU<h7 _ J�A 6�JU�T=?OQP A 7:A JUN
1− exp(−t) ≤ 1

OQ6?<
t exp(−αt) ≤ d s _ Aa> _OQ9:JYSQOQP Aa< lu;89

t ∈ (0, 1)
OQ6?<

α ≥ 0
s�A 7 _ O�>C;86?N�7cOQ6T7

d
B �&=�Jb7:; E G B � �%F)OQ6?<

E G B EQr FGK+7 _ JoPaO8N�7&N/=�L3;%S8JD9
i
>DOQ6�Z"JoJUN�7:A LpO%7:JU<bZ+fbOp>C;86?N�7cOQ687

c11
B ^ OQt�A 6��MA 687:;

O8>D>C;8=�687�7 _ Jp<�JC�?6�A 7:A ;86�;Ql
vi
K�s-JM>C;8LMX�P JC7:J)7 _ JMX�9:;�;Ql�;Ql�7 _ JMJUN�7:A LpO%7:J E G B �Qr F@B

¤ 5
6�7:JD9:LpN	;Ql�7 _ JM6�;89:LpN�A 6�7 _ JhN/X?O8>@JUN
Sh

OQ6?<
Th

7 _ JMJUN�7:A LpO%7:J E G B �Qr F�lu;89
lu=�6?>@7:A ;86?N

wh ∈ Th
_ O8N-7 _ J	lu;89:L

‖(wh)
′‖1 ≤ c9|||wh|||1,h.

E G B � � F

�.J��QJ�� �%E�� G.AD?��.A���
 A �
P9A E3?BA��
� ;%s�s-J`>C;86�N/A <+JD9$7 _ JoLpOQA 6�9:JUN/=�P 7�;Ql17 _ AaN�N/JU>@7:A ;86RB

� P9A E3?BA�� � � J�� � � u � � ��
 � � ��� 	 � � � � ��
 ��
 � � � ��� � ��� E G B G FGK E G B E0F � � ��
 ��
 �
��� ���	� � � � � � E G B j%FGK E G B r F

� � ��� uh � � ��
 � � ��� 	 � � � � ��
 ��
 � � � ��� � ��� E G B � n F � � ��
 ��
 �
��� ���	� � � � � E G B � �%F � ��
 � � ��
 ��� �
� ��� ��� �

max
0≤i≤n

|uhi − ui| ≤ c15(h2 + εh+ ε+ ε2 + ε2/h)
E G B � � F
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���� � � �
� ?BE E�/ J d f ^$_ JD;89:JDL �`lu;89

p =∞ 7 _ JoJUN�7:A LpO%7:J

max
0≤i≤n

|uhi − ui| = ‖uh − uI‖∞,h E G B �8�0F

≤ sup
wh∈Th

|(f, wh)− fh(wh) + ah(uh, wh)− a(uh, wh)|
|||wh|||1,h

_ ;8Pa<�NDB
��J�<�JD6�;Q7:J�ZTf

g(x)
7 _ J�N/=�L�;Ql"7 _ J�N/LM;+;Q7 _ >C;8LMX";86�JD6T7�OQ6?<`7 _ J�9:JDLpOQA 6?<�JD9

7:JD9:L A 6b7 _ JoJCk�X?OQ6?N/A ;86 E G B G8G F �

g(x) = v0 + εv1 + ε2z(x).

^$_ JD6bs-J`>DOQ6bs�9:A 7:J

|(f, wh)− fh(wh) + ah(uh, wh)− a(uh, wh)| ≤ |ah(ρ0, wh)− a(ρ0, wh)|E G B �8\0F
+ε|ah(ρ1, wh)− a(ρ1, wh)|+ |(f, wh)− fh(wh) + ah(g, wh)− a(g, wh)|.
� ;86?N/Aa<�JD9$7 _ J	�?9cN�7$7:JD9:L3A 6b7 _ Jo9:A � _ 7/K _ OQ6?<bN/Aa<�J

∣∣∣
n∑

i=1

(
ε(ρ0,i − ρ0,i−1)/hi − b∗i ρ∗0,i

) (
wh
i − wh

i−1

)
−
∫ 1

0

(ερ′0 − bρ0)(wh)′ dx
∣∣∣

=
∣∣∣
∫ 1

0

bρ0(w
h)′ dx−

n∑

i=1

b∗i ρ
∗
0,i

(
wh
i − wh

i−1

) ∣∣∣.

��JDs�9:A 7:J�7 _ J	7:JD9:L

Ai =
1

hi

∫ xi

xi−1

bρ0 dx− b∗i ρ∗0,i
O8N

Ai =
1

hi

∫ xi

xi−1

(bρ+ b (ρ0 − ρ)) dx− b∗i ρ∗i − b∗i
(
ρ∗0,i − ρ∗i

)

≤ 1

hi

∫ xi

xi−1

bρ dx− b∗i ρ∗i + c16ε = Ãi.

��JD9:J)s-J)=?N/J)7 _ JyJUN�7:A LpO%7:J E G B G \0F$lu9:;8L[gRJDLMLpObE�B �&N/A 6��h7 _ JyAa<�JD6T7:A 7�f E G B � j%FGK
s�Jo�8JC7

b∗i (αi exp(−(1− xi−1)b∗i /ε) + βi exp(−(1− xi)b∗i /ε))

=
1

hi

∫ xi

xi−1

b∗i exp(−(1− x)b∗i /ε) dx.
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^$_ JD6bs-J	7:9cOQ6?N�lu;89:L
Ãi

7:;y7 _ J	lu;89:L

Ãi = b∗i βi (exp(−(1− xi)b∗i /ε)− exp(−(1− xi)bi/ε))
+ b∗iαi (exp(−(1− xi−1)b∗i /ε)− exp(−(1− xi−1)bi−1/ε)) E G B \ n F
+

1

hi

∫ xi

xi−1

(b(x)− b∗i ) ρ(x) dx

+
b∗i
hi

∫ xi

xi−1

(exp(−(1− x)b(x)/ε)− exp(−(1− x)b∗i /ε)) dx+ c16ε.

^$_ J��?9cN�7�7:JD9:L AaN�JUN�7:A LpO%7:JU<YZ+fh7 _ JoLMJUOQ6�K S%OQP =�J�7 _ JC;89:JDL �

|exp(−(1− xi)b∗i /ε)− exp(−(1− xi)bi/ε)| ≤

|b∗i − bi|
1− xi
ε

exp(−(1− xi)b̃/ε)
s _ JD9:J

b̃ ∈ [B0, B1].
E G B \ G F

d JUN/Aa<�JUNUK |b∗i − bi| ≤ hi‖b′‖∞
OQ6?<p7 _ J&lu=�6?>@7:A ;86

t2 exp(−B0t)
AaN-Z";8=�6?<�JU<hZ+fhO

>C;86?N�7cOQ687
c17

;86
(0,∞)

B �&N/A 6�� E G B j%F-OQ6?< E G B �Tj%FGK+s-Jo;8Z�7cOQA 6

b∗i βi |exp(−(1− xi)b∗i /ε)− exp(−(1− xi)bi/ε)|

≤ c17B1βi‖b′‖∞
εhi

1− xi−1
≤ c18ε.

5
6�OpN/A LMA PaOQ9$s$Oifhs�JoJUN�7:A LpO%7:J	7 _ J`N/JU>C;86�<Y7:JD9:L A 6 E G B \ n F �

b∗iαi |exp(−(1− xi−1)b∗i /ε)− exp(−(1− xi−1)bi−1/ε)| ≤ c19ε.
^$_ J�7 _ A 9c<Y7:JD9:L3AaN�OQPaN/;MJUN�7:A LpO%7:JU<Ys�A 7 _ 7 _ J _ JDP X�;Ql E G B j%F-OQ6?< E G B �Tj%F �

1

hi

∣∣∣∣∣

∫ xi

xi−1

(b(x)− b∗i ) ρ(x) dx
∣∣∣∣∣ ≤ ‖b

′‖∞
∫ xi

xi−1

exp(−(1− x)B0/ε) dx
E G B \Tj%F

= ‖b′‖∞
ε

B0
(exp(−(1− xi)B0/ε)− exp(−(1− xi−1)B0/ε)) ≤ c20ε.

^$_ J&A 6T7:JD�89cOQ6?<pA 6h7 _ J&lu;8=�9/7 _ 7:JD9:L�AaN�JUN�7:A LpO%7:JU<hA 6h7 _ J	N:OQLMJ&s-OifpO8N�A 6 E G B \ G F �

|exp(−(1− x)b(x)/ε)− exp(−(1− x)b∗i /ε)| E G B \8E0F
≤ hi‖b′‖∞

1− x
ε

exp(−(1− x)˜̃b/ε), s _ JD9:J ˜̃
b ∈ [B0, B1].
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�&N/A 6��y7 _ AaN�A 6�JU�T=?OQP A 7�f%K�s-J	;8Z�7cOQA 6b7 _ JoJUN�7:A LpO%7:J	;Ql17 _ J	lu;8=�9/7 _ 7:JD9:L3A 6 E G B \ n F �
∣∣∣∣∣
b∗i
hi

∫ xi

xi−1

(exp(−(1− x)b(x)/ε)− exp(−(1− x)b∗i /ε)) dx
∣∣∣∣∣

≤ c22
∫ xi

xi−1

1− x
ε

exp(−(1− x)˜̃b/ε) dx
E G B \Qr F

≤ c23ε
(
1 +

(1− x)˜̃b
ε

)
exp(−(1− x)˜̃b/ε)

∣∣∣
xi

xi−1

≤ c24ε
(
exp(−(1− xi)˜̃b/ε)− exp(−(1− xi−1)˜̃b/ε)

)
≤ c24ε.

H+=�LMLpOQ9:A TDA 6��y7 _ JoJUN�7:A LpO%7:JUN E G B \ G F
V E G B \%r FGK+s-Jo>DOQ6bs�9:A 7cJ

|Ai| ≤ c26ε.
E G B \T�%F

^$_ =?NUK�lu;89$7 _ J	�?9cN�7$7:JD9:L3A 6 E G B �8\0F�7 _ J	lu;8P P ;is�A 6��MJUN�7:A LpO%7:J _ ;8Pa<�N �

|ah(ρ0, wh)− a(ρ0, wh)| ≤
∣∣∣∣∣

n∑

i=1

Ai(wi − wi−1)

∣∣∣∣∣ ≤ c27ε
n∑

i=1

|wi − wi−1|
E G B \ � F

≤ c28ε‖(wh)′‖1,h ≤ c29ε|||(wh)′|||1,h .
{�N�7:A LpO%7:J�7 _ J`N/JU>C;86?<h7:JD9:L3A 6 E G B �8\0F �

∣∣∣
n∑

i=1

(
ε(ρ1,i − ρ1,i−1)/hi − b∗i ρ∗1,i

) (
wh
i − wh

i−1

)
−
∫ 1

0

(ερ′1 − bρ1)(wh)′ dx
∣∣∣

=
∣∣∣
∫ 1

0

bρ1(w
h)′ dx−

n∑

i=1

b∗i ρ
∗
1,i

(
wh
i − wh

i−1

) ∣∣∣.

� ;86?N/Aa<�JD9-7 _ JoJCk�X�9:JUN:N/A ;86

Bi =
1

hi

∫ xi

xi−1

bρ1 dx− b∗i (αiρ1,i−1 + βiρ1,i) .

^ OQt+A 6��MA 6T7:;h>C;86?N/Aa<�JD9cO%7:A ;86Y7 _ Jolu;89:L ;Qlw7 _ J	lu=�6?>@7:A ;86
ρ1

K?s-J`>DOQ6�JUN�7:A LpO%7:J	7 _ J
�?9cN�7$7:JD9:L3A 6Y7 _ J`OQZ ;iS8J	JCk�X�9:JUN:N/A ;86 �

∣∣∣∣∣
1

hi

∫ xi

xi−1

bρ1 dx

∣∣∣∣∣ ≤ c30ε/hi.
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^$_ JhN/JD>C;86?<�7:JD9:L AaNoZ";8=�6?<�JU<�<�=�JM7:;�7 _ JpJUN�7:A LpO%7:JUN E G B j%F	OQ6?< E G B �Tj%FCB ^$_ =?NUK
s�J _ OiSQJ

Bi ≤ c31ε/hi.
��JD6?>CJ%K�s-Jo;8Z�7cOQA 6

|ah(ρ1, wh)− a(ρ1, wh)| ≤
∣∣∣∣∣

n∑

i=1

Bi(wi − wi−1)

∣∣∣∣∣ E G B \ � F

≤ εc32
n∑

i=1

1

hi
|wi − wi−1| ≤

ε

h
c33‖(wh)′‖1,h ≤

ε

h
c34|||(wh)′|||1,h.

^$_ AaN�JUN�7:A LpO%7:J$AaN�s-;89cN/J-7 _ OQ6 E G B \ � F@B ��;%s�JDS8JD9!Ki7 _ J�Z";8=�6?<�OQ9:f`PaOif8JD9�>C;8LMX";86�JD687
ρ1

OQ6?<b7 _ J`JUN�7:A LpO%7:J E G B \ � F _ OUS8J	7:;hZ J`L`=�P 7:A X�P AaJD<�ZTf
ε
K�7 _ O%7��8A SQJUN$7 _ JyN:OQLMJ

;89c<�JD9$;Qlw>C;86+S8JD9:�8JD6?>CJ8B
z1A 6?OQP P f%K?>C;86?N/Aa<�JD9-7 _ JoPaO8N�7�7:JD9:L A 6 E G B �8\0F �
∣∣∣
∫ 1

0

fwh dx−
n∑

i=1

(µifi−1 + νifi)w
h
i −

∫ 1

0

(εg′ − bg)(wh)′ dx

−
n∑

i=1

(
ε(gi − gi−1)/hi − b∗i g∗i

)
(wh

i − wh
i−1)

∣∣∣

≤
∣∣∣−
∫ 1

0

F (x)(wh)′ dx+

∫ 1

0

bg(wh)′ −

−
n−1∑

i=0

(((
F ∗i+1 − F ∗i

)
+ ηih

3
i

)
wh
i + b∗i g

∗
i (w

h
i − wh

i−1)
) ∣∣∣

=
∣∣∣
∫ 1

0

(bg − F )(wh)′ +

n∑

i=1

(
F ∗i (w

h
i − wh

i−1) + ηih
3wh

i − b∗i g∗i (wh
i − wh

i−1)
) ∣∣∣

s _ JD9:J
F (x)

AaN-7 _ JoOQ6T7:Aa<�JD9:A SQO%7:A SQJ�;Ql
f(x)

OQ6?<
ηi

OQ9:J&7 _ J	SQOQP =�JUN-;QlwO)lu=�6?>@7:A ;86
Z";8=�6?<�JU<b;86

[0, 1]
B � ;86?N/Aa<�JD9-7 _ J	7:JD9:L

Ci =
1

hi

∫ xi

xi−1

(bg − F ) dx+ αiFi−1 + βiFi

− (αibi−1 − βibi) (αigi−1 − βigi) .
�&N/A 6��o7 _ J&JCk�X?OQ6?N/A ;86M;Ql�7 _ J�lu=�6?>@7:A ;86?N

bv0
K
bv1

OQ6?<
b∗v∗0

K
b∗v∗1

A 6T7:;o7 _ J ^ Oif+P ;89
N/JD9:A JUN&O%7�7 _ JyX";8Aa687

xi−1
OQ6?<}7cOQt+A 6��YA 6T7:;bO8>D>C;8=�6T7&7 _ J)l O8>@7�7 _ O%7

bz
K
b∗z∗

OQ9:J
Z";8=�6?<�JU< K�s�Jo�8JC7

1

hi

∫ xi

xi−1

bg dx− b∗g∗ = (1/2− βi)hi(bg)′i−1 +O(h2 + εh+ ε2).
E G B \8�0F
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5
6}S+A JDs�;Qlw7 _ Jy<�JC�?6�A 7:A ;86?N�;Qlw7 _ J)Z";8=�6?<�OQ9:fYPaOifQJD9&>C;8LMX ;86�JD687cN
ρ0

OQ6?<
ρ1

7 _ J
JUN�7:A LpO%7:J

−ε (ρ0 + ερ1)
′′
+ (b (ρ0 + ερ1))

′ ≤ c35ε ∀ x ∈ [0, 1]

_ ;8Pa<�NDB���A 7 _ 7 _ JoPaO8N�7�A 6�JU�T=?OQP A 7
fYs-J _ OiSQJ

(bg)′ = (bg)′ − εg′′ +O(ε) = (bu)′ − εu′′ +O(ε) = f +O(ε).

^$_ OQ6Y7 _ JoLpOQA 6b7:JD9:L ;Ql17 _ JoJD9:9:;89-A 6 E G B \8�0F _ O8N-7 _ J	lu;89:L

−(1/2− βi)hifi−1(wh)′i−1/2 +O(h2 + εh).

z�9:;8L�7 _ JoAa<�JD687:A 7
f E G B rT�0F�s-Jo;8Z�7cOQA 6

− 1

hi

∫ xi

xi−1

F (x) dx+ F ∗i = −(1/2− βi)hifi−1 +O(h2).

^$_ =?NUK�7 _ JoJUN�7:A LpO%7:J
|Ci| ≤ c36(h2 + εh+ ε2)

_ ;8Pa<�N�OQ6?<Ys-J _ OUS8J

|(f, wh)− fh(wh) + ah(g, wh)− a(g, wh)| ≤
∣∣∣

n∑

i=1

Ci(w
h
i − wi−1h) + h3i ηiwi

∣∣∣

≤ c37(h2 + εh+ ε2)

n∑

i=1

|wh
i − wi−1h | ≤ c38(h2 + εh+ ε2)‖(wh)′‖1,h

E G B \8\0F

≤ c39(h2 + εh+ ε2)|||wh|||1,h.
z1A 6?OQP P f%K+7 _ J	JUN�7:A LpO%7:J E G B � � F�lu;8P P ;%s�N�lu9:;8L.7 _ Jo9:JDPaO%7:A ;86?N E G B �8�0FGK E G B �8\0F�OQ6?<

JUN�7:A LpO%7:JUN E G B \ � FGK E G B \ � FGK�OQ6?< E G B \8\0F@B
¤� ;Q7:Aa>CJ�7 _ O%7!K-O8NMZ"JClu;89:J%K�lu;89

ε ¿ 1
OQ6?< JDS8JD6 lu;89

ε ≤ h
A 6�7 _ J�>DO8N/J�;Ql

X�9cO8>@7:Aa>DOQPwA LMX";89/7cOQ6?>CJ%K 7 _ JpO8>D>C=�9cO8>Cf};Ql�7 _ Jp;8Z�7cOQA 6�JU<�N/;8P =�7:A ;86�A 6�O8>D>C;89c<�OQ6?>CJ
s�A 7 _ 7 _ JhJUN�7:A LpO%7:J E G B � � F�AaN`;Ql-7 _ JbN/JU>C;86?<�;89c<�JD9os�A 7 _ 9:JUN/X"JU>@7o7:;

h
B ^$_ AaNoAaN

>C;86��?9:LMJU<YZTfY6+=�LMJD9:Aa>DOQP�JCk�X"JD9:A LMJD6T7cN$A 6 ��_ OQX�7:JD9�E�B
J&N�O)9:JUN/=�P 7!KTlu;89

ε < h
7 _ Jo>C;86?N�7:9:=?>@7:JU<YN:> _ JDLMJ�AaN-LM;89:J	O8>D>C=�9cO%7:J�7 _ OQ6Y7 _ J

N/A LMA PaOQ9-;86�J�;Ql�7 _ J&�?9cN�7/K ;89c<�JD9$O8>D>C=�9cO8>Cf)lu9:;8L M G j G N B ^$_ JD9:JClu;89:J�s�Jo>C;86�>CJD6T7:9cO%7:J
;8=�9�JCW ;89/7cN�=�X";86y7 _ AaN�>DO8N/J8B%5 7-N _ ;8=�Pa<yZ"J�6�;Q7:JU<)7 _ O%7�7 _ J�>C;86+S8JC9:�8JD6?>CJ$AaN�X�9:;iS8JU<
lu;89�Oy6�;86�K =�6�A lu;89:L �89:Aa<�B

� ;%s�s-J-<�AaN:>C=?N:N�7 _ J-�T=�JUN�7:A ;86)>C;86�6�JD>@7:Aa6���7 _ J->DOQPa>C=�PaO%7:A ;86o;Ql�7 _ J->C;+J��h>CA JD6T7cN

αi
OQ6?<

βi
;QlR7 _ J�6�;86�P A 6�JUOQ9-N/f�N�7:JDL E G B � E0FwV E G B � r F�;86hJUO8> _ A 6T7:JD9:S%OQP

[xi−1, xi]
B
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^ OQt+A 6��hA 6T7:;bO8>D>C;8=�687 E G B �%� FGK?s-J _ OiS8Jo7 _ J`lu;8P P ;%s�A 6��plu;89:L)=�PaOMlu;89�7 _ JM>@;�JCl K
�">CA JD687

βi
�

βi =
1

σi
− exp(−σi)

1− exp(−σi)
,
s _ JD9:J

σi = (bi−1 + βi (bi − bi−1))hi/ε.

H+A 6?>CJ	7 _ J`<�JD9:A S%O%7:A S8J
b′
AaN�Z";8=�6?<�JU< K�s-J _ OiSQJ

bi = bi−1 + hi−1δi−1
s _ JD9:J |δi−1| ≤ ‖b′‖∞.

�&N/A 6��y7 _ AaN�6�;Q7cO%7:A ;86 K+lu9:;8L�7 _ J`N/f�N�7:JDL E G B � E0F�V E G B � r F�s�Jo�8JC7

βi = −
exp(−σi)

1− exp(−σi) E G B GUn8n F

+
1

bi−1 + hi−1δi−1βi

(
bi−1
σi−1

+
hi−1δi−1

σi−1(1− exp(−σi−1))
− hi−1δi−1

σ2i−1

)
.

^ OQt+A 6��}A 687:;�O8>D>C;8=�6T7 E G B j%FoOQ6?< E G B � �%FGK�s�Jh;8Z�7cOQA 6�7 _ Jplu;8P P ;is�A 6���JUN�7:A LpO%7:Jp;Ql
7 _ J`<�JD9:A S%O%7:A S8J�;Ql17 _ Jo9:A � _ 7/K _ OQ6?<YN/Aa<�Jo;Ql E G B GUn8n F�s�A 7 _ 9:JUN/X"JU>@7$7:;

βi
�

∣∣∣∣
hi−1δi−1

(bi−1 + hi−1δi−1βi)2

(
bi−1
σi−1

+
hi−1δi−1

σi−1(1− exp(−σi−1))
− hi−1δi−1

σ2i−1

)∣∣∣∣ ≤ c40ε

s�A 7 _ O)>C;86?N�7cOQ6T7
c40

A 6?<�JDX"JD6?<�JD687�;Ql
ε
OQ6?<

h
B ^$_ =?NUKTlu;89

ε¿ 1
7 _ J�9:A � _ 7/K _ OQ6?<

N/Aa<�Jh;Ql E G B GUn8n F�AaN)O}>C;86T7:9cO8>@7:A ;86�;8X"JD9cO%7:;89o;86
[0, 1]

s�A 7 _ O}N/= �h>CA JD6T7:P f�N/LpOQP P
>C;8687:9cO8>@7:A ;86�>C;+J��h>CA JD6T7�;Ql1;89c<�JD9

ε
B ^$_ JD9:JClu;89:J�s-Jo<�JC�?6�J

βi
O8N�7 _ JoP A LMA 7&;Ql�7 _ J

A 7:JD9cO%7:A SQJ	X�9:;�>CJUN:N

βi = lim
j→∞

sj

s _ JD9:J

s0 = βconst,i,

sj+1 =
ε

hi(bi−1 + sj(bi − bi−1))
E G B GUn�G F

− exp(−(bi−1 + sj(bi − bi−1))hi/ε)
1− exp(−(bi−1 + sj(bi − bi−1))hi/ε)

.

^$_ JD6
αi = 1− βi

AaN�<�JC7:JD9:LMA 6�JU<hlu9:;8L E G B � r F@B
^$_ J}6T=�LMJD9:Aa>DOQP�JCk�X JD9:A LMJD687cNh>C;86��?9:L 7 _ J�l O8N�7p;Qlo>C;86TS8JD9:�8JD6?>CJb;Ql&7 _ J}A 7/K

JD9cO%7:A SQJbX�9:;�>CJUN:N E G B GUn�G F@B � _ JD6�>DOQPa>C=�PaO%7:A ;86?N)s�JD9:JbX"JD9/lu;89:LMJU< lu;89)7 _ J�LM;�<�JDP
X�9:;8Z�P JDLPK?jiK ryA 7:JD9cO%7:A ;86?N$s-JD9:J	6�JDJU<Y7:;p;8Z�7cOQA 6�OQ6�O8>D>C=�9cO8>Cfp;Ql

10−7
B
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�	"���$#��%	 &�'%()	"��� E8\

� �����w#%�&
/�����&*+
�����0��y� ����!����"��
����$#%�&

')(&*+
����32&����4������

� J�� ��A��9AD?B>
	*?BA�� >@?	� �
� J��.J�� � U9>
	NR �
> �
R G A �FA P9> GQRNE.UV? E�/ �
P9A �
E 	NU �
RNE��

gRJC7
Ω

Z"Jo7 _ J)=�6�A 7	N:�T=?OQ9:J
(0, 1) × (0, 1)

s�A 7 _ Z";8=�6?<�OQ9:f
Γ
B � ;86?N/Aa<�JD9�7 _ J

�&A 9:Aa> _ P JC7�X�9:;8Z�P JDL

Lu ≡ −ε∆u+
∂

∂x
(b(x)u) = f

A 6
Ω,

E j�B G F

u = 0
;86

Γ.
E j�B j%F

��JD9:J%K�O8No=?N/=?OQP P f%K
ε ¿ 1

AaN)O�X";TN/A 7:A S8JhN/LpOQP P�X?OQ9cOQLMJC7:JD9UB ^$_ Jplu=�6?>@7:A ;86?N
b(x)OQ6?<

f(x, y)
OQ9:J	N/= �h>CA JD6T7:P fbN/LM;+;Q7 _ �

b ∈ C3([0, 1]), f(x, y) ∈ C2(Ω̄).
E j�B E0F

��6?<�JD9o7 _ AaNoO8N:N/=�LMX�7:A ;86?N�7 _ JMX�9:;8Z�P JDL E j�B G FGK E j�B j%F _ O8NoOb=�6�Aa�T=�JhN/;8P =�7:A ;86
A 6
C2(Ω)

E N/JDJ%K�J8B �?B K M � � N"F@B
^$_ J	Z"J _ OiS+A ;8=�9-;Ql�7 _ JoN/;8P =�7:A ;86YA 6h7 _ J�7�s-;QK
<�A LMJD6?N/A ;86?OQP >DO8N/J�AaN-LM;89:J	>C;8LyK

X�P Aa>DO%7:JU<M7 _ OQ6YA 6h7 _ J�;86�JCK
<�A LMJD6?N/A ;86?OQP">DO8N/J8BT5
6bO8<�<�A 7:A ;86h7:;`7 _ J�JCk�X";86�JD6T7:A ;86?OQP
E 9:JD�8=�PaOQ9GF	Z";8=�6?<�OQ9:f�PaOif8JD9!K1O8N)A 6 ��_ OQX�7:JD9 G K�7 _ JD9:JYAaNyO�X?OQ9cOQZ";8P Aa>pZ";8=�6?<�OQ9:f
PaOUf8JD9	7 _ O%7)OQ9:AaN/JUN�6�JUOQ9`N/;8LMJpX?OQ9/7cN	;Ql-7 _ JpZ";8=�6?<�OQ9:f8B ^$_ JpZ";8=�6?<�OQ9:f�PaOif8JD9	;Ql
7 _ AaN�7
f+X JMAaN&lu;89:LMJU<�<�=�Jy7:;b7 _ Jyl O8>@7	7 _ O%7	7 _ Jp> _ OQ9cO8>@7:JD9:AaN�7:Aa>DN&;Ql�7 _ Jp9:JU<�=?>@JU<
X�9:;8Z�P JDL E lu;89

ε = 0
F�AaN&7cOQ6��8JD6T7&7c;h7 _ JMZ";8=�6?<�OQ9:f8B d JUN/Aa<�JUNUK >C;89:6�JD9�Z";8=�6?<�OQ9:f

PaOUf8JD9cN$>DOQ6}OQ9:AaN/J	O%7$7 _ JoS8JD9/7:Aa>CJUN$;QlwN:�T=?OQ9:J8B
gRJC7�7 _ J`>C;86?<�A 7:A ;86?N

0 < B1 ≤ b(x) ≤ B2 <∞, x ∈ [0, 1];
E j�B r F

f(0, 0) = f(1, 0) = f(0, 1) = f(1, 1) = 0
E j�B �%F

Z"J�lu=�P �?P P JU<�B ^$_ JD6M7 _ J&N/;8P =�7:A ;86M;Ql 7 _ J�X�9:;8Z�P JDL E j�B G F�V E j�B j%F1Z JDP ;86��TN17:;
C3(Ω̄)E)M r n N"F@B � ;Q7:Aa>CJ�7 _ O%7�7 _ J`<�JD9:A S%O%7:A S8JUN-=�Xb7:;y7 _ J	7 _ A 9c<b;89c<�JD9�OQ9:J	>C;86T7:A 6T=�;8=?N�OQ6?<

_ JD6?>CJoOQ9:J&Z ;8=�6?<�JU<Y;86
Ω̄
B d =�7$7 _ J`>C;86?N�7cOQ687cN-A 6b7 _ J	JUN�7:A LpO%7:JUN-;Ql�7 _ AaN�<�JD9:A SQO%K

7:A SQJUN�<�JDX"JD6?<b;86
ε
OQ6?<YA 6?>C9:JUO8N/J	A 6?<�JC��6�A 7cJCPafbO8N

ε
7:JD6?<�N$7:; TDJD9:;?B

gRJC7�=?N�A 687:9:;�<�=�>CJ	7 _ Jo6�;Q7cO%7:A ;86?N

Γin = {(x, y) : x = 0, y ∈ [0, 1]},
Γout = {(x, y) : x = 1, y ∈ [0, 1]},
Γtg = {(x, y) : x ∈ [0, 1], y = 0, 1}.

��JD9:J�7 _ J-9:JD�8=�PaOQ9RZ";8=�6?<�OQ9:f�PaOifQJD91OQ9:AaN/JUNR6�JUOQ9
Γout

OQ6?<	7 _ J�X?OQ9cOQZ ;8P Aa>wZ";8=�6?<�OQ9:f
PaOUf8JD9�OQ9:AaN/JUN$OQP ;86��

Γtg
E N/JDJoz1A �?B"j%F@B



r n ��� �������%�����	� 
�� ��
 ��� 	��4'Q���%���������

-

-

-

-

-

-

Γtg

Γtg

Γin Γout

��� ����� ��� � " ��* �
Ω -

� ;Q7:Aa>CJ`7 _ O%7�A 6��8JD6�JD9cOQP�7 _ J);8X"JD9cO%7:;89&>C;89:9:JUN/X";86?<�A 6��M7:;p7 _ J)P JCl 7/K _ OQ6?<�N/Aa<�J
;Ql E j�B G F�s�A 7 _ 7 _ J�LMA k�JU<hZ";8=�6?<�OQ9:fp>C;86?<�A 7:A ;86?N-<�;+JUN�6�;Q7$N:O%7:AaN�lufM7 _ J&LpO%k�A L)=�L
X�9:A 6?>CA X�P J E lu;89`JCk�OQLMX�P J%K�lu;89

b′ < 0
FGK _ ;%s-JDSQJD9	7 _ JY>C;8LMX?OQ9:AaN/;86�X�9:A 6?>CA X�P JhN�7:A P P

_ ;8Pa<�NDB�g�O%7:JD9-7 _ J	>C;8LMX?OQ9:AaN/;86hX�9:A 6?>CA X�P J	AaN$OQX�X�P A JU<h7:;)7 _ Jo<�A W JD9:JD687:AaOQP�;8X"JD9cO%7:;89
;Ql�7 _ J	lu;89:L

Lu ≡ −ε∆u+ b
∂u

∂x
+ du

E j�B � F

s _ JD9:J
b(x)

N:O%7:AaN��?JUNy7 _ J�O8N:N/=�LMX�7:A ;86?N E j�B E0FGK E j�B r FMOQ6?<
d(x)

AaNhO�Z";8=�6?<�JU<
lu=�6?>@7:A ;86�;86

[0, 1]
7 _ O%7�AaN�<�JC�?6�JU<bA 6�JUO8> _ A 6?<�A S+Aa<�=?OQPR>DO8N/J8B

�FA�� �7> � �QJ�� � � ε > 0 � � � � ����� � � ��	 � 
�� � ���
	 � � ��
���� E j�B E0FGK E j�B r F 
���� � � ���
u,w ∈ C2(Ω)

⋂
C(Ω̄) � ��� � � 
 �

|Lu| ≤ Lw � � Ω, |u| ≤ w � � Γ.
E j�B � F

��
 � � ��
 ��� �
� ��� ��� �
|u| ≤ w � � Ω̄

E j�B �0F
� � � ��� � � �
� ?BE E�/ J�5
687:9:;�<�=?>CJ�7 _ J	lu=�6?>@7:A ;86?N

v(x, y) = u(x, y) exp(−σx) OQ6?<
z(x, y) = w(x, y) exp(−σx) E j�B \0F
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�	"���$#��%	 &�'%()	"��� r G

s�A 7 _ 7 _ J`>C;86?N�7cOQ687

σ = 1 + max
x∈[0,1]

|d(x)|
b(x)

.
E j�B GUn F

^ 9cOQ6?N�lu;89:L.7 _ J`<�A W JD9:JD687:AaOQPR;8X"JD9cO%7:;89 L A 6T7:;
(
L̃Φ(x, y)

)
≡ exp(−σx)L (Φ(x, y) exp(σx)) ,

E j�B G8G F

7 _ O%7��8A SQJUN

L̃Φ(x, y) = −ε∆Φ(x, y)+(b(x)−2εσ)∂Φ(x, y)
∂x

+(d(x)+σb(x)−εσ2)Φ(x, y).
J&N:N/=�LMJ�7 _ O%7

ε ∈
(
0, B1/(4σ

2)
]
.

E j�B G j%F
^ OQt+A 6���A 6T7:; >C;86?N/Aa<�JD9cO%7:A ;86�7 _ J�<�JC�?6�A 7:A ;86�;Ql

σ
OQ6?< 7 _ J�N/LpOQP P 6�JUN:Np;Ql

ε
K�s�J

;8Z�7cOQA 6

d+ σb− εσ2 = −|d|+ b+ |d| −B1/2 ≥ B1/2 ≥ 0
;86

[0, 1], E j�B G E0F
b− 2εσ ≥ b− 2B1σ/4σ

2 = b−B1/2σ ≥ B1/2
;86

[0, 1].

z�9:;8L E j�B � F�s-J _ OiS8J

|L̃v| ≤ L̃z A 6
Ω,

|v| ≤ z ;86
Γ.

^$_ J};8X"JD9cO%7:;89 L̃ N:O%7:AaN��?JUNM7 _ J}LpO%k�A L)=�L X�9:A 6?>CA X�P J E N/JDJ M G8G rQN"F@B J&NhO�>C;86?N/JCK
�T=�JD6?>CJ	s-J	;8Z�7cOQA 6

|v| ≤ z ;86
Ω̄.

|}=�P 7:A X�P f+A 6��M7 _ JoPaO8N�7�A 6�JU�T=?OQP A 7�fhZ+f
exp(σx)

K�s-J	�8JC7 E j�B �0F@B
¤� _ JD6Y;86

Γtg
s-J�>DOQ6pJUN�7:A LpO%7:J&6�;Q7$Ool =�6?>@7:A ;86

u
Z�=�7$A 7cN�6�;89:LpOQP"<�JD9:A S%O%7cA SQJ

;86�P f%K+7 _ J`>C;8LMX?OQ9:AaN/;86YX�9:A 6?>CA X�P JoOQPaN/; _ ;8Pa<�NDB
�FA�� �7> � �VJ�� � � ε > 0 � � � � ����� � � ��	 � 
�� � ���
	 � � ��
���� E j�B E0FGK E j�B r F 
���� � � � ���
u,w ∈ C2(Ω̄) � ��� � � 
 �

|Lu| ≤ Lw � � Ω, E j�B G r F

|u| ≤ w � � Γ \ Γtg,
∣∣∣∣
∂u

∂n

∣∣∣∣ ≤
∂w

∂n
� � Γtg.

��
 � � ��
 ��� �
� ��� ��� �
|u| ≤ w � � Ω̄

E j�B G �%F

� � � ��� ��� �



r+j ��� �������%�����	� 
�� ��
 ��� 	��4'Q���%���������

� ?BE E�/ J ��J)Aa687:9:;�<+=?>CJ)7 _ Jy>C;86?N�7cOQ6T7
σ
Z+f E j�B GUn F�OQ6?<�O8N:N/=�LMJ`7 _ O%7

ε
N:O%7:AaN��?JUN

E j�B G j%F@B ��J�=?N/J E j�B \0F OQ6?<	>C;86?N/Aa<�JD9�7 _ J�;8X"JD9cO%7:;89 L̃ lu9:;8L E j�B G8G F@B ^$_ JD6 L̃ N:O%7:AaN��?JUN7 _ J	LpO%k�A L)=�L X�9:A 6?>CA X�P JoOQ�TOQA 6RB � ;Q7:Aa>CJ�7 _ O%7�;86
Γtg

s�J _ OUS8J
∂/∂n = ±∂/∂y K7 _ JD9:JClu;89:J

|L̃v| ≤ L̃z A 6
Ω,

|v| ≤ z ;86
Γin ∪ Γout,

∣∣∣∣
∂v

∂n

∣∣∣∣ ≤
∂z

∂n

;86
Γtg.

z1A 9cN�7os-JpX�9:;iS8J E ZTf�>C;86T7:9cO8<�Aa>@7:A ;86$F�7 _ JhN�7cO%7:JDLMJD6T7`;Ql�7 _ JpPaJCLMLpO�A 6�7 _ Jh>DO8N/J
;Ql
z = 0

OQ6?< K">C;86?N/JU�T=�JD6T7:P f%K
v = 0

;86
Ω̄
B z�;89�7 _ AaN&X�=�9:X";TN/J`s-JyN/=�X�X ;TN/Jo7 _ O%7

7 _ JD9:JyJCk�AaN�7cNoOYX";8A 6T7
(x, y) ∈ Ω̄ s _ JD9:J

v(x, y) < 0
B J&N:N/=�LMJy7 _ O%7`O%7oObX";8A 6T7

(x0, y0) ∈ Ω̄
s-J _ OiS8J

v(x0, y0) = min
Ω̄

v(x, y) < 0.
E j�B GU� F

H+A 6?>CJ L̃ N:O%7:AaN��?JUNM7 _ J�LpO%k�A L)=�L X�9:A 6?>CA X�P J%K
(x0, y0)

<�;�JUNp6�;Q7bZ"JDP ;86�� 7:;
Ω
B

d JU>DOQ=?N/J�;Ql�7 _ J	>C;86?<�A 7:A ;86h;86
Γin ∪Γout

7 _ J�X";8A 6T7
(x0, y0)

<�;+JUN�6�;Q7-Z JDP ;86��o7:;
7 _ AaN�X?OQ9/7&;Ql�7 _ J)Z";8=�6?<�OQ9:f8B�5 7�9:JDLpOQA 6?N�7 _ O%7

(x0, y0) ∈ Γtg
B�J&N:N/=�LMJo7 _ O%7!K?lu;89

<�JC�?6�A 7:JD6�JUN:NUK
y0 = 1

B d JU>DOQ=?N/J	;Ql�7 _ J`>C;86?<�A 7:A ;86�;86
Γtg

s�J _ OUS8J

∂v

∂n
(x0, 1) =

∂v

∂y
(x0, 1) ≥ 0.

5 l
∂v/∂y(x0, 1) > 0

7 _ JD6}<�=�J	7:;h>C;8687:A 6+=�A 7�fh7 _ JD9:J	JCk�AaN�7cN�OQ6�A 6T7:JD9:S%OQP
[1− δ, 1]A 6

y
;86bs _ Aa> _ 7 _ AaN�A 6�JU�T=?OQP A 7
f _ ;8Pa<�NDB �&N/J	7 _ J ^ OUf+P ;89$JCk�X?OQ6?N/A ;86

v(x0, 1− δ) = v(x0, 1)− δ
∂v

∂y
(x0, η), η ∈ [1− δ, 1].

5 7-A LMX�P A JUN
v(x0, 1− δ) < v(x0, 1)

7 _ O%7$AaN�Aa6Y>C;8687:9cO8<�Aa>@7:A ;86ps�A 7 _ E j�B GU� F@B ^$_ JD9:JCK
lu;89:J

∂v

∂y
(x0, 1) = 0.

J�X�X�P f+A 6��y7 _ AaN�9:JUO8N/;86�A 6��)7:;y7 _ J`N/JU>C;86?<b<�JD9:A SQO%7:A S8J%K+s-J	;8Z�7cOQA 6

∂2v

∂y2
(x0, 1) ≥ 0.

5
6�OpN/A LMA PaOQ9$s$Oifhs�Jo�8JC7

∂v

∂x
(x0, 1) = 0

OQ6?< ∂2v

∂x2
(x0, 1) ≥ 0.
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�	"���$#��%	 &�'%()	"��� rTE

�&N/A 6��y7 _ J`OQZ";%S8J&lu;8=�9�9:JDPaO%7:A ;86?N$A 6b7 _ JoJCk�X�9:JUN:N/A ;86 (L̃v
)
(x0, 1)

K�s�Jo;8Z�7cOQA 6

(
L̃v
)
(x0, 1) ≤ v(x0, 1)B1/2 < 0.

^$_ AaN�AaN�A 6p>C;86T7:9cO8<�Aa>@7:A ;86Ms�A 7 _ 7 _ J&>C;86?<�A 7:A ;86 L̃v ≥ 0
;86

Ω̄
s _ Aa> _ lu;8P P ;%s�Nwlu9:;8L

7 _ J�N:OQLMJb>C;86?<�A 7:A ;86 ;86
Ω

OQ6?< lu9:;8L 7 _ J�>C;86T7:A 6T=�A 7�f ;Ql
v
OQ6?< A 7cN)�?9cN�7MOQ6?<

N/JU>C;86?<h<�JD9:A S%O%7:A S8JUNDB ^$_ =?NUK+;8=�9$O8N:N/=�LMX+7cA ;86p7 _ O%7
v
>DOQ6h7cOQtQJ�6�JD�TO%7:A SQJ&SQOQP =�JUN�AaN

s�9:;86��?B���JD6?>CJ%K
v ≥ 0

;86
Ω̄
B

z1A 6?OQP P f%K�=?N/A 6��Y7 _ JMPaO8N�7oN�7cO%7:JDLMJD6T7	lu;89�7 _ Jylu=�6?>@7:A ;86?N
z − v OQ6?<

z + v
K s-J

;8Z�7cOQA 6
z − v ≥ 0

K
z + v ≥ 0

B ��JD6?>CJ |v| ≤ z ;86 Ω̄
7 _ O%7�A LMX�P A JUN

|u| ≤ w ;86
Ω̄. 2

� J��.J�� � P9A��(A >�� / E3? �IU 	N> ��RNE��
|}=�P 7:A X�P f E j�B G FwZTfpOQ6hOQ9:Z�A 7:9cOQ9:f`lu=�6?>@7:A ;86

v ∈
◦

W1
2(Ω)

B d fMOQX�X�P f+A 6��yx�9:JDJD6 L N
lu;89:L`=�PaOYs-Jy;8Z�7cOQA 6�7 _ JMs-JUOQt�l ;89:L)=�PaO%7:A ;86 ������� u ∈

◦

W 1
2(Ω) �
	���
 ��
���� 
�� � �����

v ∈
◦

W1
2(Ω)

a(u, v) = (f, v)
E j�B G%� F

s�A 7 _ 7 _ JoZ�A P A 6�JUOQ9$lu;89:L

a(u, v) =

∫

Ω

(
ε∇u∇v − bu∂v

∂x

)
dΩ

E j�B G �0F

OQ6?<h7 _ JoA 6�6�JD9�X�9:;�<�=?>@7

(f, v) =

∫

Ω

fv dΩ.
E j�B G \0F

gRJC7�=?N�A 687:9:;�<�=�>CJ	7 _ Jo6�;89:L

‖v‖∞ = sup
Ω̄

S+9cOQA |v|.

��Jy=?N/J)7 _ Jy6�;Q7cO%7:A ;86?N
∂1

lu;89	OYX?OQ9/7:AaOQPw<�JD9:A SQO%7:A SQJ
∂/∂x

OQ6?<
∂2

lu;89oOhX?OQ9/7:AaOQP
<�JD9:A S%O%7:A S8J

∂/∂y
B H+A LMA PaOQ9:P fys-J�<�JD6�;Q7:J�7 _ J�N/JU>C;86?<M<�JD9:A SQO%7:A SQJUN�Z+f

∂22 = ∂2(∂2)OQ6?<bN/;M;86RB

� J�� � P9A � 
 P9A�� A � R �
P �
P9A ���	�
A T � U9>STV?B> �
UV?BA ?BU 	NA / E3?�> C9?BE�� 	NA��
� R �
P9E.U �(C�> ?B> �FE 	NR�
 �FE.U��9T9>@?���	N>�� AD?��

5
6Y7 _ AaN�N/JU>@7:A ;86bs-Jo>C;86?N/Aa<�JD9-7 _ J	LMJC7 _ ;�<hlu;89$7 _ J	X�9:;8Z�P JDL E j�B G F�V E j�B j%F�s�A 7 _ O
N/;8P =�7:A ;86Ylu9:JDJ	;Ql�OyX?OQ9cOQZ";8P Aa>&Z";8=�6?<�OQ9:fhPaOifQJD9�6�JUOQ9

Γtg
B



r8r ��� �������%�����	� 
�� ��
 ��� 	��4'Q���%���������

� J�� J���� P9A<T9R��*AD?BA�� �
RN>
	 C9?BE��
	NA��
J&N:N/=�LMJ	7 _ O%7

f(x, y) = 0
;86

Γtg.
E j�B j n F

^$_ JD6�=�6?<�JD9�>C;86?<�A 7:A ;86?N E j�B r FGK E j�B j n F�7 _ J	�?9cN�7�OQ6?<�N/JU>C;86?<bX?OQ9/7:AaOQPR<�JD9:A SQO%7:A S8JUN
;Qlw7 _ J)N/;8P =�7:A ;86�;Qlw7 _ J)X�9:;8Z�P JDL E j�B G F-V E j�B j%F$s�A 7 _ 9:JUN/X"JU>@7�7:;

y
OQ9:JoZ";8=�6?<�JU<�B

� OQLMJDP f%K+7 _ J	lu;8P P ;%s�A 6��MJUN�7:A LpO%7:JUN _ ;8Pa<�B
�FA�� �7> � � J�� ���
	 � � ��
���� 0 < ε ¿ 1 � ���

E j�B E0FGK E j�B r FGK E j�B j n F � ��� � ��� � � 
�� �
��
 ��� � ��� � ��� E j�B G F V E j�B j%F � ��
 � � � � 
�� �	�

‖u‖∞ + ‖∂2u‖∞ + ‖∂22u‖∞ ≤ c1.
E j�B j G F

� ?BE E�/ J J&N:N/=�LMJM7 _ O%7
d = b′(x)

OQ6?<
σ
AaNo�8A S8JD6�Z+f E j�B GUn F@B ^ OQt8Jy7 _ JhZ?OQ9:9:A JD9

lu=�6?>@7:A ;86

w(x, y) = c2 exp(σx)
s _ JD9:J

c2 = 2‖f‖∞/B1.
^ OQt+A 6��yA 6T7:;h>C;86?N/Aa<�JD9cO%7:A ;86 E j�B G E0FGK E j�B j%FGK�OQ6?< E j�B r F�s-J _ OiSQJ

Lw(x, y) ≥ ‖f‖∞ ≥ |Lu(x, y)|
A 6

Ω,

w(x, y) ≥ |u(x, y)| ;86
Γ.

^$_ =?NUKROQX�X�P f+A 6���gRJCLMLpO G EYOQ6?<�=?N/A 6��Y7 _ JM=�X�X"JD9oZ";8=�6?<�;Ql�7 _ Jylu=�6?>@7:A ;86
w
K

s�J`>C;86?>CP =?<�J�7 _ O%7�7 _ J`N/;8P =�7:A ;86
u
AaN�Z";8=�6?<�JU<b=�6�A lu;89:LMP fhs�A 7 _ 9:JUN/X JU>@7$7:;

ε
B

^ ;hX�9:;iS8J	7 _ J`JUN�7:A LpO%7:Jolu;89�7 _ Jo�?9cN�7�<�JD9:A S%O%7:A S8Jo;86
Ω
K?s�J)<�A W JD9:JD6T7:AaO%7:Jo7 _ J

JU�T=?O%7:A ;86 E j�B G F�s�A 7 _ 9:JUN/X"JU>@7�7:;
y
OQ6?<pA 6T7:9:;�<�=?>CJ�7 _ J�6�;Q7cO%7:A ;86

v1 = ∂2u
B ^$_ JD6

s�Jo�8JC7

Lv1 = ∂2f
A 6

Ω.
H+A 6?>CJ

u(0, y) = u(1, y) = 0
K�s�Jo;8Z�7cOQA 6

v1 = 0
;86

Γ \ Γtg.
E j�B j8j%F

z�9:;8L E j�B G FGK E j�B j%FGK E j�B j n F�s-J _ OUS8J

∂2v1 = ∂22u = 0
;86

Γtg.
E j�B jQE0F

� ;is K%N/JC7/7:A 6��
c2 = 2‖∂2f‖∞/B1

OQ6?<o7cOQt+A 6��&A 6T7:;	O8>D>C;8=�687 E j�B G E0FGK E j�B r FGK E j�B j8j%FGK
OQ6?< E j�B jQE0FGK�s-JhN/JDJy7 _ O%7`7 _ JpZ?OQ9:9:A JD9	lu=�6?>@7:A ;86

w(x, y) = c2 exp(σx)
N:O%7:AaN��?JUN

7 _ Jo9:JDPaO%7:A ;86?N
|Lv1| ≤ Lw

A 6
Ω,

|v1| ≤ w
;86

Γ \ Γtg,
∣∣∣∣
∂v1
∂n

∣∣∣∣ ≤
∂w

∂n

;86
Γtg.
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^$_ =?NUK"Z+f}gRJDLMLpO G r
v1

A N�Z ;8=�6?<�JU<};86
Ω̄

ZTfb7 _ J)lu=�6?>@7:A ;86
w
s _ Aa> _ N:O%7:AaN��?JUN

7 _ JMJUN�7:A LpO%7:J
w ≤ c2 exp(σ)

;86
Ω̄
B ��JD6?>CJ%K

∂2u
AaN	=�6�A lu;89:LMP f�Z";8=�6?<�JU<�;86

Ω̄ZTfbOM>C;86?N�7cOQ6T7�A 6?<�JDX"JD6?<�JD6T7�;Ql
ε
B

5 7)9:JDLpOQA 6?N�7:;�N _ ;%s�7 _ O%7`7 _ JhN/JU>C;86?<�<�JD9:A S%O%7:A S8J
∂22u

AaNoZ";8=�6?<�JU<�B ^ ;}<�;
7 _ AaNUKRs�JM7�s�Aa>CJp<�A W JD9:JD6T7:AaO%7:J E j�B G F&s�A 7 _ 9:JUN/X JU>@7	7:;

y
KRX�=�7

v2 = ∂22u
K�OQ6?<�7:;

=?N/J�gRJCLMLpO G E�s�A 7 _ 7 _ J�N:OQLMJ�Z?OQ9:9:A JD91lu=�6?>@7:A ;86
w(x, y)

OQ6?<ys�A 7 _ 7 _ J&>C;86?N�7cOQ687

c2 = 2‖∂22f‖∞/B1
B
2gRJC7�=?N�>@;86?N/Aa<�JD9$7 _ J	lu;8P P ;%s�A 6��MJCk�X?OQ6?N/A ;86Y;Ql17 _ J`N/;8P =�7:A ;86

u = v0 + ρ0 + εη.
E j�B j%r F

��JD9:J
v0

AaN$7 _ J`N/;8P =�7:A ;86b;Ql�7 _ Jo9:JU<�=?>CJU<YX�9:;8Z�P JDL

∂1 (b(x)v0) = f(x, y)
A 6

Ω,
E j�B j8�%F

v0 = 0
;86

Γin.
E j�B j � F

^$_ J�lu=�6?>@7:A ;86
ρ0

AaN$7 _ Jo9:JD�8=�PaOQ9$Z";8=�6?<�OQ9:fpPaOif8JD9�>C;8LMX ;86�JD687

ρ0(x, y) = g(y)s(x) exp (−(1− x)b(x)/ε)
E j�B j � F

s _ JD9:J
g(y) = −v0(1, y)

OQ6?<
s(t)

AaN�7 _ Jy>C=�7/K ;QW�lu=�6?>@7:A ;86
s ∈ C3([0, 1])

N:O%7:AaN�K
luf+A 6�� E G B \0F@B ^$_ JoN/;8P =�7:A ;86b;Ql17 _ JoX�9:;8Z�P JDL E j�B j8�%FGK E j�B j � F _ O8N-7 _ J	lu;89:L

v0(x, y) =
1

b(x)

∫ x

0

f(t, y) dt.
E j�B jQ�0F

�&=�J	7:; E j�B E0F-s�J _ OUS8J
v0 ∈ C2(Ω̄)

B d JU>DOQ=?N/J	;Ql E j�B j n F

v0(x, y) = 0
;86

Γtg.
5
6bS+A JDsm;Ql�7 _ J`<�JC�?6�A 7:A ;86?N�;Ql

ρ0
K
g
K
s
OQ6?<bs�A 7 _ E j�B j n F�s�Jo�8JC7

ρ0(x, y) = 0
;86

Γ \ Γout, ρ0(1, y) = −v0(1, y)
;86

Γout.
E j�B jQ\0F

^ ;�JUN�7:A LpO%7:Jb7 _ J}9:JDLpOQA 6?<�JD9y7:JD9:L Aa6�7 _ J}JCk�X?OQ6?N/A ;86 E j�B j%r F)s�J�6�JDJU<�7 _ J
lu;8P P ;is�A 6��MP JDLMLpO�B
�FA�� �7> � � J�� ���
	 � � ��
���� ε > 0 � � � � ����� � � ��	 � 
�� ���

E j�B r F 
���� � � � � � s(x) ∈
C3([0, 1]) � � ��
 � � 	 � � ��� 
 	 � � � � � � E G B \0F � ��
 � � ��
 � 
 	 � � � � � �

ψ1(x) =
1− x
ε

exp(−(1− x)b(x)/κε)s(x) E j�B E n F

� � ��
 � � � ��� ��� � �
� � � � κ ∈ (1, 2) � ��� � � � � � ��
 �
� � ��
 	���� � � �

Lψ1 ≥ c1
(
1

ε
+

1− x
ε2

)
exp(−(1− x)b(x)/κε)− c2

E j�B E G F


�� � ��
 � � ����� ����� � L 
 � � � E j�B � F � � ��
���
 � 
 	 � � � � � � d = b′(x) � ��� � � � ��� � � � � ���	�
��� � �
� � � � � c1 � � � c2 � ������� � ����� � � ��
 ε �



r � ��� �������%�����	� 
�� ��
 ��� 	��4'Q���%���������

� ?BE E�/ J���JoA 687:9:;�<�=?>CJ�7 _ Jo6�;Q7cO%7:A ;86

E1(x, ε) = exp

(
− (1− x)b(x)

κε

)
.

^$_ JD6bs-Jo;8Z�7cOQA 6Y7 _ Jo9:JDPaO%7:A ;86

Lψ1 =
1

ε
b(x)

(
2

κ

− 1

)
s(x)E1(x, ε) +

1− x
ε2

b2(x)

(
1

κ

− 1

κ
2

)
s(x)E1(x, ε)

+
1− x
ε

a1(x)s(x)E1(x, ε) +

(
1− x
ε

)2

a2(x)s(x)E1(x, ε)
E j�B ETj%F

+

(
2 +

1− x
ε

)
a3(x)s

′(x)E1(x, ε) + (1− x)s′′(x)E1(x, ε)

s�A 7 _ Z";8=�6?<�JU<Ylu=�6?>@7:A ;86?N
a1

K
a2

K
a3
B?z1A 9cN�7�s-Jo>C;86?N/Aa<�JD9$7 _ Jo9:A � _ 7/K _ OQ6?<bN/Aa<�J	;Ql

E j�B ETj%FR;86`7 _ J�N/JD�8LMJD687
[2/3, 1]

B8��JDLMJDL`Z JD9w7 _ O%7
s = 1

OQ6?<
s′ = s′′ = 0

;86)7 _ AaN
N/JD�8LMJD687UB �&=�J�7:;`7 _ J�<�JC�?6�A 7:A ;86h;Ql

κ

7 _ J�>C;+J��h>CA JD6T7cN
2/κ− 1

OQ6?<
1/κ− 1/κ2

OQ9:J	X";TN/A 7:A S8J8B$H+A 6?>CJ
b(x) ≥ B1 > 0

K�7 _ J)N/=�L3;Qlw7 _ J	�?9cN�7&OQ6?<�N/JU>C;86?<Y7:JD9:LpN�A 6
7 _ Jo9:A � _ 7/K _ OQ6?<bN/Aa<�Jo;Ql E j�B ETj%F _ O8N-7 _ JoP ;%s�JD9�Z";8=�6?<

c3

(
1

ε
+

1− x
ε2

)
E1(x, ε).

^ ;MJUN�7:A LpO%7:J�7 _ Jo9:JDLpOQA 6�A 6��y7�s�;p6�;86�TDJD9:;)7:JD9:LpNUK�s�Jo=?N/J�7 _ JoA 6�JU�T=?OQP A 7�f

xα exp(−βx) ≤ (α/β)α exp(−α), x ∈ [0,∞)
E j�B E8E0F

s _ Aa> _�_ ;8Pa<�N`lu;89yJUO8> _
α ≥ 0

K
β > 0

E N/JDJ M rQN"F@B�H+JC7/7:A 6��
t = (1 − x)/ε OQ6?<

t = (1−x)2/ε2 KTOQ6?<M=?N/A 6��o7 _ J�l O8>@7�7 _ O%7 a1 OQ6?< a2 OQ9:J�Z";8=�6?<�JU< KTs�J�JUN�7:A LpO%7:J7 _ JUN/J�7�s-;y7:JD9:LpN-lu9:;8L3Z"JDP ;%s�Z+fYOy6�JD�TO%7:A S8Jo>C;86?N�7cOQ6T7 −c4
B ��JD6?>CJos-J _ OiS8J

Lψ1 ≥ c3
(
1

ε
+

1− x
ε2

)
E1(x, ε)− c4

;86
[2/3, 1].

E j�B EQr F

� ;is�s-JY>C;86?N/Aa<�JD9 E j�B ETj%F	;86 7 _ JbN/JD�8LMJD687
x ∈ [0, 2/3]

B ^$_ JY9:A � _ 7/K _ OQ6?< N/Aa<�J
>DOQ6bZ"JoJCk�X�9:JUN:N/JU<YO8N

Lψ1 =

(
a4(x) +

1

ε
a5(x) +

1

ε2
a6(x)

)
E1(x, ε)

s _ JD9:J�7 _ J	lu=�6?>@7:A ;86?N
a4, a5, a6

OQ9:J	Z";8=�6?<�JU<b;86
[0, 2/3]× [0, 1]

B H 6�JUNUK�s�Jo=?N/J
E j�B E8E0F�lu;89

t = 1/ε
OQ6?<

α = 0, 1, 2
B ^$_ AaN$�8A S8JUN

Lψ1 ≥ −c5
;86

[0, 2/3].
E j�B ET�%F
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5
6MOoN/A LMA PaOQ9�s-Oifolu;89w7 _ J�JCk�X�9:JUN:N/A ;86)A 6y7 _ J�9:A � _ 7/K _ OQ6?<)N/Aa<�J�;Ql E j�B E G FRs-J�;8Z�7cOQA 6
7 _ Jo=�X�X"JD9�Z ;8=�6?<

(
1

ε
+

1− x
ε2

)
E1(x, ε) ≤ c6

;86
[0, 2/3].

E j�B E � F

gRJC7�=?N�N/JC7

c1 = c3
OQ6?<

c2 = max{c4, c3c6 + c5}.
E j�B E � F

^$_ =?NUK17 _ JYJUN�7:A LpO%7:J E j�B EQr FoA 6TS8;8P S8JUN E j�B E G Fo;86�7 _ J�N/JD�8LMJD6T7
[2/3, 1]

B H 6 7 _ J
9:JDLpOQA 6�A 6��MN/JD�8LMJD6T7

[0, 2/3]
lu9:;8L E j�B ET�%F V E j�B E � F�s�Jo�8JC7

Lψ1 ≥ −c5 ≥ c3c6 − c2 ≥ c1
(
1

ε
+

1− x
ε2

)
E1(x, ε)− c2.

^$_ AaN$JUN�7:A LpO%7:J	7:;8�8JC7 _ JD9$s�A 7 _ E j�B EQr F�>C;8LMX�P JC7:JUN$7 _ JoX�9:;+;Ql�B
¤

�FA�� �7> � � J�� ���
	 � � ��
���� ε > 0 � � � � ����� � � ��	 � 
 � ���
E j�B r F 
���� � ����
 � � ��
 �


 	 � � � � � �
ψ2(x) = (1− exp(−(1− x)B2/ε)) (exp(σx)− 1)

E j�B E8�0F
� � ��
���
 � ��� � �
� � � � σ 
 � � � E j�B GUn F � ��� � � � � � ��
 �
� � ��
 	���� � � �

(Lψ2) (x, y) ≥
1

4
B1 expσx � � Ω

E j�B E8\0F

� 
 ����� ��
 � � ����� ��� � � L � ��� ���	� � � � E j�B � F � � ��
 d = b′(x) �
� ?BE E�/ J�5
687:9:;�<�=?>CJ�7 _ Jo6�;Q7cO%7:A ;86

E2(x, ε) = exp

(
− (1− x)B2

ε

)
.

^$_ JD6bs-Jo;8Z�7cOQA 6Y7 _ Jo9:JDPaO%7:A ;86

Lψ2 =
B2
2

ε
E2(x, ε) (exp(σx)− 1) + 2σB2E2(x, ε) exp(σx)

− εσ2 (1− E2(x, ε))) exp(σx)− b
B2

ε
E2(x, ε)(exp(σx)− 1)

+ bσ (1− E2(x, ε)) exp(σx) + b′ (1− E2(x, ε)) (exp(σx)− 1).

�&=�J)7:;Y7 _ Jy=�X�X"JD9	JUN�7:A LpO%7:Jy;Ql
b(x)

A 6 E j�B r F$7 _ JpN/=�L ;Ql�7 _ Jy�?9cN�7	OQ6?<}lu;8=�9/7 _
7:JD9:LpN$AaN$6�;86�6�JD�TO%7:A S8J8B���J`<�AaN:>DOQ9c<hA 7&OQ6?<b=?N/JoN/A LMX�P J	7:9cOQ6?N�lu;89:LpO%7:A ;86?N �

Lψ2 ≥ (−εσ2 + bσ − |b′|) exp(σx)
+ (2σB2 + εσ2 − bσ − |b′|) exp(−(1− x)B2/ε) exp(σx).



rT� ��� �������%�����	� 
�� ��
 ��� 	��4'Q���%���������

z�;89
ε ≤ B1/(2σ

2)
A 6�S+A JDs�;Ql E j�B GUn F�7 _ JoA 6�JU�T=?OQP A 7�f

|b′(x)| ≤ b(x)σ/2.
^$_ JD6bs-J _ OUS8J

−εσ2+b(x)σ−|b′(x)| ≥ 1

4
B1, 2σB2+εσ

2−b(x)σ−|b′(x)| ≥ εσ2+1

2
B1 ≥ 0.

��JD6?>CJ	s-Jo;8Z�7cOQA 6

Lψ2 ≥
1

4
B1 exp(σx).

^$_ O%7�>C;8LMX�P JC7:JUN-7 _ J`X�9:;�;Ql�;Ql17 _ JoP JDLMLpO�B
2

�FA�� �7> � �QJ�� � � ε > 0 � � � � ���
� � � ��	 � 
 � ��� ��
 � � ����� ����� � L � ����� ��� � � � �E j�B � F � � ��
 � ����	 ������� 
 	 � � � � � � d(x) ����
 � � ��
 � 
 	 � � � � � �

ψ3(x) =

(
1 +

1

ε
exp(−(1− x)B1/2ε)

)
exp(σx)

E j�B r n F

� � ��
���
 � ��� � �
� � � � σ 
 � � � E j�B GUn F � ��� � � � � � ��
 �
� � ��
 	���� � � �

Lψ3 ≥
B2
1

8ε2
exp(−(1− x)B1/2ε) expσx E j�B r G F

+
B1

2
(1 + exp(−(1− x)B1/2ε)) expσx.

� ?BE E�/ J�5
687:9:;�<�=?>CJ�7 _ Jo6�;Q7cO%7:A ;86

E3(x, ε) = exp

(
− (1− x)B1

2ε

)

OQ6?<bO8N:N/=�LMJ�7 _ O%7

ε ≤ min

{
B1

2σ2
,
B1

8σ

}
.

E j�B r+j%F

^$_ JD6bs-Jo;8Z�7cOQA 6Y7 _ Jo9:JDPaO%7:A ;86

(
Lψ3

)
(x, y) =

(
B1b1
2ε2

− B2
1

4ε2
− B1σ

ε

)
E3(x, ε) exp(σx)

+
(
−εσ2 + b1σ + d

) (
1 + ε−1E3(x, ε)

)
exp(σx).

d JU>DOQ=?N/Jp;Ql E j�B r F	OQ6?< E j�B r+j%F�7 _ Jpl O8>@7:;89`A 6�7 _ Jh�?9cN�7`7:JD9:L AaNoJUN�7:AaLpO%7:JU<�lu9:;8L
Z"JDP ;%s �

B1b1
2ε2

− B2
1

4ε2
− B1σ

ε
≥ B2

1

4ε2
− B1σ

ε
≥ B2

1

8ε2
.
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^$_ J�l O8>@7:;89�A 6b7 _ J`N/JU>C;86?<h7:JD9:L AaN�JDS%OQP =?O%7:JU<hlu9:;8L3Z"JDP ;is�<�=�J	7:; E j�B G E0F �

−εσ2 + b1σ + d ≥ B1/2.

^$_ JUN/J�7 _ 9:JDJ	A 6�JU�T=?OQP A 7:A JUN�A 6TS8;8P S8J E j�B r G F@B
2^$_ J�lu;8P P ;%s�A 6��MgRJDLMLpOM<�JUN:>C9:A Z"JUN�7 _ JoZ"J _ OiS+A ;8=�9$;Ql�7 _ J	9:JDLpOQA 6?<�JD9-7:JD9:L A 6

7 _ JoJCk�X?OQ6?N/A ;86 E j�B j%r F-OQ6?<Y;QlwA 7cN�<�JD9:A S%O%7:A S8JUNDB
�FA�� �7> � �QJ�� � � ε > 0 � � � � ���
� � � ��	 � 
 � ���

E j�B E0FGK E j�B r FGK E j�B j n F � ��� ��� � � 
�� �
��
 � � � ��� � ��� E j�B G F V E j�B j%F � ��
 � � ��
 � ����� � � ������� � ����� η � � E j�B j%r F � ��� � � � � � ��
 �� �
� ��� ��� � �

‖η‖∞ ≤ c7,
E j�B rTE0F

|∂1η(x, y)| ≤ c8(1 + ε−1 exp(−B1(1− x)/2ε)), (x, y) ∈ Ω̄, E j�B r8r F
‖∂22η‖∞ ≤ c9ε−1.

E j�B r+�%F
� ?BE E�/ J�z1A 9cN�7&s-J)N/JC7

d = b′(x)
A 6 E j�B � F@B ^$_ JD6}s-J`�8JC7 Lu = f

B�H+A LMX�P Jy>DOQPa>C=�K
PaO%7:A ;86?N�N _ ;is�7 _ O%7

η
A 6 E j�B j%r F-N:O%7:AaN��?JUN

Lη = f̃ ≡ a0(x, y) +
1

ε
a1(x, y)A(x, ε) +

1− x
ε2

a2(x, y)A(x, ε)
;86

Ω̄
E j�B r � F

s _ JD9:J

A(x) = exp(−(1− x)b(x)/ε)
OQ6?<

a0
K
a1

K
a2

OQ9:J)Z ;8=�6?<�JU<}lu=�6?>@7:A ;86?N	;86
Ω̄
B ^$_ JD9:JClu;89:J`7 _ JM9:A � _ 7/K _ OQ6?<�N/Aa<�J

;Ql E j�B r � F�AaN�JUN�7:A LpO%7:JU<YA 6b7 _ J	lu;8P P ;%s�A 6��Ms-Oif �

|Lη| ≤ c10 +
(
c11

1

ε
+ c12

1− x
ε2

)
A(x, ε)

E j�B r � F

s�A 7 _ OQX�X�9:;8X�9:AaO%7:J�>C;86?N�7cOQ6T7cN
c10

K
c11

K+OQ6?<
c12

B+gRJC7-=?N�=?N/J�7 _ J�Z?OQ9:9:A JD9�lu=�6?>@7:A ;86

w(x, y) = c13ψ1(x, y) + c14ψ2(x, y)

s�A 7 _ >C;86?N�7cOQ687cN

c13 = max{c11, c12}/c1
OQ6?<

c14 = 4(c10 + c2c3)/B1

s _ JD9:J�7 _ J	lu=�6?>@7:A ;86?N
ψ1

K
ψ2

OQ9:J��8A S8JD6bA 6}gRJDLMLpO%7cO GU� OQ6?< G%� B ^$_ AaN�f+A JDPa<�N

|(Lη)(x, y)| ≤ (Lw)(x, y) A 6
Ω.

|};89:JD;iS8JD9!K+s�J _ OUS8J
w ≥ 0 = |η| ;86

Γ.



� n ��� �������%�����	� 
�� ��
 ��� 	��4'Q���%���������

^$_ =?NUKQOQP P87 _ J�O8N:N/=�LMX�7:A ;86?N�;Ql"gRJDLMLpO GU� OQ9:J-N:O%7:AaN��?JU<)OQ6?<)>C;86?N/JU�T=�JD687:P f E j�B rTE0F
_ ;8Pa<�NDB ^ ;8�8JC7 _ JD9�s�A 7 _ 7 _ J&JUN�7:A LpO%7:JUN�lu;89�7 _ J�lu=�6?>@7:A ;86?N

ψ1
K
ψ2

7 _ AaN�A LMX�P AaJDN�7 _ J
A 6�JU�T=?OQP A 7
f

|η(x, y)| ≤ w(x, y). E j�B rT�0F
|};89:JD;iS8JD9!K�N/A 6?>CJ

w(0, y) = w(1, y) = 0 ∀ y ∈ [0, 1],

lu9:;8L E j�B rT�0F�s�J _ OiSQJ

|∂1η(0, y)| ≤ c15
OQ6?< |∂1η(1, y)| ≤ c16ε−1.

E j�B rT\0F
5
6�;89c<�JD9-7:;pX�9:;%SQJ E j�B r8r F�s-Jo<�A W JD9:JD6T7:AaO%7:J E j�B r � F�s�A 7 _ 9:JUN/X"JU>@7�7:;

x
B�5
6T7:9:;QK

<�=?>CJ�7 _ Jo6�;Q7cO%7:A ;86
ζ = ∂1η

OQ6?<bN/JC7
d = 2b′

A 6 E j�B � F@B ^$_ JD6�s-J	;8Z�7cOQA 6

(Lζ)(x, y) = a3(x, y) E j�B � n F
+

1

ε2
a4(x, y)A(x, ε) +

1− x
ε3

a5(x, y)A(x, ε)

s _ JD9:J	7 _ Jolu=�6?>@7:A ;86?N
a3

K
a4

K"OQ6?<
a5

OQ9:J	Z ;8=�6?<�JU<b;86
Ω̄
B ^$_ J`9:A � _ 7/K _ OQ6?<bN/Aa<�J

;Ql E j�B � n F�AaN�JUN�7:A LpO%7:JU<YA 6b7 _ J	lu;8P P ;%s�A 6��Ms-Oif �

|(Lζ)(x, y)| ≤ c17 + c18ε
−2A(x, ε).

E j�B � G F
� ;is s-J�7cOQt8J�7 _ J$Z?OQ9:9:A JD9Rlu=�6?>@7:A ;86

w(x, y) = c19ψ3(x, y)
lu9:;8L�gRJDLMLpO G �&s�A 7 _

7 _ J`>C;86?N�7cOQ687
c19 = max{8c17/B2

1 , 2c19/B1}
B ��Jo�8JC7

|(Lζ)(x, y)| ≤ (Lw)(x, y) A 6
Ω,

w ≥ 0 = |ζ| ;86
Γtg, w ≥ |ζ| ;86

Γin ∪ Γout.
^$_ J	PaO8N�7�A 6�JU�T=?OQP A 7
fhlu;8P P ;is�N-lu9:;8L E j�B rT\0F@B ^$_ =?NUK?<�=�J	7:;pgRJDLMLpO G Eys-J	;8Z�7cOQA 6

|ζ| ≤ w ;86
Ω̄

7 _ O%7�A 6TS8;8P S8JUN E j�B r8r F@B
5
6�;89c<�JD9-7:;pX�9:;iS8J E j�B r+�%F�s-J`>C;86?N/Aa<�JD9-7 _ JoJU�T=?OQP A 7�f

∂22η =
1

ε
(∂22u− ∂22v0 − ∂22ρ0)

E j�B �8j%F

s _ Aa> _ lu;8P P ;%s�Nblu9:;8L E j�B j%r F@B ^ OQt+A 6�� A 6T7:;�>C;86?N/Aa<�JD9cO%7:A ;86 E j�B j n FGK E j�B j � FGK�OQ6?<
E j�B jQ�0FGK�s�Jo;8Z�7cOQA 6 E j�B r+�%F@B
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zi,j+1 zi+1,j+1

zi+1,jzij

T
(u)
ij

T
(l)
ij

��� ����� ��
���
 � ����� " 
��'+���� +,��
 +$�,* �����! �% ��+,* �!�
Th -

� J�� J�� �%E����	��?BU�
��
RNE�� E�/ �
P9A�� U9>STV?B> �
UV?#A<?BU 	NA
z�;8917 _ J$A LMX�P JDLMJD6T7cO%7:A ;86y;Ql?7 _ J�x	OQP JD9:t+A 6)LMJC7 _ ;�<)s-J�>C;86?N�7:9:=?>@7�OQ6)=�6�A lu;89:L

7:9:AaOQ6��8=�PaO%7:A ;86 Th
B ^ ;p<�;M7 _ AaNUK�s-J`>C;86?N/Aa<�JD9-7 _ Jo�89:Aa<

xi = ih, yj = jh, i, j = 0, 1, . . . , n,

s�A 7 _ 7 _ JyLMJUN _ N/A TDJ
h = 1/n

lu;89�A 6T7:JD�8JD9
n ≥ 2

B ��JM<�JD6�;Q7:J`7 _ JMN/JC7	;Ql�6�;�<�JUN
ZTf

Ω̄h = {zij = (xi, yj), i, j = 0, 1, . . . , n},
7 _ J`N/JC7�;QlwA 6T7:JD9:A ;89$6�;�<�JUN�ZTf

Ωh = {zij = (xi, yj), i, j = 1, 2, . . . , n− 1},
OQ6?<h7 _ J`N/JC7�;Ql1Z ;8=�6�<�OQ9:fh6�;�<�JUN$Z+f

Γh = {zij = (xi, yj), i = 0, 1, j = 0, 1, . . . , n; i = 0, 1, . . . , n, j = 0, 1}.
^$_ JD6�7 _ J�7:9:AaOQ6��8=�PaO%7:A ;86 Th

AaNR>C;86?N�7:9:=?>@7:JU<�Z+f�<�A S+A <+Aa6���JUO8> _ JDP JDLMJD687cOQ9:f&9:JU>@7cOQ6�K
�8P J

Ωij = [xi, xi+1]× [yj , yj+1]
A 6T7:;	7
s-; � � ��� � � � � ��� 7:9:AaOQ6��8P JUN1Z+f`7 _ J�<�AaOQ�8;86?OQPX?O8N:N/A 6��)lu9:;8L

(xi, yj)
7:;

(xi+1, yj+1)
E N/JDJoz1A �?B?E0F@B

J-7�JUO8> _ 6�;�<�J
zij ∈ Ωh

s�J	A 687:9:;�<�=?>CJ&7 _ J�Z?O8N/AaN�lu=�6?>@7:A ;86
ϕij

s _ Aa> _ JU�T=?OQPaN
1
O%7�7 _ Jy6�;�<�J

zij
K JU�T=?OQPaN

0
O%7oOQ6+f�;Q7 _ JD9�6�;�<�J);Ql

Ω̄h
K�OQ6?<�AaN&PaA 6�JDOQ9	;86�JUO8> _

JDP JDLMJD687cOQ9:fp7:9:AaOQ6��8P J	;Ql Th
B �&JD6�;Q7:J	7 _ JoP A 6�JUOQ9�N/X?OQ6b;Ql17 _ JUN/J�lu=�6?>@7:A ;86?N�Z+f

Hh =
N/X?OQ6 {ϕij}n−1i,j=1.

��A 7 _ 7 _ JUN/J�6�;Q7cO%7:A ;86?NUK%s-J�OQ9:9:A SQJ�O%7w7 _ J�x	OQP JD9:t+A 6yX�9:;8Z�P JDL � ����� uh ∈ Hh �
	���

��
����

a(uh, vh) = (f, vh) ∀ vh ∈ Hh.
E j�B �QE0F
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d =�7h7 _ J�N/;8P =�7:A ;86�;Ql	7 _ AaNYX�9:;8Z�P JDL AaNh=�6�N�7@OQZ�PaJ�OQ6?< _ O8NpX ;+;89YO8>D>C=�9cO8>Cf Z"JCK
>DOQ=?N/Jp;Ql$7 _ JhZ";8=�6?<�OQ9:f�PaOUf8JD9)>C;8LMX";86�JD6T7 E)M \ N"F@B�5
6�7 _ JYN:OQLMJps$Oif�O8NoA 6 ;86�JCK
<�A LMJD6?N/A ;86?OQP >DO8N/J%KTs-J�X�9:;iS+Aa<�J&7 _ J	N�7cOQZ�A P A 7�fpOQ6?<hA LMX�9:;%S8J�7 _ J	O8>D>C=�9cO8>CfyZ+fM7 _ J
N/X"JU>CAaOQP�OQX�X�9:;ik�A LpO%7:A ;86);Ql?7 _ J�Z�A P A 6�JUOQ9wlu;89:L

a
s�A 7 _ 7 _ J$��7/7:JU<M�T=?O8<�9cO%7:=�9:J-9:=�P J8B

gRJC7
T
(l)
ij

E ;89
T
(u)
ij

K�9:JUN/X JU>@7:A SQJDP f�F&Z"JpOQ6�OQ9:Z�A 7:9cOQ9:fY7:9:AaOQ6��8P Jy;Ql Th
s�A 7 _ 7 _ J

SQJD9/7:Aa>CJUN
zi,j

K
zi+1,j+1 = (xi+1, yj+1)

K�OQ6?<
zi+1,j = (xi+1, yj)

E
zi+1,j =

(xi, yj+1)
K?9:JUN/X"JU>@7:A S8JDP f�F$O8N�A 6�z1A �?B"E�B ��J)<�JD6�;Q7:Jo7 _ J)JDP JDLMJD687cOQ9:fbX?OQ9/7�;Qlw7 _ J

Z�A P A 6�JUOQ9$lu;89:L E j�B G �0F�;86�OQ6�OQ9:Z�A 7:9cOQ9:fM7:9:AaOQ6��8P J
T = T

(l)
ij

;89
T = T

(u)
ij

Z+f

aT (u, v) =

∫

T

((ε∂1u− bu) ∂1v + ε∂2u∂2v) dΩ.
E j�B �%r F

5
6�X�9:A 6?>CA X�P J%K�lu9:JDJUTDA 6��M7 _ J)>C;+J��h>CA JD6T7
b
;86}Oy7:9:AaOQ6��8P J

T
AaN�JD6�;8=�� _ 7:;hX"JD9/lu;89:L

7 _ JMA 6T7:JD�89cO%7:A ;86�JCk�O8>@7:P f8B d =�7o7 _ JpO8>D>C=�9cO8>Cf�;Ql�7 _ AaN	lu;89:L`=�PaObAaN	=�6?N:O%7:AaN�l O8>@7:;89:f
Z"JU>DOQ=?N/J�;Ql�7 _ J&Z";8=�6?<�OQ9:fyPaOifQJD9�lu=�6?>@7:A ;86

ρ0
B ^$_ JD9:JClu;89:J%K8s-J�7:9:f)7:;)�8JC7-OQ6�;Q7 _ JD9

�T=?O8<�9cO%7:=�9:J�9:=�P J8B
^$_ =?NUK s-JMOQX�X�P fb7 _ Jy7 _ 9:JDJCK X";8A 6T7	�T=?O8<�9cO%7:=�9:J)9:=�P J);86�Oh7:9:AaOQ6��8P J

T = T
(l)
ijlu;89$7 _ J`OQX�X�9:;Uk�A LpO%7:A ;86Y;Ql17 _ JoZ�A P A 6�JUOQ9$lu;89:L E j�B �%r F �

∫

T

g(x, y)dΩ ≈ h2

2
(α1ig(zij) + α2ig(zi+1,j) + α3ig(zi+1,j+1)) .

^$_ JD6�OQ6�JDP JDLMJD6T7cOQ9:f�>C;86T7:9:A Z�=�7:A ;86�;Ql�7 _ JpOQP �8JDZ�9cOQA >oZ�A P A 6�JUOQ9�lu;89:L�>DOQ6�Z"J
JCk�X�9:JUN:N/JU<YO8N

ah
T

(l)
ij

(wh, vh) =
h2

2

((
ε∂1w

h − bi(α1iwh(zi,j) + α2iw
h(zi+1,j) E j�B �8�%F

+ α3iw
h(zi+1,j+1))

)
∂1v

h + ε∂2w
h∂2v

h
)
.

z�9:;8L _ JD9:JM;86�s-JM=?N/JM7 _ Jp6�;Q7cO%7:A ;86
bi = b(xi)

B ��Jh> _ ;+;TN/Jy7 _ Jps-JDA � _ 7cN
αk,ilu9:;8L�7 _ J�lu;8P P ;%s�A 6��`7�s�;y9:JU�T=�A 9:JDLMJD6T7cNDB+z1A 9cN�7cP f%KTAa6Y;89c<�JD9�7:;y�8=?OQ9cOQ687:JDJ�7 _ J���9cN�7

;89c<�JD9&O8>D>C=�9cO8>Cfplu;89�N/LM;�;Q7 _ lu=�6?>c7cA ;86?NUK�7 _ Jy�T=?O8<�9cO%7:=�9:Jo9:=�P J _ OiS8Jo7:;hZ"J)JCk�O8>@7
lu;89�>C;86?N�7cOQ687�lu=�6�>@7:Aa;86�NDB ^$_ AaN$A LMLMJU<�AaO%7:JDP fY�8A S8JUN�7 _ JoJU�T=?O%7:A ;86

α1i + α2i + α3i = 1.
E j�B � � F

H+JU>C;86?<�P f%K�s-J�7:9:fh7:;MLMA 6�A LMA TDJ	7 _ J`<�A W JD9:JD6?>CJ

aT (ρ0, v
h)− ahT (ρI0, vh), vh ∈ Hh,

E j�B � � F
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lu;89)7 _ J�9:JC�8=�PaOQ9yZ";8=�6?<�OQ9:f�PaOifQJD9)lu=�6?>@7:A ;86
ρ0

OQ6?< A 7cNyX�A JU>CJDs�AaN/JbP A 6�JUOQ9yA 6T7:JD9/K
X";8PaOQ6T7

ρI0 ∈ Hh B?z�;89$7 _ AaN�X�=�9:X";TN/J	s-J	X�=�7

∫

T

(ε∂xζi − biζi) ∂1vhdΩ E j�B �Q�0F

=
h2

2

(
ε∂1ζ

I
i − bi

(
α1iζ

I
i (zi,j) + α2iζ

I
i (zi+1,j)α3iζ

I
i (zi+1,j+1)

) )
∂1v

h

lu;89$7 _ J	lu=�6?>@7:A ;86

ζi(x) = exp (−(1− x)bi/ε)
OQ6?<YA 7cN�X�A JU>CJDs�AaN/J	P A 6�JUOQ9�A 6T7:JD9:X";8PaOQ6T7

ζIi (x, y)
;86

T
(l)
ij

B
^ ;`<+AaLMA 6�AaN _ 7 _ J�<�A W JD9:JD6?>CJ�N�7:JD6�>CA POK%s-J�X�=�7

α3i = 0
B ^$_ =?NUKilu;89�7 _ J�X?OQ9cOQLMJCK

7:JD9cN�;QlR7 _ J��T=?O8<�9cO%7:=�9:J�9:=�P J&s�J _ OUS8J�7 _ J�N/f�N�7:JDL.;QlRP A 6�JUOQ9$OQP �8JDZ�9cOQAa>$JU�T=?O%7:A ;86?N

α1i + exp (σi)α2i + exp (σi)α3i =
1

σi
(expσi − 1) ,

α1i + α2i + α3i = 1,
E j�B �Q\0F

α3i = 0

s _ JD9:J
σi = bih/ε

B�5 7 _ O8N-7 _ J`=�6�Aa�+=�J`N/;8P =�7:A ;86

α1i =
expσi

(expσi − 1)
− 1

σi
, α2i =

1

σi
− 1

expσi − 1
, α3i = 0.

E j�B �8n F

��A 7 _ 7 _ Jos-JDA � _ 7cN�;8Z�7cOQA 6�JU<Ys-J	9:JDs�9:A 7:J E j�B �8�%F�A 6b7 _ J	lu;8P P ;is�Aa6��ylu;89:L �

ah
T

(l)
ij

(wh, vh) =
h2

2

( bi
expσi − 1

(wh
i+1,j − wh

ij expσi)∂1v
h

+ ε∂2w
h∂2v

h
)
.

E j�B ��G F

z�9:;8L _ JD9:J	;86bs-J	=?N/J	7 _ Jo6�;Q7cO%7:A ;86
vij = v(zij)

lu;89�OQ6+fplu=�6?>@7:A ;86
v(x, y)

B
5
6 O�N/A LMA PaOQ9	s$Oif�;86�7 _ JM7:9:AaOQ6��8P J

T
(u)
ij

s�Jp;8Z�7cOQA 6�7 _ JMlu;8P P ;is�Aa6��}OQX�X�9:;ik�A K
LpO%7:A ;86b;Ql17 _ JoZ�A P A 6�JUOQ9$lu;89:L E j�B �%r F �

ah
T

(u)
ij

(wh, vh) =
h2

2

( bi
expσi − 1

(wh
i+1,j+1 − wh

i,j+1 expσi)
∂vh

∂x E j�B � j%F

+ ε
∂wh

∂y

∂vh

∂y

)
.
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^ ;MA 6T7:JD�89cO%7:J�7 _ Jo9:A � _ 7/K _ OQ6�<bN/Aa<�J%K�s-J	=?N/J	7 _ J`N/A LMX�P Jo�T=?O8<�9cO%7:=�9:J�9:=�P JUN
∫

T
(l)
ij

fv dΩ ≈ 1

6
h2(fijvij + fi+1,jvi+1,j + fi+1,j+1vi+1,j+1),

∫

T
(u)
ij

fv dΩ ≈ 1

6
h2(fi,j+1vi,j+1 + fi+1,jvi+1,j + fi+1,j+1vi+1,j+1).

^$_ AaN��8A SQJUN17 _ J�JDP JDLMJD687cOQ9:fo7cJC9:LpN�;Ql"7 _ J�OQX�X�9:;ik�A LpO%7:A ;86);Ql"7 _ J�9:A � _ 7/K _ OQ6?<yN/Aa<�J
;86�OQ6bJDP JDLMJD6T7

T ∈ Th �

fh
T

(l)
ij

(vh) =
1

6
h2(fijvij + fi+1,jvi+1,j + fi+1,j+1vi+1,j+1), E j�B � E0F

fh
T

(u)
ij

(vh) =
1

6
h2(fi,jvi,j + fi,j+1vi,j+1 + fi+1,j+1vi+1,j+1).

H+=�LMLMA 6���7 _ JbJDP JDLMJD6T7cOQ9:f�7:JD9:LpN)P A t8J E j�B ��G FGK E j�B � j%FGKwOQ6?< E j�B � E0Fo;%SQJD9MOQP P
T ∈ Th,

s-J	;8Z�7cOQA 6b7 _ J`OQX�X�9:;Uk�A LpO%7:A ;86?N-;Ql17 _ JoZ�A P A 6�JUOQ9�OQ6?<YP A 6�JUOQ9$lu;89:LpN

ah(wh, vh) =
∑

T∈Th

ahT (w
h, vh),

E j�B � r F

fh(vh) =
∑

T∈Th

fhT (v
h).

� ;%s�s-J`>C;8LMJ�7:;y7 _ J�L ��7/7:JU< L x	OQP JD9:t+A 6YX�9:;8Z�P JDL ������� uh ∈ Hh �
	���
 ��
����

ah(uh, vh) = fh(vh) ∀ vh ∈ Hh.
E j�B � �%F

^$_ AaN$X�9:;8Z�P JDL AaN�JU�T=�A S%OQP JD6T7$7:;M7 _ J`N/f�N�7:JDL ;QlwP A 6�JUOQ9�OQP �8JDZ�9cOQAa>&JU�T=?O%7:A ;86?N

(Lhuh)ij ≡ uhij
(
h

(
bi expσi
expσi − 1

+
bi−1

expσi−1 − 1

)
+ 2ε

)
− uhi+1,j

bih

expσi − 1

− uhi−1,j
bi−1h expσi−1
expσi−1 − 1

− εuhi,j−1 − εuhi,j+1

E j�B �8� F

= fijh
2, i, j = 1, 2, ..., n− 1,

s _ JD9:J
uhij = 0

lu;89
i = 1, ..., n − 1

OQ6?<
j = 0, n

;89hlu;89
j = 1, ..., n − 1OQ6?<

i = 0, n
B ^$_ JYX?OQ9cOQLMJC7:JD9cN {uhij}n−1i,j=1

�8A S8Jp7 _ JbN/;8P =�7:A ;86 ;Ql�7 _ JYX�9:;8Z�P JDL
E j�B � �%F

uh =
n−1∑

i,j=1

uijϕij .
E j�B �+� F
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{�6+=�LMJD9cO%7:J�7 _ J	9:JDLpOQA 6�A 6��M=�6�t+6�;%s�6?N�OQ6?<h7 _ JoJU�T=?O%7:A ;86?N$A 6 E j�B �8� F�lu9:;8L
17:;

(n − 1)2
A 6�7 _ JMN:OQLMJys-Oif E l ;89	JCk�OQLMX�P J%K A 6�7 _ JyP JCk�Aa>C;8�89cOQX _ Aa>`;89c<+JD9GF�OQ6?<

9:JDs�9:A 7:J&7 _ J`N/f�N�7:JDL E j�B �8� F�A 6b7 _ JoSQJU>@7:;89/K LpO%7:9:A kplu;89:L

AhU = F
E j�B � �0F

s _ JD9:J

U = (uh1,1, ..., u
h
1,n−1, u

h
2,1, ..., u

h
n−1,n−1)

T , E j�B � \0F
F = (fh(ϕ1,1), ..., f

h(ϕ1,n−1), ..., f
h(ϕn−1,n−1))

T .

� ;Q7:Aa>CJw7 _ O%7R7 _ J�LpO%7:9:A k
Ah AaN�A 9:9:JU<�=?>CA Z�P J M j G NOKD<�AaOQ�8;86?OQP K
<�;QLMA 6?OQ6T7ROQP ;86���>C;8P =�LM6?N

OQ6?<�N�7:9:;86��8P f}<�AaOQ�8;86?OQP K
<+;8LMA 6?OQ6T7	OQP ;86��Y>C;8P =�LM6?N&lu;89
i = 0, n

B � ;86?N/JU�T=�JD687:P f%K
Ah AaN�OQ6 M K LpO%7:9:A kyOQ6?<)7 _ J�N/f�N�7:JDL E j�B �8� F1N:O%7:AaN��?JUN17 _ J�<�A W JD9:JD6?>CJ�>C;8LMX?OQ9:AaN/;86
X�9:A 6?>CA X�P JoOQ6?< _ O8N�Oy=�6�Aa�T=�J`N/;8P =�7:A ;86 M j G N B

� J�� J�� � ?BE3CFAD? �
RNA�� E�/��
P9A T9R�� 
#?BA��
A�C9?BE��
	NA�� J
� P9A 
 E�� G.A ?��.A���
 A�?BA��
U 	 �
� ;%s s-J-A 6TS8JUN�7:A �TO%7:J�7 _ J�OQX�X�9:;ik�A LpO%7:A 6���X�9:;8X JD9/7:A JUN�;Ql�7 _ J$<�AaN:>C9:JC7:J-X�9:;8Z�P JDL

E j�B � �%F@B

�FA�� �7> � �QJ�� � � u � � � � ��� 	 � � � � ��
 ��
 ��� � ��� � ��� E j�B G FGK E j�B j%F � � ��
 ��
 � ��� ���	���
� � � � � E j�B E0FGK E j�B r FGK E j�B j n F � � ��� uh � � � � ��� 	 � � � � ��
 ��
 � �	� � � ��� � ��� � ��� � ��� E j�B � �%F �� ���
	 � � ��� � � ��
����

ε ≤ h. E j�B �%n F

��
 � � ��
 ��� �
� ��� ��� �
|ah(uh − uI , ϕij)| E j�B �+G F

≤ ch2(ε+ h+ exp(−B1(1− xi+1)/2ε)) ∀ i, j = 1, ..., n− 1


���� � � �
� ?BE E�/ J �&N/A 6��y7 _ JoJCk�X?OQ6?N/A ;86 E j�B j%r F�s�J _ OUS8J

|ah(uh − uI , ϕij)| ≤ |fh(ϕij)− f(ϕij)|+ |a(u, ϕij)− ah(uI , ϕij)|
≤ |fh(ϕij)− f(ϕij)|+ |a(v0, ϕij)− ah(vI0 , ϕij)|

E j�B � j%F
+ |a(ρ0, ϕij)− ah(ρI0, ϕij)|+ ε|a(η, ϕij)− ah(ηI , ϕij)|.

��JD9:J
vI0 , ρ

I
0, η

I ∈ Hh OQ9:J)7 _ JMX�A JU>CJDs�AaN/JyP Aa6�JUOQ9oA 687:JD9:X ;8PaOQ687cN	;Ql�7 _ Jylu=�6?>@7:A ;86?N

v0
K
ρ0

K
η
OQ6?<

i, j = 1, ..., n− 1
B
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��J�JDS%OQP =?O%7:J$JUO8> _ 7:JD9:L�A 6)7 _ J�9:A � _ 7/K _ OQ6?<)N/Aa<�J$;Ql E j�B � j%F@B%z1A 9cN�7�s-J$JUN�7:A LpO%7:J
JUO8> _ JCk�X�9:JUN:N/A ;86�;86�OQ6�JDP JDLMJD6T7cOQ9:f�7:9:AaOQ6��8P J

T ∈ Th
OQ6?< 7 _ JD6�s-J��8JC7h7 _ J

JUN�7:A LpO%7:J&;iS8JD9�7 _ J�s _ ;8P J&N/=�X�X ;89/7�;Ql
ϕij

BT5 7$AaN�JU�T=�A S%OQP JD6T7�7:;`7 _ J&JUN�7:A LpO%7:J&;%SQJD9

Ω̄
B
gRJC7�=?N$7cOQtQJ

T = T
(l)
ij

B � ;86?N/Aa<�JD9$7 _ JoJCk�X�9:JUN:N/A ;86

FT =
h2

6
fij −

∫

T

fϕij dΩ.

H+A 6?>CJ
f ∈ C2(Ω̄)

s-Jo=?N/J�7 _ J ^ Oif+P ;89-lu;89:L)=�PaO

f(x, y) = fij + hπ1(x, y), |π1| ≤ c1
;86

T.

^$_ AaN$�8A S8JUN

|FT | = |h
∫

T

π1ϕij dΩ| ≤
1

6
c1h

3.

^$_ J`N:OQLMJ	JUN�7:A LpO%7:JoAaN�SQOQP Aa<Y;86}OQ6+fh;Q7 _ JD9�JDP JDLMJD687cOQ9:fh7:9:AaOQ6��8P J
T ∈ N/=�X�X ϕij

B
^ OQt+A 6��)7 _ J`N/=�L3;%S8JC9$7 _ Jos _ ;8P JoN/=�X�X";89/7�;Ql

ϕij
K�s�Jo;8Z�7cOQA 6

|fs(ϕij)− f(ϕij)| ≤ c1h3.
E j�B � E0F

d JU>DOQ=?N/J�;Ql�<�A W JD9:JD687wN/LM;�;Q7 _ 6�JUN:NR;Ql+7 _ J-N/;8P =�7:A ;86oA 6	7 _ J
x
K OQ6?<

y
K
<�A 9:JU>@7:A ;86?NUK

s�JpJCk�X?OQ6?<�7 _ JMZ�A P A 6�JUOQ9	lu;89:LpN E j�B G �0F&OQ6?< E j�B � r F�O8NoObN/=�L�A 6�7 _ J
x
K&OQ6?<

y
K

<�A 9:JU>@7:A ;86?N �

a(u, v) = a1(u, v) + a2(u, v),

ah(uh, vh) = ah1 (u
h, vh) + ah2 (u

h, vh).

^$_ JD6Ylu;89�7 _ J	JDP JDLMJD6T7cOQ9:fhZ�A P A 6�JUOQ9$lu;89:LpN E j�B �%r F-OQ6?< E j�B �8�%F�s-J	�8JC7

aT (u, v) = a1T (u, v) + a2T (u, v),

ahT (u
h, vh) = ah1T (u

h, vh) + ah2T (u
h, vh)

s _ JD9:J

a1T (u, v) =

∫

T

(ε∂1u− bu) ∂1v dΩ,

a2T (u, v) = ε

∫

T

∂2u∂2v dΩ,

OQ6?<

ah1T (w
h, vh) =

h2

2

(
ε∂1w

h − bi
(
α1iw

h(zij) + α2iw
h(zi+1,j)

) )
∂1v

h,

ah2T (w
h, vh) =

h2

2
ε∂2w

h∂2v
h.
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J&>D>C;89c<�A 6���7:; gRJDLMLpO G ��7 _ J�N/;8P =�7:A ;86�AaNYN/= �h>CA JD6T7:P f�N/LM;+;Q7 _ A 6�7 _ J
y
K

<�A 9:JU>@7:A ;86 K+7 _ JD6�A 7�AaN�JDO8N/fp7:;p�8JC7$7 _ JoJUN�7:A LpO%7:J	;Ql17 _ J`<�A W JD9:JD6?>CJ

|a2(u, ϕij)− ah2 (uI , ϕij)|.
E j�B � r F

� ;86?N/Aa<�JD9-7 _ JoA 6�JU�T=?OQP A 7�f

|a2(u, ϕij)− ah2 (uI , ϕij)| ≤ |a2(u, ϕij)− a2(uI , ϕij)| E j�B � �%F
+|a2(uI , ϕij)− ah2 (uI , ϕij)|

OQ6?<YJUN�7:A LpO%7:JoZ";Q7 _ 7:JD9:LpN$A 6�A 7cN�9:A � _ 7/K _ OQ6?<bN/Aa<�J8B
H 6

T = T
(u)
ij

s-J _ OUS8J

A
(u)
ij = − 1

h

∫

T

ε
(
∂2u− ∂2uI

)
dΩ.

�&N/J�7 _ J ^ Oif+P ;89$JCk�X?OQ6?N/A ;86�O%7
zij

u(xi, yj+1) = u(xi, yj) + h∂2u(xi, yj) + h2π1(xi, y),

∂2u(x, y) = ∂2u(xi, yj) + hπ2(xi, y)

s _ JD9:J |π1| ≤ c8
OQ6?< |π2| ≤ c8

;86
T
<�=�J`7:;p7 _ JyJUN�7:A LpO%7:J E j�B j G F@B�H+A 6?>CJ

uI
AaN

7 _ JoX�A JU>CJDs�AaN/J	P A 6�JUOQ9�A 687:JD9:X ;8PaOQ687�;Ql
u
K
T
7 _ JoJU�T=?OQP A 7�f

∂2u
I(x, y) =

u(xi, yj+1)− u(xi, yj)
h

= ∂2u(xi, yj) + hπ1(xi, y)

_ ;8Pa<�NDB ��JD6?>CJos�J _ OiSQJ |∂2u− ∂2uI | ≤ c9h
B ^$_ =?N$s-Jo;8Z�7cOQA 6

|A(u)
ij | ≤ c10εh2.

^$_ J	N:OQLMJ	>C;86T7:9:A Z�=�7:A ;86YA 6T7:;)7 _ J	JD9:9:;89->C;8LMJUN�lu9:;8L.7 _ J�7:9:AaOQ6��8P JUN
T
(u)
ij

K
T
(u)
i,j−1

K

T
(l)
i−1,j−1

KTOQ6?<
T
(l)
i−1,j

B H 6M7 _ J�7:9:AaOQ6��8P JUN
T
(l)
ij

OQ6?<
T
(u)
i−1,j−1

7 _ J&<�JD9:A SQO%7:A SQJ
∂2ϕijJU�T=?OQPaN TDJD9:;}OQ6?<�7 _ JD9:J@lu;89:JM7 _ JUN/Jp7:9:AaOQ6��8P JUNo<�;�6�;Q7`LpOQt8JhO}>C;86T7:9:A Z�=�7:A ;86 A 687:;

7 _ J�JD9:9:;89UBQJ&N�Oo9:JUN/=�P 7!KQs-J _ OiS8J$7 _ J�lu;8P P ;%s�A 6��oJUN�7:A LpO%7:J�;Ql 7 _ J��?9cN�7�7:JD9:L�A 6M7 _ J
9:A � _ 7/K _ OQ6?<bN/Aa<�Jo;Ql E j�B � �%F �

|a2(u, ϕij)− a2(uI , ϕij)| ≤ c10εh2.
H+A 6?>CJ�7 _ J�OQX�X�9:;ik�A LpO%7:A ;86M;Ql 7 _ J�N/JU>C;86?<p<�JD9:A SQO%7:A SQJ��8A S8JUNw7 _ J&JCk�O8>@7�JCk�X�9:JUN�K

N/A ;86�lu;89`P A 6�JUOQ9`lu=�6?>c7cA ;86?NUKR7 _ JYN/JU>C;86?<�7:JD9:L A 6�7 _ JY9:A � _ 7/K _ OQ6?<�N/Aa<�Jh;Ql E j�B � �%F
JU�T=?OQPaN TDJD9:;M;86�OQ6+f

T ∈ Th
B?z1A 6?OQP P f%K�A 6b7 _ J

y
K
<�A 9:JU>@7:A ;86bs�J _ OUS8J

|a2(u, ϕij)− ah2 (uI , ϕij)| ≤ c10εh2.
E j�B �%� F
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^ ; ;8Z�7cOQA 6�7 _ J�JUN�7:A LpO%7:JUNpA 6�7 _ J
x
K
<�A 9:JU>@7:A ;86 K�;86�O�7:9:AaOQ6��8P J

T ∈ Th
s�J

A 687:9:;�<�=?>CJo7 _ J)A 6T7:JD9:LMJU<�AaO%7:J)Z�A P A 6�JUOQ9�lu;89:L
af1T (u, v)

;8Z�7cOQA 6�JU<blu9:;8L
a1T (u, v)ZTfhlu9:JDJUTDA 6��y7 _ J	lu=�6?>@7:A ;86

b(x)
O%7�7 _ JoX";8A 6T7

xi
�

af1T (u, v) =

∫

T

(ε∂1u− biu) ∂1vdΩ.
E j�B �8� F

^$_ JD6Ylu;89&OQ6�OQ9:Z�A 7:9cOQ9:fylu=�6?>@7:A ;86
v
s-J _ OUS8J�7 _ JoJUN�7:A LpO%7:J

|a1(v, ϕij)− ah1 (vI , ϕij)| ≤ |a1(v, ϕij)− af1 (v, ϕij)| E j�B � �0F
+|af1 (v, ϕij)− af1 (vI , ϕij)|+ |af1 (vI , ϕij)− ah1 (vI , ϕij)|.

z1A 9cN�7Ys�A 7 _ 7 _ J _ JDP X�;Ql E j�B � �0F)s-J�;8Z�7cOQA 6 7 _ J�JUN�7:A LpO%7:J�lu;89
v = v0

B H 6

T = T
(l)
ij

s-J`>C;86?N/Aa<�JD9

B
(l)
ij = a1T (v0, ϕij)− af1T (v0, ϕij) = −

1

h

∫

T

(bi − b(x))v0 dΩ.

{�k�X?OQ6?<
b
OQ6?<

v0
A 6b7 _ J ^ OQA P ;89�N/JD9:A JUN$O%7

xi
�

b(x) = bi + (x− xi)b′(xi) + h2π3(x),

v0(x, y) = v0,ij + hπ4(x, y).

�&=�JY7:;�7 _ J�N/LM;+;Q7 _ 6�JUN:N);Ql
b
OQ6?<

v0
K17 _ JYlu=�6?>@7:A ;86?N

π3(x)
OQ6?<

π4(x, y)
OQ9:J

Z";8=�6?<�JU<b;86
T
B4J&N�OM9:JUN/=�P 7!K�s-J _ OiS8J

B
(l)
ij = −h

2

3
v0,ijb

′(xi) + h3π5, |π5| ≤ c11.

5
6�OpN/A LMA PaOQ9$s$Oifh;86
T
(l)
i−1,j

s-Jo;8Z�7cOQA 6Y7 _ JoJU�T=?OQP A 7�f

B
(l)
i−1,j =

h2

3
v0,i−1,jb

′(xi−1) + h3π6, |π6| ≤ c11
s�A 7 _ 7 _ JMN:OQLMJ)>C;86?N�7cOQ6T7

c11
A 6?<�JDX JD6�<�JD6T7	;Ql

ε
K
h
K
i
K
j
B ^$_ JD9:JClu;89:J)<�=�J)7:;h7 _ J

N/LM;+;Q7 _ 6�JUN:N$;Ql
b
OQ6?<

v0
s-J _ OiS8J

|B(l)
ij +B

(l)
i−1,j | ≤ 2c11h

3.

^$_ J�N:OQLMJb>C;86T7:9:A Z�=�7:A ;86 >C;8LMJUN`lu9:;8L 7 _ JY7:9:AaOQ6��8P JUN
T
(u)
i,j−1

OQ6?<
T
(u)
i−1,j−1

B H 6
7 _ J)7:9:AaOQ6��8P JUN

T
(u)
ij

OQ6?<
T
(l)
i−1,j−1

s-J _ OUS8J
∂1ϕij = 0

OQ6?<�>C;86?N/JU�T=�JD6T7:P fb7 _ JUN/J
7:9:AaOQ6��8P JUN$<�;M6�;Q7�LpOQt8JoOM>C;86T7:9:A Z�=�7:A ;86bA 6T7:;y7 _ JoJD9:9:;89UB�J&N�Oy9:JUN/=�P 7!K�s-J	�8JC7

|a1(v0, ϕij)− af1 (v0, ϕij)| ≤ 4c11h
3.

E j�B � \0F
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� JCk+7&O8>D>C;89c<�A 6��)7:; E j�B � �0F�s-JoJDS%OQP =?O%7:J�7 _ J`<�A W JD9:JD6?>CJ

|af1 (v0, ϕij)− af1 (vI0 , ϕij)|.
E j�B � n F

H 6
T = T

(l)
ij

s-J	A 6T7:9:;�<�=?>CJ�7 _ Jo6�;Q7cO%7:A ;86

C
(l)
ij = − 1

h

∫

T

(
ε(∂1v0 − ∂1vI0)− bi(v0 − vI0)

)
dΩ.

�&=�J)7:;Y7 _ JMN/LM;+;Q7 _ 6�JUN:N&;Ql
v0

O8N&s-JDP P�O8N�7 _ JM<�JC�?6�A 7:A ;86�;Ql-OYX�A JU>CJDs�AaN/J)P A 6�JUOQ9
A 687:JD9:X ;8PaOQ687!K�7 _ JoJU�T=?OQP A 7
f

∂1v
I
0(x, y) =

v0,i+1,j − v0,i,j
h

= ∂1v0(xi, yj) + hπ7(x, yj)

_ ;8Pa<�NDB ��JD9:J |π7(x, yj)| ≤ c12
;86

T
B�|};89:JD;%S8JD9UK+s-J _ OiS8J

∂1v0(x, y) = ∂1v0(xi, yj) + hπ8(x, y)

s _ JD9:J
π8

AaN$Z ;8=�6?<�JU<Y;86
T
B ��JD6?>CJ�7 _ JoJUN�7:A LpO%7:J

|∂1v0 − ∂1vI0 | ≤ c13h
E j�B � G F

AaN$SQOQP Aa<�B�z�;89$lu=�6?>@7:A ;86?N
v0

OQ6?<
vI0

;86
T
=?N/J ^ OQA P ;89$JCk�X?OQ6?N/A ;86bA 6b7 _ J	lu;89:L

v0(x, y) = v0(xi, yj) + (x− xi)∂1v0(xi, yj) E j�B �Tj%F
+ (y − yj)∂2v0(xi, yj) + h2π9(x, y)

s _ JD9:J |π9| ≤ c14
;86

T,

vI0(x, y) = v0(xi, yj) + (x− xi)∂1vI0(xi, yj) + (y − yj)∂2vI0(xi, yj).
�&=�J	7:;y7 _ JoA 6�JU�T=?OQP A 7�f E j�B � G F�;86

T
K+7 _ J`N/A LMA PaOQ9�A 6�JU�T=?OQP A 7�fhA 6b7 _ J

y
K
<�A 9:JU>@7:A ;86

|∂2v0 − ∂2vI0 | ≤ c15h,
OQ6?< E j�B �Tj%F�s-J	�8JC7�7 _ JoJUN�7:A LpO%7:J

|v0 − vI0 | ≤ c16h2.
^$_ JD6bs-J _ OUS8J

|C(l)
ij | ≤ c17h2(ε+ h).

E j�B �8E0F

^$_ J$N:OQLMJ$>C;8687:9:A Z�=�7:A ;86M>@;8LMJUN�lu9:;8L�7 _ J-7:9:AaOQ6��8P JUN
T
(l)
i−1,j

K
T
(u)
i,j−1

K%OQ6?<
T
(u)
i−1,j−1

B
^$_ J�7:9:AaOQ6��8P JUN

T
(u)
ij

OQ6?<
T
(l)
i−1,j−1

<�;�6�;Q7�LpOQt8J�O$7 _ J�>C;8687c9:A Z�=+7cA ;86	A 6T7:;�7 _ J�JD9:9:;89
Z"JU>DOQ=?N/J	;Ql1JU�T=?OQP A 7�f

∂1ϕij = 0
B
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z�9:;8L E j�B �8E0F�s-J	;8Z�7cOQA 6

|af1 (v0, ϕij)− af1 (vI0 , ϕij)| ≤ 4c18(ε+ h)h2.
E j�B �Qr F

^ ;M>@;8LMX�P JC7:J&7 _ J�X�9:;�;Ql�;QlR7 _ J�JUN�7:A LpO%7:J E j�B � �0Fwlu;89
v = v0

K+s-J�JDS%OQP =?O%7:J�7 _ J
7:JD9:L |af1 (vI0 , ϕij)− ah1 (vI0 , ϕij)|

B H 6
T = T

(l)
ij

s�J _ OiSQJ

D
(l)
ij =

bi
h
(

∫

T

vI0 dΩ −
h2

2
(α1iv0,i,j + α2iv0,i+1,j))

=
bih

6
(v0,i,j + v0,i+1,j + v0,i+1,j+1 − 3α1iv0,i,j − 3α2iv0,i+1,j).

�&N/J�7 _ J ^ Oif+P ;89RJCk�X?OQ6?N/A ;86 E j�B �Tj%F"lu;89
v0,i+1,j

OQ6?<
v0,i+1,j+1

6�JUOQ9
(xi, yj)

B H+A 6?>CJ
α1i + α2i = 1

K�s�Jo�8JC7

D
(l)
ij =

bih
2

6
((2− 3α2i)∂1v0,i,j + ∂2v0,i,j) + h3π9,ij

s _ JD9:J
π9,ij

AaN�O&lu=�6?>@7:A ;86MZ";8=�6?<�JU<y;86
T
B%5
6pO	N/A LMA PaOQ9�s$OUf);86

T
(l)
i−1,j

s-J�;8Z�7cOQA 6
7 _ JoJCk�X�9:JUN:N/A ;86

D
(l)
i−1,j = −

bih
2

6
((2− 3α2,i−1)∂1v0,i−1,j + ∂2v0,i−1,j) + h3π9,i−1,j

s�A 7 _ 7 _ JoS%OQP =�J
π9,i−1,j

;Ql17 _ J	lu=�6?>@7:A ;86
π9

Z";8=�6?<�JU<b;86
T
B

� ;86?N/Aa<�JD9$7 _ J	lu=�6?>@7:A ;86

α̃(t) = t

(
exp(t)

(exp(t)− 1)2
− 1

t2

)
.

^$_ AaN�lu=�6?>@7:A ;86�OQX�X�9:;TO8> _ JUN TDJD9:;YO8N
t → 0

;89
t → +∞ B H+A 6?>CJ)A 7�A N&>C;86T7:A 6T=�;8=?N

;86Y7 _ JoA 6T7:JD9:S%OQP
(0,∞)

K�A 7�AaN$Z";8=�6?<�JU<

|α̃(t)| ≤ c19
;86

(0,∞)

s�A 7 _ OM>C;86?N�7cOQ6T7
c19

A 6?<�JDX"JD6?<�JD6T7�;Ql
h
K
ε
K
x
K
t
B ^ OQt+A 6��yA 6T7:;hO8>D>C;8=�687

∂1α2(x) =
b′1(x)

b1(x)
α̃(hb1(x)/ε),

E j�B r FGK�OQ6?<Y7 _ JoN/LM;�;Q7 _ 6�JUN:N-;Ql
b
OQ6?<bA 7cN�<�JD9:A SQO%7:A S8J%K+s-J	�8JC7

|∂1α2(x)| ≤ c19‖b′‖∞/B1.
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H+A 6?>CJ)7 _ Jylu=�6?>@7:A ;86?N
b
K
α2(x)

K
∂1v0

K
∂2v0

_ OUS8JyZ";8=�6?<�JU<�<�JD9:A S%O%7:A S8JUN&s�A 7 _
9:JUN/X"JU>@7$7:;

x
K�ZTfh7 _ JoLMJUOQ6bSQOQP =�J�7 _ JD;89:JDL s-J	�8JC7

|D(l)
ij +D

(l)
i−1,j | ≤ c20h3.

^$_ JpN:OQLMJp>C;8687:9:A Z�=�7:A ;86 >@;8LMJUN�lu9:;8L[7 _ JM7:9:AaOQ6��8P JUN
T
(u)
i,j−1

K
T
(u)
i−1,j−1

B ^$_ JM7:9:A K
OQ6��8P JUN

T
(u)
ij

OQ6?<
T
(l)
i−1,j−1

<�;y6�;Q7$LpOQt8J�Oy>C;8687:9:A Z�=�7:A ;86YA 6T7:;)7 _ J	JD9:9:;89�Z"JU>DOQ=?N/J
;Ql�7 _ JoJU�T=?OQP A 7�f

∂1ϕij = 0
B4J&N�Oy9:JUN/=�P 7!K�s-Jo�8JC7

|af1 (vI0 , ϕij)− ah1 (vI0 , ϕij)| ≤ 2c20h
3.

E j�B �T�%F

z�9:;8L E j�B � �0F�7:;8�8JC7 _ JD9�s�A 7 _ E j�B � \0FGK E j�B �Qr FGK?OQ6?< E j�B �T�%F-s-J`;8Z�7cOQA 6b7 _ J)JDN�7cA K
LpO%7:J	;Ql17 _ J`N/JU>C;86?<h7:JD9:L A 6 E j�B � j%F

|a1(v0, ϕij)− ah1 (vI0 , ϕij)| ≤ 2c21h
2(h+ ε).

E j�B � � F

� ;%s�P JC7)=?N`;8Z�7cOQA 6�7 _ JYN/AaLMA PaOQ9oJUN�7:A LpO%7:JUNolu;89o7 _ JhX?OQA 9
ρ0

OQ6?<
ρI0
B ^ ;�<�;

7 _ AaNUK�s�J`>C;86?N/Aa<�JD9-7 _ J	7 _ A 9c<Y7:JD9:L3A 6 E j�B � j%F@B H 6
T = T

(l)
ij

s�J _ OiSQJ

E
(l)
ij = aT (ρ0, ϕij)− afT (ρ0, ϕij) = −

1

h

∫

T

(bi − b(x))ρ0 dΩ.

H+A 6?>CJ |bi − b(x)| ≤ h‖b′‖∞ ;86
[xi, xi+1]

K�s-J	�8JC7

|E(l)
ij | ≤ c22

∫

T

|ρ0| dΩ.
E j�B � � F

gRJC7�=?N�JCk�OQLMA 6�J�7�s-;�S%OQ9:AaOQ6T7cN�;Ql�7 _ J�Z"J _ OiS+A ;89R;Ql�7 _ J�lu=�6?>@7:A ;86
g(y) = −v0(1, y)

B
z1A 9cN�7�O8N:N/=�LMJ$7 _ O%7

g(y)
> _ OQ6��8JUNwA 7cN�N/A �86M;86M7 _ J&N/JD�8LMJD687

[yj , yj+1]
B85 7�A 6+SQ;8P S8JUN

|g(y)| ≤ h‖g′‖∞
;86

[yj , yj+1]
B ^$_ JD9:JClu;89:J |ρ0| ≤ c23h

;86
T
OQ6?<Ys-J _ OUS8J

|E(l)
ij | ≤ c24h3.

E j�B �8�0F

� JCk+7�s-J�O8N:N/=�LMJ�7 _ O%7
g(y)

<�;�JUN�6�;Q7-> _ OQ6��8J�A 7cN�N/A �86M;86M7 _ J&N/JD�8LMJD6T7
[yj , yj+1]OQ6?<YAaNUK�lu;89�JCk�OQLMX�P J%K�6�;86�6�JD�TO%7:A S8J8B ^$_ JD6�Z+fp7 _ JoLMJUOQ6�S%OQP =�J�7 _ JD;89:JDL s-J	�8JC7

∫

T

|ρ0| dΩ =

∫

T

ρ0 dΩ =
h2

2
ρ0(τ

∗, y∗)
E j�B �8\0F

s _ JD9:J
(τ∗, y∗) ∈ T B d JU>DOQ=?N/J	;Ql E j�B r F�s-Jo;8Z�7cOQA 6

ρ0(τ
∗, y∗) ≤ c25 exp(−(1− xi+1)B1/ε).

E j�B \ n F
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� ;8L`Z�A 6�A 6�� E j�B � � FGK E j�B �8�0F V E j�B \ n FGK+s-J	�8JC7�7 _ JoJUN�7:A LpO%7:J

|E(l)
ij | ≤ c26h2(h+ exp(−(1− xi+1)B1/ε)).

^$_ J$N:OQLMJ$>C;8687:9:A Z�=�7:A ;86M>@;8LMJUN�lu9:;8L�7 _ J-7:9:AaOQ6��8P JUN
T
(l)
i−1,j

K
T
(u)
i,j−1

K%OQ6?<
T
(u)
i−1,j−1

B
H 6 7 _ Jb7:9:AaOQ6��8P JUN

T
(u)
ij

K
T
(l)
i−1,j−1

s�J _ OiSQJ
∂1ϕij = 0

OQ6?<�>C;86?N/JU�T=�JD687:P f�7 _ J
>C;8687:9:A Z�=�7:A ;86�;Ql�7 _ JUN/J	7:9:AaOQ6��8P JUN-JU�T=?OQPaN TDJD9:;?B�J&N�OM9:JDN/=�P 7�K�s-J _ OiSQJ

|a(ρ0, ϕij)− af (ρ0, ϕij)| ≤ c27h2(h+ exp(−(1− xi+1)B1/ε)).
E j�B \ G F

� ;%s[s-J�JDS%OQP =?O%7:J�7 _ J�<�A W JD9:JD6?>CJ
af1 (ρ0, ϕij) − ah1 (ρ

I
0, ϕij)

B$gRJC7�=?Nh7cOQt8J

T = T
(l)
ij

OQ6?<bA 6T7:9:;�<�=?>CJ�7 _ J	lu=�6?>@7:A ;86

ρ̂(x, y) = gI(y) exp(−(1− x)bi/ε)
s _ JD9:J

gI
AaN�7 _ J&X�A JU>CJDs�AaN/J�P A 6�JUOQ9�A 687:JD9:X ;8PaOQ687�;Ql

g
B0J&>D>C;89c<�A 6��o7:;o7 _ J�>C;86?N�7:9:=?>@K

7:A ;86b;Ql17 _ J`�T=?O8<�9cO%7:=�9:J�9:=�P J%K�s-J _ OUS8J

af1 (ρ̂, ϕij) = ah1 (ρ
I
0, ϕij).

^$_ =?NUK�;86
T
(l)
ij

s-Jo;8Z�7cOQA 6Y7 _ Jo9:JDX�9:JUN/JD6T7cO%7:A ;86

G
(l)
ij = af1T (ρ0, ϕij)− ah1T (ρI0, ϕij) = af1T (ρ0, ϕij)− af1T (ρ̂, ϕij) E j�B \Tj%F

= − 1

h

∫

T

(ε∂1(ρ0 − ρ̂)− bi(ρ0 − ρ̂)) dΩ.
^ OQt+A 6���A 6T7:;oO8>D>C;8=�6T7w7 _ J$Z J _ OUS+A ;89w;Ql"7 _ J-lu=�6?>@7:A ;86?N

ρ0
OQ6?<

ρ̂
s-J�>C;86?>CP =?<�J-7 _ O%7

7 _ J�JUN�7:A LpO%7:J�;Ql
Gij

AaN�s�;89cN�7�6�JUOQ9
x = 1

B � ;86?N/Aa<�JD9w7 _ AaN�>DO8N/J$A 6p<�JC7cOQA P B%J&N:N/=�LMJ
7 _ O%7

xi ≥ 2/3
B ^$_ JD6�s-J	�8JC7

|ρ0 − ρ̂| = |g(y) exp(−(1− x)b(x)/ε)− gI(y) exp(−(1− x)bi/ε)|
≤ |g(y) (exp(−(1− x)b(x)/ε)− exp(−(1− x)bi/ε)) |

E j�B \8E0F
+|g(y)− gI(y)| exp (−(1− x)bi/ε) .

^ ;YJUN�7:A LpO%7:J)7 _ Jy�?9cN�7&7cJC9:L[s-J)7cOQt8J)A 6T7:;�O8>D>C;8=�6T7&7 _ Jyl O8>@7�7 _ O%7�7 _ Jylu=�6?>@7:A ;86

t exp(−t) AaN�Z ;8=�6?<�JU<Ylu;89 t ∈ [0,∞)
OQ6�<�=?N/J	7 _ J`LMJUOQ6}S%OQP =�J	7 _ JD;89:JDL�B ^$_ JD6

s�Jo;8Z�7cOQA 6Y7 _ Jo=�X�X"JD9�Z";8=�6?<

c28h exp (−(1− xi+1)B1/2ε) .

H+A 6?>CJ�7 _ J&A 6T7:JD9:X";8PaOQ6T7
gI

OQX�X�9:;ik�A LpO%7:JUN
g
s�A 7 _ 7 _ J�N/JU>C;86?<M;89c<�JD9-O8>D>C=�9cO8>Cf0KQs�J

_ OUS8J�7 _ JoJUN�7:A LpO%7:Jo;Ql�7 _ J`N/JU>C;86?<h7:JD9:L3A 6 E j�B \8E0F �

|ρ0 − ρ̂| ≤ c29h (h+ exp (−(1− xi+1)B1/2ε)) .
E j�B \Qr F
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�&N/A 6��pN/A LMA PaOQ9�9:JUO8N/;86�A 6��)lu;89$7 _ J	�?9cN�7�<�JD9:A S%O%7:A S8J%K�s�Jo�8JC7

|∂1ρ0 − ∂1ρ̂| =
∣∣∣g(y)

(
b(x)

ε
− b′(x)1− x

ε

)
exp (−(1− x)b(x)/ε)

− gI(y)bi
ε
exp (−(1− x)bi/ε)

∣∣∣

≤ b(x)

ε
g(y)

∣∣ exp (−(1− x)b(x)/ε)− exp (−(1− x)bi/ε)
∣∣E j�B \T�%F

+

∣∣∣∣
1

ε

(
g(y)b(x)− gI(y)bi

)∣∣∣∣ exp (−(1− x)bi/ε)

+

∣∣∣∣g(y)b
′(x)

1− x
ε

∣∣∣∣ exp (−(1− x)b(x)/ε)

≤ c30
h

ε
exp (−(1− xi+1)B1/2ε) .

� ;8L`Z�A 6�A 6�� E j�B \Qr F-OQ6�< E j�B \T�%FGK�s-J _ OiSQJ

|G(l)
ij | ≤ c31h2 (h+ exp(−(1− xi+1)B1/2ε))

lu;89
xi ≥ 2/3.

E j�B \ � F

� ;is�O8N:N/=�LMJ�7 _ O%7
xi < 2/3

B ^$_ JD6�s-J _ OiS8J

exp(−(1− x)b1(x∗)/ε) ≤ c32ε2 ≤ c33h2
lu;89&OQP P

x∗ ∈ [xi, xi+1].

^$_ AaN$�8A S8JUN

|ρ0 − ρ̂| ≤ |g(y)|s(x) exp(−(1− x)b(x)/ε)
+ |gI(y)|s(x) exp(−(1− x)bi/ε) ≤ c34h2,

|∂1ρ0 − ∂1ρ̂| ≤ c35ε−1
(
|g(y)|s(x) exp(−(1− x)b(x)/ε)

+ |gI(y)|s(x) exp(−(1− x)bi/ε)
)
≤ c36h.

^$_ JD9:JClu;89:J&lu;89
xi < 2/3

7 _ J	lu;8P P ;%s�A 6��yJUN�7:A LpO%7:JoAaN$SQOQP Aa< �

|G(l)
ij | ≤ c37h3.

^$_ =?NUK E j�B \ � F _ ;8Pa<�N�lu;89	OQP P
xi ∈ (0, 1)

B ^$_ JMN:OQLMJ)JUN�7:A LpO%7:JUN�OQ9:J)S%OQP Aa<}lu;89&7 _ J
7:9:AaOQ6��8P JUN

T
(l)
i−1,j

K
T
(u)
i,j−1

K
T
(u)
i−1,j−1

B ^$_ JM>C;86T7:9:A Z�=�7:A ;86�lu9:;8L,7 _ J)7:9:AaOQ6��8P JUN
T
(u)
ijOQ6?<

T
(l)
i−1,j−1

AaNATDJD9:;	N/A 6?>CJ-7 _ J�<�JD9:A SQO%7:A SQJ
∂1ϕij

JU�T=?OQPaN�TDJD9:;�;86)7 _ JUN/J-7:9:AaOQ6��8P JUNDB
^$_ JD9:JClu;89:J	s�Jo;8Z�7cOQA 6

|af1 (ρ0, ϕij)− ah1 (ρI0, ϕij)| ≤ c38h2(h+ exp(−(1− xi+1)B1/2ε).
E j�B \ � F
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z1A 6?OQP P f%KUs-J�6�JDJU<	7:;�;8Z�7cOQA 6	7 _ J�JUN�7:A LpO%7:J�lu;89R7 _ J�PaO8N�7R7:JD9:L�A 6o7 _ J�9:A � _ 7/K _ OQ6?<
N/Aa<�J	;Ql E j�B � j%F�lu;89$7 _ J	lu=�6?>@7:A ;86?N

η
OQ6?<

ηI �
∣∣a1(η, ϕij)− ah1 (ηI , ϕij)

∣∣ .
H 6

T = T
(l)
ij

s-Jo>C;86?N/Aa<�JD9

H
(l)
ij = a1T (η, ϕij)− af1T (η, ϕij) = −

1

h

∫

T

(bi − b(x))η dΩ.
d JU>DOQ=?N/J

η
AaNMZ";8=�6?<�JU<�;86

T
O8>D>C;89c<�A 6���7:; gRJDLMLpO G \�OQ6?<

b
AaNpN/= �h>CA JD6T7:P f

N/LM;+;Q7 _ K�s-J	�8JC7
∣∣∣H(l)

ij

∣∣∣ ≤ c39h2.
^$_ J	>C;86T7:9:A Z�=�7:A ;86hlu9:;8L.7 _ J	;Q7 _ JD9�7:9:AaOQ6��8P JUN�s�A 7 _ 7 _ J	S8JD9/7:JCk

zij = (xi, yj)
_ O8N

7 _ J`N:OQLMJ	;89c<�JD9UB ^$_ JD9:JClu;89:J�s-J _ OUS8J
∣∣∣a1(η, ϕij)− af1 (η, ϕij)

∣∣∣ ≤ 4c39h
2.

� ;is�s-JyJUN�7:A LpO%7:J)7 _ JM<�A W JD9:JD6?>CJ ∣∣∣af1 (η, ϕij)− af1 (ηI , ϕij)
∣∣∣ .

H 6
T = T

(l)
ij

s�J
_ OUS8J

I
(l)
ij = − 1

h

∫

T

ε(∂1η − ∂1ηI)− bi(η − ηI)) dΩ.
�&=�J	7:; E j�B r8r F�s-J	�8JC7

|∂1η| ≤ c40
(
1 + ε−1 exp (−B1(1− xi+1)/2ε)

) ;86
T.

E j�B \8�0F
d JU>DOQ=?N/JM;Ql$7 _ Jbg�OQ�89cOQ6��8Jy7 _ JD;89:JDL |∂1ηI(x, y)| = |∂1η(t, yj)|

;86
T
B�5 7)A 6�K

SQ;8P S8JUNo7 _ JbN:OQLMJYJUN�7:A LpO%7:JbO8N E j�B \8�0F�lu;89yZ";Q7 _ JCk�X�9:JUN:N/A ;86?NDB ��6?<�JD9 E j�B �%n Fos�J
;8Z�7cOQA 6

ε|∂1η − ∂1ηI | ≤ c41ε
(
1 + ε−1 exp (−B1(1− xi+1)/2ε)

)
.

E j�B \8\0F
z�=�9/7 _ JD9!K?A 6�;89c<�JD9�7:;YJUN�7:A LpO%7:Jo7 _ Jy<�A W JD9:JD6?>CJ

η − ηI ;86 T s-J)=?N/Jo7 _ J ^ Oif+P ;89
lu;89:L`=�PaO)lu;89

η
A 6b7 _ J	lu;89:L

η(x, y) = ηij + (y − yj)∂2η(xi, yj) + hπ10(x, yj).
E j�B GUn8n F

��JD9:J	Z"JU>DOQ=?N/J	;Ql E j�B r8r F�OQ6?< E j�B r+�%F�7 _ J	lu=�6?>@7:A ;86
π10

N:O%7:AaN��?JUN-7 _ JoA 6�JU�T=?OQP A 7�f

|π10| ≤ c42
(
1 + hε−1 + ε−1 exp (−B1(1− xi+1)/2ε)

) E j�B GUn�G F
;86

T
B?|};89:JD;iS8JD9!K+s�J _ OiSQJ

ηI(x, y) = ηij + (x− xi)
ηi+1,j − ηij

h
+ (y − yj)

ηi,j+1 − ηij
h

;86
T.
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�&N/A 6�� E j�B GUn8n F�lu;89
ηi+1,j

OQ6?<
ηi,j+1

K�s-J	;8Z�7cOQA 6

|η − ηI | ≤ c43h
(
1 + ε−1h+ ε−1 exp (−B1(1− xi+1)/2ε)

)
.

E j�B GUn j%F
� ;8L`Z�A 6�A 6�� E j�B \8\0F-OQ6�< E j�B GUn j%F�s-Jo�8JC7�;86

T

|I(l)ij | ≤ c44
h2

ε
(ε+ h+ exp (−B1(1− xi+1)/2ε)).

E j�B GUn E0F

^$_ J�N:OQLMJbJUN�7:A LpO%7:J�AaNySQOQP Aa< lu;89y7 _ Jb7:9:AaOQ6��8P JUN
T
(l)
i−1,j

K
T
(u)
i,j−1

K
T
(u)
i−1,j−1

B ^$_ J
>C;8687:9:A Z�=�7:A ;86plu9:;8L�7 _ J&7:9:AaOQ6��8P JUN

T
(u)
ij

OQ6?<
T
(l)
i−1,j−1

JU�T=?OQPaN TDJD9:;?B ^$_ JD9:JClu;89:J�s�J
_ OUS8J

|af1 (η, ϕij)− af1 (ηI , ϕij)| ≤ c45
h2

ε
(ε+ h+ exp (−B1(1− xi+1)/2ε)).

E j�B GUn r F
5 7�9:JDLpOQA 6?N�7:;pJDS%OQP =?O%7:J�7 _ J`<�A W JD9:JD6?>CJ

|af1 (ηI , ϕij)− ah1 (ηI , ϕij)|.
E j�B GUn �%F

H 6
T = T

(l)
ij

s-J _ OiSQJ

J
(l)
ij = −bi

h
(

∫

T

ηI dΩ − h2

2
(α1iηij + α2iηi+1,j))

= −b1ih
6

(ηij + ηi+1,j + ηi+1,j+1 − 3α1iηij − 3α2iηi+1,j).

�&N/Jo7 _ J ^ Oif+P ;89�lu;89:L`=�PaOpA 6�7 _ J`lu;89:L E j�B GUn8n F�lu;89
ηi+1,j

OQ6?<
ηi+1,j+1

OQ6?<b7 _ J
JU�T=?OQP A 7
f

α1i + α2i = 1
B$H+A 6?>CJ

α1i
K
α2i

K?OQ6?<
b(x)

OQ9:J	Z";8=�6?<�JU< K�s-J _ OiSQJ

J
(l)
ij =

bih
2

6
∂2ηij + h2π11(x, y)

s�A 7 _ 7 _ J�JUN�7:A LpO%7:J�;Ql
π11(x, y)

N/A LMA PaOQ9�7:; E j�B GUn�G F@B � ;86�N/A <+JD9:A 6�� E j�B GUn �%Fw;86p7 _ J
7:9:AaOQ6��8P J

T
(l)
i,j−1

K�s�Jo�8JC7

|J (u)ij + J
(u)
ij−1| ≤ c46

h2

ε
(ε+ h+ exp (−B1(1− xi+1)/2ε)).

^$_ J	7:9:A OQ6��8PaJDN
T
(u)
i−1,j−1

OQ6?<
T
(u)
i,j−1

LpOQt8J	7 _ J)N:OQLMJ)>C;8687:9:A Z�=�7:A ;86RB ^$_ J`>C;86T7:9:A K
Z�=�7:A ;86�;Ql�7 _ J	7:9:AaOQ6��8P JUN

T
(u)
ij

OQ6?<
T
(l)
i−1,j−1

JU�T=?OQPaN TDJD9:;?B
^$_ JD9:JClu;89:J�lu;89 E j�B GUn �%F�s-J	�8JC7

∣∣∣af1T (ηI , ϕij)− ah1T (ηI , ϕij)
∣∣∣ E j�B GUn8� F

≤ c47
h2

ε
(ε+ h+ exp (−B1(1− xi+1)/2ε)) .
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� ;8L)Z�A 6�A 6�� E j�B � E0FGK E j�B �%� FGK E j�B � � FGK E j�B \ � FGK�OQ6?< E j�B GUn8� FGK�<�=�JM7:; E j�B �%n F�s�J
;8Z�7cOQA 6Y7 _ JoJUN�7:A LpO%7:J E j�B �+G F@B

2^$_ JY6�JCk+7)9:JUN/=�P 7)�8A S8JUNo7 _ JYZ�OQ9:9:AaJC9olu=�6?>@7:A ;86?N`7:;�JUN�7:A LpO%7:Jh7 _ Jh9:A � _ 7/K _ OQ6?<
N/Aa<�J	;Ql E j�B �+G F@B

�FA�� �7> � �.J�� � � 	 � � ���
	 � � ��
����
ε ≤ c1h

E j�B GUn+� F

� � ��
 � ��� � �
� � � � c1 ����
 ����� ����� �
� ��
 � � � � 
 
 	 � � � � � � � ϕh � ��� ψh � � Ω̄h
� � ��


��
 ��� � � ����� � � � �
|ϕh| ≤ c2 � � Ωh,

E j�B GUn �0F
|ψh| ≤ c3h � � Ωh

E j�B GUn \0F

�
	���
 ��
����

Lhϕh ≥ h2 � � Ωh,
E j�B G8GUn F

ϕh ≥ 0 � � Γh
E j�B G8G8G F

� ���

Lhψh ≥ h2 exp (−B1(1− xi+1)/2ε)
� � Ωh,

E j�B G8G j%F
ψh ≥ 0 � � Γh.

E j�B G8G E0F

� ?BE E�/ J � ;86?N/Aa<�JD9-7 _ JoJCk�X�9:JUN:N/A ;86

1

h

(
bi exp(si)

exp(si)− 1
− bi−1 exp(si−1)

exp(si−1)− 1

) E j�B G8G r F

s _ JD9:J
si = bih/ε

BR5 7)>DOQ6�Z"JM7 _ ;8=�� _ 7)O8N�7 _ Jh<�A W JD9:JD6?>CJM;Ql�7 _ JpSQOQP =�JUN�;Ql-7 _ J
lu=�6?>@7:A ;86

f(s) = (s exp(s))/(exp(s) − 1)
O%7)6�JDA � _ Z";89:A 6���6�;�<�JUN`;Ql�7 _ JY�89:Aa<�B

^$_ JD6bZ+fh7 _ JoLMJUOQ6bSQOQP =�J�7 _ JD;89:JDL s�J _ OiSQJ

ε

h2

∣∣∣∣
si exp(si)

exp(si)− 1
− si−1 exp(si−1)

exp(si−1)− 1

∣∣∣∣ ≤
ε

h2
f ′(s∗)|si − si−1| E j�B G8G �%F

≤ f ′(s∗)b′(x∗) ≤ c5
s _ JD9:J

s∗ ∈
[
B1h

ε
,
B2h

ε

]
.

��J	7cOQtQJoA 687:;hO8>D>C;8=�687�7 _ JoJUN�7:A LpO%7:J

|si − si−1| =
h

ε
|bi − bi−1| ≤

h

ε
b′(x∗)h, x∗ ∈ [xi−1, xi].
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^$_ =?NUK�7 _ J`<�A W JD9:JD6?>CJ E j�B G8G r F�AaN$Z ;8=�6?<�JU<�B
� ;%s�s-J`>C;86�N/A <+JD9$7 _ JoJCk�X�9:JUN:N/A ;86

1

h

(
bi

exp(si)− 1
− bi−1

exp(si−1)− 1

)
.

E j�B G8GU� F

5
6YO`N/A LMA PaOQ9�s$Oifys�J&A 6T7:9:;�<�=?>CJ�7 _ J�lu=�6?>@7:A ;86
f(s) = s/(exp(s)− 1)

B �&N/A 6��`7 _ J
LMJUOQ6bS%OQPa=�J	7 _ JD;89:JCL3s�Jo�8JC7$7 _ JoJUN�7:A LpO%7:J	lu;89 E j�B G8GU� F

ε

h2

∣∣∣∣
si

exp(si)− 1
− si−1

exp(si−1)− 1

∣∣∣∣ ≤
ε

h2
f ′(s∗∗)|si − si−1| E j�B G8G%� F

≤ f ′(s∗∗)b′(x∗∗) ≤ c6
s _ JD9:J

s∗∗ ∈
[
B1h

ε
,
B2h

ε

]
, x∗∗ ∈ [xi−1, xi].

^$_ =?NUK�7 _ J`<�A W JD9:JD6?>CJoA 6 E j�B G8GU� F�AaN�OQPaN/;MZ";8=�6?<�JU<�B
v�=�7

σ = 4(c5 + c6)/B1
OQ6?<bA 687:9:;�<�=?>CJ�7 _ J	lu=�6?>@7:A ;86

ϕh Z+f

ϕh
0,j = 0,

ϕh
i,j − ϕh

i−1,j

h
= σ exp(σxi), i = 1, ..., n; ∀ j = 1, ..., n− 1.

��J�s$OQ687R7:;�N _ ;%s�7 _ O%7
ϕh N:O%7:AaN��?JUN"7 _ J�>C;86?<�A 7:A ;86?N E j�B G8GUn FGK E j�B G8G8G F@BC��JDs�9:A 7:J

1

h2
Lhϕh A 6b7 _ J	lu;89:L

− bi−1 exp(si−1)

h (exp(si−1)− 1)
ϕh
i−1,j +

(
bi−1

h (exp(si−1)− 1)
+

bi exp(si)

h (exp(si)− 1)

)
ϕh
ijE j�B G8G �0F

− bi
h (exp(si)− 1)

ϕh
i+1,j .

��JUOQ9:9cOQ6��QA 6��)7 _ J	7:JD9:LpN$A 6 E j�B G8G �0FGK+s-J _ OiS8J

bi exp(si)

h (exp(si)− 1)

(
ϕh
ij − ϕh

i−1,j

)
− bi
h (exp(si)− 1)

(
ϕh
i+1,j − ϕh

ij

)

+
1

h

(
bi exp(si)

exp(si)− 1
− bi−1 exp(si−1)

exp(si−1)− 1

)
ϕh
i−1,j

E j�B G8G \0F

− 1

h

(
bi

exp(si)− 1
− bi−1

exp(si−1)− 1

)
ϕh
i0.

^ OQtQJ�A 6T7:;�>@;86?N/Aa<�JD9cO%7:A ;86�7 _ J�A 6�JU�T=?OQP A 7:A JUN
exp(−bih/ε) ≤ exp(−B1h/ε) ≤ 1/2lu;89

c1 = B1/ ln(1/2)
A 6 E j�B GUn+� F�OQ6?<

exp(σh) ≥ 1
B ^$_ JD6�7 _ Jb<�A W JD9:JD6?>CJh;Ql
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7
s-;y�?9cN�7�7:JD9:LpN$A 6 E j�B G8G \0F _ O8N-7 _ JoP ;%s-JD9$JUN�7:A LpO%7:J

bi exp(si)

exp(si)− 1
σ exp(σxi)−

bi
exp(si)− 1

σ exp(σxi+1)

=
bi exp(si)

exp(si)− 1
σ (exp(σxi)− exp (σxi + hσ − bih/ε))

≥ 1

2
σbi exp(σxi) ≥

1

2
σB1 exp(σxi).

5
6�S+A JDse;Ql�7 _ Jy<�JC�?6�A 7:A ;86�;Ql
σ
7 _ J`�?9cN�7&7:JD9:L A 6 E j�B G8G \0F$AaN�7
s�Aa>CJyO8N�L)=?> _

O8N�7 _ J�9:JDLpOQA 6�A 6��`7�s-;`7:JD9:LpNUK _ JD6?>CJ&7 _ J	>C;86?<�A 7:A ;86?N E j�B G8GUn FGK E j�B G8G8G F�OQ9:J&SQOQP Aa<�B
H _ ;%s 7 _ O%7p7 _ J�>C;86?<�A 7:A ;86 E j�B GUn �0F _ ;8Pa<�Nylu;89M7 _ J�lu=�6?>@7:A ;86

ϕh B�z�9:;8L 7 _ J
<�JC�?6�A 7:A ;86�;Ql

ϕh s-J _ OiS8J

ϕh
i,j − ϕh

0,j

h
= σ

i∑

k=0

exp(σxk) = σ exp(σxi)
i∑

k=0

exp(−kσh).

^$_ JD6
ϕh _ O8N$7 _ J�lu;8P Pa;is�A 6��M9:JDX�9:JUN/JD6T7cO%7:A ;86

ϕh
ij = hσ exp(σxi)

i∑

k=0

exp(−kσh).

^$_ JhN/=�L A 6�7 _ AaN`JCk�X�9:JUN:N/A ;86�AaN	7 _ JhX?OQ9/7:AaOQP�N/=�L ;Ql�O��8JD;8LMJC7:9:Aa>yX�9:;8�89:JUN:N�A ;86 K
_ JD6?>CJ	s-Jo�8J@7�7 _ JoJUN�7:A LpO%7:J

ϕh
ij ≤

hσ exp(σxi)

1− exp(−σh) .
z�;89�N/= �h>CA JD687:P fbN/LpOQP P

h
7 _ J	lu;8P P ;%s�A 6��yA 6�JU�T=?OQP A 7�f _ ;8Pa<�N �

σh

1− exp(−σh) ≤ 2.

5 7h>DOQ6 Z"J�X�9:;%S8JU< =?N/A 6���7 _ J ^ Oif+P ;89yJCk�X?OQ6?N/A ;86 ;Ql&7 _ Jblu=�6?>@7:A ;86
f(t) = 1 −

exp(−t) O%7 TDJD9:;?B ^$_ JD6�s�J _ OUS8J
ϕh
ij ≤ 2 exp(σxi)

;86
Ωh

B ^$_ J)X�9:;+;Ql�;Qlw7 _ J
X�9:;8X"JD9/7:A JUN-;Ql

ϕh
ij

AaN�>C;8LMX�P JC7:J8B
� ;%sm>C;86?N/Aa<�JD9$7 _ J	lu=�6?>@7:A ;86

ψh <�JC�?6�JU<bZTf

ψh
ij − ψh

i−1,j

h
= exp(−B1(1− xi+1)/2ε) ∀ j = 0, 1, ..., n; ψh

i,0 = 0.

5
6b;89c<�JD9$7:;MX�9:;%S8J&7 _ JoX�9:;8X"JD9/7:A JUN E j�B G8G j%FGK E j�B G8G E0F�s�J`>C;86?N/Aa<�JD9

1

h2
Lhψh = − bi−1 exp(si−1)

h (exp(si−1)− 1)
ψh
i−1,j E j�B G j n F

+

(
bi−1

h (exp(si−1)− 1)
+

bi exp(si)

h (exp(si)− 1)

)
ψh
ij −

bi
h (exp(si)− 1)

ψh
i+1,j .
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z�;89�>C;86TS8JD6�A JD6?>CJ	s-J	9:JUOQ9:9cOQ6��QJ&7:JD9:LpN �

bi exp(si)

h (exp(si)− 1)

(
ψh
ij − ψh

i−1,j

)
− bi
h (exp(si)− 1)

(
ψh
i+1,j − ψh

ij

)

+
1

h

(
bi exp(si)

exp(si)− 1
− bi−1 exp(si−1)

exp(si−1)− 1

)
ψh
i−1,j

E j�B G j G F

− 1

h

(
bi

exp(si)− 1
− bi

exp(si)− 1

)
ψh
i .

^ OQtQJYA 6T7:;�>C;86?N/Aa<�JD9cO%7:A ;86�7 _ JbA 6�JU�T=?OQP A 7�f
exp (−B1h/2ε) ≤ 1/2

s _ Aa> _�_ ;8Pa<�N
lu;89

ε ≤ hB1/ ln 4
B ^$_ JD6bs-J	JUN�7:A LpO%7:J�7 _ J`<�A W JD9:JD6?>CJ	;Ql�7 _ J	��9cN�7�7
s-;y7:JD9:LpN$A 6

E j�B G j G F �
bi exp(si)

exp(si)− 1
exp(−B1(1− xi+1)/2ε)−

bi
exp(si)− 1

exp(−B1(1− xi+2)/2ε)

=
bi exp(si)

exp(si)− 1
exp(−B1(1− xi+1)/2ε)

(
1− exp

(
B1h

2ε
− bih

ε

))

≥ 1

2
bi exp(−B1(1− xi+1)/2ε) ≥ c10 exp(−B1(1− xi+1)/2ε)

s�A 7 _ 7 _ J`>C;86?N�7cOQ687
c10 = B1/2

B
^$_ J�>C;+J��h>CA JD6T7cNY;Ql

ψh
i−1,j

OQ6?<
ψh
i+1,j

OQ9:J�Z";8=�6?<�JU<�;86
Ωh

<�=�J�7c; 7 _ J
JUN�7:A LpO%7:JUN E j�B G8G �%F&OQ6?< E j�B G8G%� FGK"9:JUN/X JU>@7:A SQJDP fTB H+A 6?>CJy7 _ Jylu=�6?>@7:A ;86?N

ψh
i−1,j

OQ6?<

ψh
i+1,j

7 _ JDLpN/JDP S8JUNpOQ9:Jb;Ql&7 _ Jb�?9cN�7p;89c<�JD9ys�A 7 _ 9:JUN/X"JU>@7M7:;
h
K�s�J�;8Z�7cOQA 6�7 _ J

JUN�7:A LpO%7:J E j�B G8G j%F@B
� JCk+7os-JyJCk�OQLMA 6�J)7 _ Jp>C;86?<�A 7:A ;86 E j�B GUn \0F�lu;89

ψh B 5
6�7 _ JpN:OQLMJys-Oif�O8N&lu;89
7 _ J	lu=�6?>@7:A ;86

ϕh K�s-J _ OiSQJ

ψh
ij = ψh

0j + h exp(−B1(1− xi+1)/2ε)

i∑

k=0

exp(−kB1h)/2ε)

≤ h exp(−B1(1− xi+1)/2ε)
1

1− exp(−B1h/2ε)

≤ c8h exp(−B1(1− xi+1)/2ε) ≤ c9h
;86

Ωh.
^$_ =?NUK�7 _ J	lu=�6?>@7:A ;86

ψh N:O%7:AaN��?JUN E j�B GUn \0F@B ^$_ AaN�>C;8LMX�P JC7:JUN-7 _ JoX�9:;+;Ql�B
¤z1A 6?OQP P f%K�=?N/A 6��pgRJDLMLpO%7cOpj n OQ6?<�j G K�s-J�lu;89:L)=�PaO%7:J�7 _ JoLpOQA 6�9:JUN/=�P 7UB

� P9A E3?BA�� ��� J�� ���
	 � � ��
����
E j�B r F�K E j�B j n F 
���� � � ��
 � � ��
 ����� ����� �
� ��� � �
� � � � �

h0 � ��� c1 � ��������� ����� � � ��
 h � ��� ε �
	���
 ��
���� ∀ h ≤ h0 � ��� 
�� � ε ≤ h ��
 �
� ��� 	 � � � � uh ��
 ��
 � � � ��� � ��� E j�B � �%F � ��� � � � � � ��
 ��� �
� ��� ��� �

max
Ω̄h

|u− uh| = ‖uI − uh‖∞,h ≤ c1h
E j�B G j8j%F
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� 
 ����� u � � ��
 � � ��� 	 � � � � ��
 ��
 ��� � ��� � ��� E j�B G �0FGK E j�B G \0F �
� ?BE E�/ J�5
687:9:;�<�=?>CJ�7 _ J	lu=�6?>@7:A ;86

φh = c2hϕ
h + c3ψ

h

s�A 7 _
ϕh OQ6?<

ψh lu9:;8L3gRJDLMLpOhj G B�z�9:;8L E j�B G8GUn F�V E j�B G8G E0F�s-Jo�8JC7

|Lhφh| ≥ h2 (h+ exp (−B1(1− xi+1)/2ε))
A 6

Ωh,

|φh| ≥ 0
;86

Γh.

^$_ JD6bZ+fbgRJDLMLpOpj G 7 _ JoA 6�JU�T=?OQP A 7�f

|φh| ≤ c4h
;86

Ω̄h

_ ;8Pa<�NDBT5
6bS+A JDs�;QlR7 _ J	<�JC�?6�A 7:A ;86 E j�B �8� F�;QlR7 _ J	;8X"JD9cO%7:;89
Lh OQ6?<hZTfhgRJDLMLpOMj n

s�J _ OiSQJ

|Lh(uh − uI)ij | ≤ c5h2(ε+ h+ exp(−(1− xi+1)B1/2ε))

≤ Lh(φh)ij ∀ i, j = 1, ..., n− 1.

^$_ JD9:JClu;89:J

|uh(xi, yj)− u(xi, yj)| ≤ c6h
lu;89

1 ≤ i ≤ n − 1
OQ6?<

1 ≤ j ≤ n − 1
B�z�;89

i = 0, n
OQ6?<

j = 0, ..., n
;89

lu;89
j = 0, n

OQ6?<
i = 0, ..., n

7 _ J`<�A W JD9:JD6?>CJ
uh(xi, yj)− u(xi, yj)

JU�T=?OQPaN TDJD9:;?B
H+A 6?>CJ

uI(xi, yj) = u(xi, yj)
K�s-J _ OUS8J E j�B G j8j%F@B

¤

� J�� �%E����	��?BU�
��
RNE�� E�/ �
P9A � A��
P9EQT / E3? �
P9A<C9?BE��
	NA�� � R �
P ?BA �.U 	N>@?
> �9T�C�> ?B> �FE 	NR�
 �FE.U��9T9>@?���	N>�� AD?��

5
6b7 _ AaN�N/JU>@7:A ;86�s-Jo9:J �
JU>@7�7 _ J`9:JUN�7:9:Aa>@7:A ;86 E j�B j n F-OQ6?<�>C;86?N/Aa<�JD9$7 _ J)>C;86+SQJU>@7:A ;86�K
<�A W =?N/A ;86)X�9:;8Z�P JDLes _ ;TN/J$N/;8P =�7:A ;86 _ O8N19:JD�8=�PaOQ9wOQ6?<`X?OQ9cOQZ";8P Aa>�Z";8=�6?<�OQ9:f	PaOif8JD9cNDB

� J��QJ�� � ?BE3CFAD? �
RNA���E�/ �
P9A<T9R��FAD?BA�� �
RN>
	FC9?BE��
	NA�� J
� ;86?N/Aa<�JD9$7 _ JoX�9:;8Z�P JDL E j�B G FGK E j�B j%F-=�6?<�JD9$7 _ J`>C;86?<�A 7:A ;86?N E j�B E0F�V E j�B �%F@B
^ ;�<�JUN:>C9:A Z"J�7 _ J�Z J _ OUS+A ;8=�9�;Ql�7 _ J$N/;8P =�7:A ;86olu;891N/LpOQP P

ε,
s-J�=?N/J�7 _ J�lu;8P P ;%s�A 6��

JCk�X?OQ6?N/A ;86Y;Ql17 _ J`N/;8P =�7:A ;86

u = u0 + ρ0 + εη
;86

Ω̄.
E j�B G jQE0F

��JD9:J
u0

AaN$7 _ J`N/;8P =�7:A ;86b;Ql17 _ J L X?OQ9/7:A OQP P fp9:JU<�=?>CJU< L�X�9:;8Z�P JDL

Lparu0 ≡ −ε∂22u0 + ∂1(bu0) = f
A 6

Ω,
E j�B G j%r F

u0 = 0
;86

Γin ∪ Γtg.
E j�B G j8�%F
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^$_ J�lu=�6?>@7:A ;86
ρ0

AaN$7 _ Jo9:JD�8=�PaOQ9$Z";8=�6?<�OQ9:fpPaOif8JD9�>C;8LMX ;86�JD687

ρ0(x, y) = g(y)s(x) exp (−(1− x)b(x)/ε) E j�B G j � F
s _ JD9:J

g(y) = −u0(1, y)
;86

Γout.
E j�B G j � F

^$_ JM>C=�7/K ;QW lu=�6?>@7:A ;86
s(x) ∈ C4[0, 1]

s$O8N�A 6T7:9:;�<�=?>CJU<�A 6 E G B \0F@B ^$_ Jyl =�6?>@7:A ;86
u0

A 6 E j�B G jQE0FGK =�6�P A t8Jy7 _ JpOQ6?OQP ;8�8;8=?N�>C;8LMX ;86�JD687oA 6 E j�B j%r FGK AaN	6�;Q7`N/LM;+;Q7 _ A 6
7 _ J

y
K
<�A 9:JU>@7:A ;86RB d =�7�A 7&N�7:A P PRAaN�N/= �h>CA JD6T7:P fbN/LM;+;Q7 _ A 6b7 _ J

x
K
<�A 9:JU>@7:A ;86RB

^$_ Jb;8X"JD9cO%7:;89
Lpar

N:O%7:AaN��?JUNo7 _ J�>C;8LMX?OQ9:AaN/;86 X�9:A 6?>CA X�P J8B ��JYlu;89:L)=�PaO%7:JYA 7
lu;89$7 _ J	l OQLMA P fh;Ql�<�A W JD9:JD6T7:AaOQP�;8X JD9cO%7:;89:N

Lparv ≡ −ε∂22v + b∂1v + dv
E j�B G jQ�0F

s _ JD9:J
b(x)

N:O%7:AaN��?JUNY7 _ J�>C;86?<�A 7:A ;86?N E j�B E0FGK E j�B r FYOQ6?<
d(x)

AaN�O N/= �h>CA JD6T7:P f
N/LM;+;Q7 _ Z";8=�6?<�JU<hlu=�6?>@7:A ;86�s _ Aa> _ s�A P P�Z JoN/X"JU>CA �?JU<plu=�9/7 _ JD9�A 6bJUO8> _ A 6?<�A S+Aa<�=?OQP
>DO8N/J8B
�FA�� �7> � �QJ�� ���
	 � � ��
���� ε > 0 � ���

E j�B E0FGK E j�B r F 
���� � � � ���
	 � � ��� � � ��
����
u,w ∈ C2(Ω̄) � ��� � � 
 � ��
 �
� � ��
 	���� � � � � �

|Lparu| ≤ Lparw � � Ω, |u| ≤ w � � Γin ∪ Γtg.
E j�B G jQ\0F

��
 � � � � 
�� �	�
|u| ≤ w � � Ω̄.

E j�B G E n F
^$_ J)P JDLMLpOb>DOQ6�Z"JyX�9:;iS8JU<}A 6}7 _ JMN:OQLMJ)s$Oif�O8N�gRJDLMLpO G EMlu;89&7 _ Jy;8X"JD9cO%7:;89
L B ^$_ J-lu;8P P ;%s�A 6��&P JDLMLpO%7cO��8A SQJ$N/;8LMJ-JUN�7:A LpO%7cJDNw;Ql�7 _ J-lu=�6?>@7:A ;86?N1lu9:;8L E j�B G jQE0F
OQ6?<};Ql�A 7cN�<�JD9:A S%O%7:A S8JUNUK�7 _ O%7	OQ9:J`9:JU�T=�9:JU<b7:;b>C;86?N�7:9:=?>@7�OQ6?<�7:;YA 6+S8JUN�7:A �TO%7:Jo7 _ J
<�AaN:>C9:JC7:J	X�9:;8Z�P JDL�B
�FA�� �7> � �VJ�� ���
	 � � ��
���� ε > 0 � � �
	�
 � � � � ��� � � � ���
��� ��� E j�B E0FGK E j�B r F 
���� � �
��
 � � ��
 ��� �
� ��� ��� �

∣∣∣∣
∂ju(x, y)

∂yj

∣∣∣∣ ≤ c1
(
1 + ε−j/2B(y)

)
, j = 1, 2, 3, � � Ω̄

E j�B G E G F

� � � ��� � � � 
 ����� B(y) = exp (−γy/√ε)+exp (−γ(1− y)/√ε) � � ��
�� ��� � �
� � � �
γ > 0 �
� ?BE E�/ J�H+JC7

d(x) = b′(x)
lu;89h7 _ J�;8X"JD9cO%7:;89 L A 6T7:9:;�<�=?>CJU<�Z+f E j�B � F@B$gRJC7

σZ"JM<�JC�?6�JU<�Z+f E j�B GUn F@B J&N:N/=�LMJ)7 _ O%7
ε
N:O%7:AaN��?JUN&7 _ JM>C;86?<�A 7:A ;86 E j�B G j%F@B z�;89�7 _ J

Z?OQ9:9:A JD9�lu=�6?>@7:A ;86

w(x, y) = c2
(
1− exp

(
−γy/

√
ε
))

exp(σx)
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s�JoX�=�7
γ =

√
B1/2

OQ6?<
c2 = 2‖f‖∞/B1

B4J&>D>C;89c<�A 6��)7:; E j�B G E0F�s-J _ OUS8J

(Lw)(x, y) = c2γ
2 exp

(
−γy/

√
ε
)
exp(σx) +

(
−εσ2 + σb(x) + d(x)

)
w(x, y)

≥ |(Lu)(x, y)| lu;89
(x, y) ∈ Ω,

w(x, y) ≥ |u(x, y)| = 0
lu;89

(x, y) ∈ Γ.
^$_ =?NUK?OQX�X�P f+A 6��pgRJDLMLpO G Eys-JoN/JDJ	7 _ O%7$7 _ J`N/;8P =�7:A ;86

u
AaN$Z";8=�6?<�JU<b;86

Ω̄
B

d JUN/Aa<�JUNUK�<�=�Jb7c;�7 _ J�JU�T=?OQP A 7�f
w(x, 0) = 0

;86�7 _ J�Z";8=�6?<�OQ9:f
y = 0

7 _ J
JUN�7:A LpO%7:J

|∂2u(x, 0)| ≤ ∂2w(x, 0) ≤ c3ε−1/2.
E j�B G ETj%F

_ ;8Pa<�NDB ^ ;MX�9:;%S8J&7 _ J`N:OQLMJ	JUN�7:A LpO%7:Jo;86Y7 _ JoZ";8=�6?<�OQ9:f
y = 1

s-J�7cOQt8J

w(x, y) = c4
(
1− exp

(
−γ(1− y)/

√
ε
))

exp(σx)

O8N$7 _ J)Z?OQ9:9:A JD9$lu=�6?>@7:A ;86�OQ6?<�=?N/JygRJDLMLpO G E�B�5
6�OpN/A LMA PaOQ9&s$OUf�O8N E j�B G ETj%FGK�s�J
�8JC7

|∂2u(x, y)| ≤ ∂2w(x, y) ≤ c5ε−1/2
lu;89

(x, y) ∈ Γtg.
E j�B G E8E0F

5
6�O8<�<�A 7:A ;86 K�Z"JU>DOQ=?N/J	;Ql E j�B j%F�s-J _ OiS8J

|∂2u(x, y)| = 0
lu;89

(x, y) ∈ Γin ∪ Γout.
E j�B G EQr F

^ ;�X�9:;%S8Jp7 _ JbJUN�7:A LpO%7:J E j�B G E G F	lu;89
j = 1

s-Jb<�A W JD9:JD6T7:AaO%7:JY7 _ JbJU�T=?O%7:A ;86
E j�B G F�s�A 7 _ 9:JUN/X"JU>@7$7c;

y
B���JoA 6T7:9:;�<�=?>CJ	7 _ J	6�;Q7cO%7:Aa;86

v1 = ∂2u
B ^$_ JD6�s-J	�8JC7

Lv1 = ∂2f
A 6

Ω.

��_ ;+;TN/A 6���O�N/= �h>CA JD6T7:P f PaOQ9:�8JYX";TN/A 7:A S8J�>C;86?N�7cOQ6T7
c6

s�J}N/JDJY7 _ O%7M7 _ J�Z?OQ9:9:A JD9
lu=�6?>@7:A ;86

w(x, y) = c6

(
1 + ε−1/2B(y)

)
exp(σx)

N:O%7:AaN��?JUN�7 _ Jo9:JDPaO%7:A ;86?N

(Lw) (x, y) = c6γ
2ε−1/2B(y) exp(σx) +

(
−εσ2 + σb(x) + d(x)

)
w(x, y)

≥ |(Lv1)(x, y)|
lu;89

(x, y) ∈ Ω,
w(x, y) ≥ |v1(x, y)|

lu;89
(x, y) ∈ Γ.

^$_ =?NUK�lu;89
∂2u

gRJDLMLpO G E)f�A JDPa<�N�7 _ JoJUN�7:A LpO%7:JoN/A LMA PaOQ9$7:; E j�B G E G Fwlu;89
j = 1

;86

Ω̄
B
^ ;pX�9:;iS8J�7 _ J`JUN�7:A LpO%7:J E j�B G E G F�lu;89

j = 2
s-J	7�s�Aa>CJ`<�A W JD9:JD687:AaO%7:Jo7 _ JoJU�T=?O%K

7:A ;86 E j�B G F`s�A 7 _ 9:JUN/X"JU>@7y7:;
y
B2H+JC7

v2 = ∂22u
B �&=�Jb7:; E j�B j%F

v2 = 0
;86 7 _ J
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Z";8=�6?<�OQ9:f
Γin ∪ Γout

BAH+A 6?>CJ
∂11u = 0

;86
Γtg

K1Z"JU>DOQ=?N/J E j�B G FGKwOQ6?< E j�B E0Fos�J
_ OUS8J

|v2| = |∂22u| = | − ∂11u+ ε−1(b(x)∂1u+ u∂1b− f)| ≤ c7ε−1
;86

Γtg.
E j�B G ET�%F

J&N$Z JClu;89:J%K+7 _ JoZ?OQ9:9:A JD9-lu=�6?>@7:A ;86

w(x, y) = c8
(
1 + ε−1B(y)

)
exp(σx)

N:O%7:AaN��?JUN�7 _ J`O8N:N/=�LMX�7:A ;86?N$;Ql�gRJDLMLpO G E

(Lw)(x, y) ≥ |(Lv2)(x, y)|
lu;89

(x, y) ∈ Ω,
w(x, y) ≥ |v2(x, y)|

lu;89
(x, y) ∈ Γ.

� ;86?N/JU�T=�JD687:P f%K�lu;89
j = 2

E j�B G E G F _ ;8Pa<�N$;86
Ω̄
B

5 7�9:JDLpOQA 6?N�7:;oX�9:;%S8J E j�B G E G FRlu;89
j = 3

B ��J&<�A W JD9:JD6T7:AaO%7:J�7 _ J�JU�T=?O%7:A ;86 E j�B G F
s�A 7 _ 9:JUN/X JU>@7�7:;

y
7 _ 9:JDJo7:AaLMJDN�OQ6?<}N/JC7

v3 = ∂222u
B$J-7&�?9cN�7!K?s�J)JUN�7:A LpO%7:Jo7 _ J

S%OQP =�J);Ql
∂2v3

;86}7 _ JMZ";8=�6?<�OQ9:f8B z�9:;8L E j�B j%F�s-J)�8JC7
∂2v3 = 0

;86
Γin ∪ Γout

B
^$_ JD6�<�A W JD9:JD6T7:AaO%7:A 6��p7 _ J)JU�T=?O%7:A ;86 E j�B G F$s�A 7 _ 9:JUN/X"JU>@7�7:;

y
7
s�Aa>CJ%K"s-J`=?N/Jo7 _ J

A 6�JU�T=?OQP A 7
fbN/A LMA PaOQ9$7:; E j�B G ET�%F@B�5
6bS+A JDsm;Ql E j�B G E G F�lu;89
j = 2

s-J _ OiS8J

|v2| ≤ c9ε−2
;86

Γtg.

^$_ J	Z?OQ9:9:A JD9-lu=�6?>@7:A ;86

w(x, y) = c10

(
1 + ε−3/2B(y)

)
exp(σx)

N:O%7:AaN��?JUN

(Lw)(x, y) ≥ |(Lv3)(x, y)|
lu;89

(x, y) ∈ Ω,
w(x, y) ≥ |v3(x, y)|

lu;89
(x, y) ∈ Γin ∪ Γout,

∂w(x, y)

∂n
≥
∣∣∣∣
∂v3(x, y)

∂n

∣∣∣∣
lu;89

(x, y) ∈ Γtg.

J�X�X�P f+A 6��`gRJDLMLpO G r	s-J�>C;8LMX�P JC7:J$7 _ J�X�9:;+;Ql";Ql 7 _ J�JUN�7:A LpO%7:J E j�B G E G FRlu;89
j = 3;86

Ω̄
B ^$_ JoP JDLMLpOyAaN�X�9:;iS8JU<�B

¤

�FA�� �7> � � J�� ���
	 � � ��
���� ε > 0 � � � � ����� � � ��	 � 
 � ���
E j�B E0FGK E j�B r F 
���� � � ��
 � �

��
 ��� �
� ��� ��� � �
∣∣∣∣
∂ku0
∂xk

∣∣∣∣ ≤ c1, k = 0, 1, 2
E j�B G E � F


���� � �
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� ?BE E�/ J�J&N:N/=�LMJy7 _ O%7
σ
AaN��8A S8JD6�Z+f E j�B GUn F&OQ6?<

ε
N:O%7:AaN��?JUN E j�B G j%F@B ��Jp<�JD9:A S8J

E j�B G E � F�Z+fp7 _ J`>C;8LMX?OQ9:AaN/;86YX�9:A 6?>CA X�P J	lu;89$7 _ Jo;8X"JD9cO%7:;89 Lpar
E gRJDLMLpOpjQE0F@B

H+JC7
d = b′

K�7 _ JD6b7 _ JoZ?OQ9:9:A JD9-lu=�6?>@7:A ;86

w(x, y) = c2x exp(σx)
E j�B G E � F

s�A 7 _ 7 _ J`>C;86?N�7cOQ687
c2 = 2‖f‖∞

N:O%7:AaN��?JUN�7 _ Jo9:JDPaO%7:A ;86?N

(Lparw)(x, y) = c2b(x) exp(σx) + (d(x) + σb(x))w(x)

≥ (Lparu0)(x, y)
lu;89

(x, y) ∈ Ω,
w(x, y) ≥ |u0(x, y)|

lu;89
(x, y) ∈ Γin ∪ Γtg.

�&N/A 6��pgRJDLMLpOpjQE�K�s-JoN/JDJ	7 _ O%7
u0

AaN$Z ;8=�6?<�JU<Y;86
Ω̄
B

z�9:;8L E j�B G j8�%FwA 7-lu;8P P ;%s�N�7 _ O%7
∂1u0 = 0

;86
Γtg

OQ6?<
∂22u0 = 0

;86
Γin

B �&=�J
7:;�7 _ AaNw7:;8�8JC7 _ JD9ws�A 7 _ E j�B E0FGK E j�B r FGKQOQ6?< E j�B G j%r F�7 _ J�<�JD9:A SQO%7:A SQJ

∂1u0
AaNwZ";8=�6?<�JU<

;86
Γ :

∂1u0(x, y) ≤ c3
lu;89

(x, y) ∈ Γ.
E j�B G E8�0F

� ;%s�s�J	<�JD9:A SQJ E j�B G E � F1lu;89
k = 1

B �&A W JD9:JD6T7:AaO%7:J&7 _ J&JU�T=?O%7:A ;86 E j�B G j%r Fws�A 7 _
9:JUN/X"JU>@7-7:;

x
OQ6?<YA 687:9:;�<�=?>CJ&7 _ J	6�;Q7cO%7:A ;86

v1 = ∂1u0
B4H+JC7/7:A 6��

d = 2b′
s-J _ OiS8J

(Lparv1)(x, y) = ∂1f − u0b′′
A 6

Ω.
5
6�S+A JDs ;Ql E j�B G E8�0FMlu;89

v1
K-7 _ J�Z?OQ9:9:A JD9hlu=�6?>@7:A ;86

w
lu9:;8L E j�B G E � Fps�A 7 _ 7 _ J

>C;86?N�7cOQ687
c2 = 2(‖∂1u0‖∞ + ‖u0b′′‖∞)

N:O%7:AaN��?JUN&7 _ JpO8N:N/=�LMX�7:A ;86?N�;Ql$gRJCLMLpO
jQE�B � ;86?N/JU�T=�JD6T7:P f%K

∂1u0
AaN�Z";8=�6?<�JU<b;86

Ω̄
B

^ ;�X�9:;%S8J E j�B G E � F�lu;89
k = 2

s-Jb<�A W JD9:JD687cAaO%7:Jh7 _ JbJU�T=?O%7:A ;86 E j�B G j%r F	s�A 7 _
9:JUN/X"JU>@7�7:;

x
7
s�Aa>CJ�OQ6?<pA 6T7:9:;�<�=?>CJ�7 _ J&6�;Q7cO%7:A ;86

v2 = ∂1u0
B�HTJC7/7cA 6��

d = 3b′
s�J

�8JC7

(Lparv2)(x, y) = ∂1f − b′′∂1u0 − u0b′′′
A 6

Ω.
� ;86?N/Aa<�JD9$7 _ AaN�JU�T=?O%7:A ;86�;86

Γin
B ^ OQt+A 6��pA 6T7:;YO8>C>C;8=�6T7 E j�B E0F�OQ6?<Y7 _ Jol O8>@7�7 _ O%7

u0
OQ6?<

∂1u0
OQ9:J	Z";8=�6?<�JU< K�s-J	�8JC7�7 _ JoJUN�7:A LpO%7:J

|∂111u0| = |∂1v2| ≤ c4
lu;89

(x, y) ∈ Γin.
z�9:;8L�7 _ AaN-7:;8�8JC7 _ JD9�s�A 7 _ 7 _ JoJU�T=?OQP A 7�f

∂111u0 = 0
;86

Γtg
A 7$lu;8P Pa;is�N-7 _ O%7

∂1v2AaN-Z ;8=�6?<�JU<Y;86h7 _ J	s _ ;8P J	Z";8=�6?<�OQ9:f
Γ
B ^$_ JD6Y7 _ J	Z?OQ9:9:A JD9�lu=�6?>@7:A ;86

w
s�A 7 _ OQ6

OQX�X�9:;8X�9:AaO%7:J->C;86?N�7cOQ687
c2
N:O%7:AaN��?JUN�7 _ J�O8N:N/=�LMX�7:A ;86?N1;Ql gRJDLMLpO	jQE�B ��JD6?>CJ

∂11u0AaN$Z";8=�6?<�JU<b;86
Ω̄
B ^$_ JoX�9:;+;Ql1AaN�>C;8LMX�P JC7:J8B

¤

�FA�� �7> � � J�� � � ε > 0 � � �
	�
 � � � � ��� � � � ����� � ��� E j�B E0FGK E j�B r FGK E j�B j n F � ��� ��� � �

�� � ��
 ��� � ��� � ��� E j�B G F V E j�B j%F � ��
 � � ��
 �
����� � � ������� � ����� � � E j�B G jQE0F � ��� � � � � �

‖η‖∞ ≤ c1,
E j�B G E8\0F

|∂1η(x, y)| ≤ c2(1 + ε−1 exp(−B1(1− x)/2ε)) � � Ω̄.
E j�B G r n F
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� ?BE E�/ Jwz1A 9cN�7	s�JMN/JC7
d = b′(x)

A 6 E j�B � F�N/;Y7 _ O%7 Lu = f
B 5
6�S+A JDse;Ql E j�B G j%r FGK

E j�B G j � FGKROQ6?<�7 _ JhJUN�7:A LpO%7:J E j�B G E � F&lu;89
j = 2

KRZ+f�OQ6 JDP JDLMJD687cOQ9:f�>DOQPa>C=�PaO%7:A ;86
s�J`N _ ;%s�7 _ O%7

η
A 6 E j�B G jQE0F�N:O%7:A N���JUN

(Lη)(x, y) = a0(x, y) +
1

ε
a1(x, y)A(x, ε) E j�B G r G F

+
1− x
ε2

a2(x, y)A(x, ε)
;86

Ω̄

s _ JD9:J
A(x) = exp(−(1 − x)b(x)/ε) OQ6?< a0

K
a1

K
a2

OQ9:JpZ ;8=�6?<�JU<�lu=�6?>@7:A ;86?N
;86

Ω̄
B�5
6 O}N/A LMA PaOQ9`s-Oif�O8NoA 6 gRJDLMLpO G \�K�7 _ Jh9:A � _ 7/K _ OQ6?<�N/Aa<�Jp;Ql E j�B G r G F&AaN

JDS%OQP =?O%7:JU<YZ+f

|Lη| ≤ c3 +
(
c4

1

ε
+ c5

1− x
ε2

)
A(x, ε).

E j�B G r+j%F

gRJC7�=?N�=?N/J�7 _ JoZ?OQ9:9:A JD9-lu=�6?>@7:A ;86

w(x, y) = c13ψ1(x, y) + c14ψ2(x, y)

s _ JD9:J)7 _ Jylu=�6?>@7:A ;86?N
ψ1

K
ψ2

OQ9:J)7cOQtQJD6�lu9:;8L gRJDLMLpO%7cO GU� K G%� s�A 7 _ 7 _ Jp>C;86�K
N�7cOQ687cN$lu9:;8L3gRJDLMLpO G \�B ^$_ AaN��8A SQJUN

|(Lη)(x, y)| ≤ (Lw)(x, y) A 6
Ω.

|};89:JD;iS8JD9!K+s�J _ OUS8J
w ≥ 0 = |η| ;86

Γ.
^$_ =?NUK�OQP Pw7 _ JpO8N:N/=�LMX�7:A ;86?N	;Ql$gRJDLMLpO GU� OQ9:JMN:O%7:AaN��?JU<�B d f}7 _ AaNoP JDLMLpO�K

η
AaN

Z";8=�6?<�JU<b;86
Ω̄
B

d JUN/Aa<�JUNUK�N/A 6?>CJ

w(0, y) = w(1, y) = 0 ∀ y ∈ [0, 1],

s�J _ OiSQJ

|∂1η(0, y)| ≤ c6
OQ6?< |∂1η(1, y)| ≤ c7ε−1.

E j�B G rTE0F
5
6Y;89c<�JD9�7:;MN _ ;%s E j�B G r n FGK8s-J&�?9cN�7$<�A W JD9:JD6T7:AaO%7:J E j�B G r G Fws�A 7 _ 9:JUN/X"JU>@7�7:;

x
B

�&JD6�;Q7:A 6��
v = ∂1η

OQ6?<�N/JC7/7:Aa6��
d = 2b′

A 6 E j�B � FGK lu9:;8L E j�B G E � F�lu;89
j = 3

s-J
;8Z�7cOQA 6Y7 _ Jo9:JDX�9:JUN/JD6T7cO%7:A ;86

(Lv)(x, y) = a3(x, y) E j�B G r8r F
+

1

ε2
a4(x, y)A(x, ε) +

1− x
ε3

a5(x, y)A(x, ε)
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s�A 7 _ lu=�6?>c7cA ;86?N
a3

K
a4

KTOQ6?<
a5

K8Z";8=�6?<�JU<y;86
Ω̄
B ^$_ J�9:A � _ 7/K _ OQ6?<MN/Aa<�J�;Ql E j�B G r8r F

>DOQ6bZ"JoJUN�7:A LpO%7:JU<bA 6Y7 _ J	lu;8P P ;%s�A 6��Ms$OUf �

|(Lv)(x, y)| ≤ c8 + c9ε
−2A(x, ε).

� ;is�> _ ;�;TN/A 6�� 7 _ J�Z?OQ9:9:A JD9plu=�6?>@7:A ;86
w = c10ψ3

lu9:;8L gRJDLMLpO G � s�A 7 _ OQ6
OQX�X�9:;8X�9:AaO%7:J	>C;86�N�7@OQ687

c10,
s-Jo�8JC7

|(Lv)(x, y)| ≤ (L)w(x, y) A 6
Ω,

w ≥ 0 = |v| ;86
Γtg, w ≥ |v| ;86

Γin ∪ Γout.
^$_ J�PaO8N�7-A 6�JU�T=?OQP A 7�fylu;8P P ;%s�N�lu9:;8L E j�B G rTE0F@B ^$_ =?NUK�<�=�J&7:;MgRJDLMLpO G E`s-J�;8Z�7cOQA 6

|v| ≤ w ;86
Ω̄

7 _ O%7�A 6TS8;8P S8JUN E j�B G r n F@B
2

� J��QJ�� �%E����	��?BU�
��
RNE�� E�/ �
P9A ���	�
A T � U9>STV?B> �
UV?#A<?BU 	NA.J
z�;89o7 _ JYOQX�X�9:;ik�A LpO%7:A ;86�;Ql-7 _ Jh9:JD�8=�PaOQ9oZ ;8=�6?<�OQ9:f�PaOifQJD9`s-Jp=?N/Jp7 _ Jp7:JU> _ K

6�Aa�T=�J >C;86?N/Aa<�JD9:JU<mA 6�7 _ J X�9:JDS+A ;8=?N}N/JU>@7:A ;86RB�z�;89}7 _ J�OQX�X�9:;Uk�A LpO%7:A ;86m;QlM7 _ J
X?OQ9cOQZ";8P Aa>-PaOUf8JD9�s-J�>C;86?N�7:9:=?>@7w7 _ J&N/X"JU>CAaOQP��89:Aa<)Z?O8N/JU<y;86y7 _ J�JCk+7:JD6?N/A ;86MLMJC7 _ ;�<
E N/JDJ M ET��NOK M E � NOK M ��N"F@B

z1A 9cN�7$s�J�X�=�7
h = 1/n

s�A 7 _ JDS8JD6hA 6T7:JD�8JD9
n ≥ 2

OQ6?<p7cOQtQJ�7 _ J�=�6�A lu;89:L��89:Aa<
A 6b7 _ J

x
K
<�A 9:JU>@7:A ;86 �

xi := ih, i = 0, 1, ..., n.
� JCk+7!KTA 6h7 _ J

y
K
<�A 9:JU>@7:A ;86ps-J�OQP �8;89:A 7 _ LMAa>DOQP P fyA 687:9:;�<�=?>CJ�7 _ J��89cO8<�JU<M�89:Aa<MA 6h7 _ J

y
K
<�A 9:JU>@7:A ;86 �

yj :=





0,
lu;89

j = 0,

yj−1 +
c0h

1 + ε−1/2 exp(−γyj−1/
√
ε)
,

lu;89
j = 1, ..., n/2,

1− yn−j ,
lu;89

j = n/2 + 1, ..., n.

E j�B G r+�%F

^$_ J�>C;86?N�7cOQ6T7
c0

N:O%7:AaN��?JUNw7 _ J&>C;86?<�A 7:A ;86
yn/2 = 1/2

B ��6�lu;89/7:=�6?O%7:JDP f0K%7 _ AaN�P JUO8<�N
7:;pOy6�;86�P A 6�JUOQ9�JU�T=?O%7:A ;86bA 6

c0
B

��J`<�JC�?6�J	7 _ JoLMJUN _ N/A TDJ	A 6b7 _ J
y
K
<�A 9:JU>@7:A ;86bZ+f

hj = yj − yj−1, j = 1, ... , n.
E j�B G r � F

��J`<�JD6�;Q7:J	7 _ J`N/JC7�;Qlw6�;�<�JUN$Z+f

Ω̄h = {zij = (xi, yj), i, j = 0, 1, . . . , n},
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zi,j+1 zi+1,j+1

zi+1,jzij

T
(u)
ij

T
(l)
ij

"
"
"
""

"
"
"
""

¡
¡
¡
¡¡

¡
¡
¡
¡¡

��� ��������� ����� " 
��'+ +,��
 +$�������! �% ��+,* �!�
Th -

7 _ J`N/JC7�;QlwA 6T7:JD9:A ;89$6�;�<�JUN�ZTf

Ωh = {zij = (xi, yj), i, j = 1, 2, . . . , n− 1},
OQ6?<h7 _ J`N/JC7�;Ql1Z ;8=�6�<�OQ9:fh6�;�<�JUN$Z+f

Γh = {zij = (xi, yj), i = 0, 1
OQ6?<

j = 0, 1, . . . , n; i = 0, 1, . . . , n,
OQ6?<

j = 0, 1}.
^$_ JD6	7 _ J�7:9:AaOQ6��8=�PaO%7:A ;86 Th

AaN�>C;86?N�7:9:=?>@7:JU<�Z+f�<�A S+Aa<�A 6���JUO8> _ � � ��� � � � � ��� 9:JU>@7cOQ6�K�8P J
Ωij = [xi, xi+1]× [yj , yj+1]

A 6T7:;	7
s-; � � ��� � � � � ��� 7:9:AaOQ6��8P JUN1Z+f`7 _ J�<�AaOQ�8;86?OQPX?O8N:N/A 6��)lu9:;8L
(xi, yj)

7:;
(xi+1, yj+1)

E N/JDJoz1A �?B�r F@B
z�;89�JUO8> _ A 687:JD9:A ;89�6�;�<�J

zij ∈ Ωh
s�J�A 6T7:9:;�<�=?>CJ�7 _ J�Z?O8N/AaN�lu=�6?>@7:A ;86

ϕij
s _ Aa> _

JU�T=?OQPaN
1
O%7$7 _ Jo6�;�<�J

zij
K�JU�T=?OQPaN

0
O%7�OQ6Tfh;Q7 _ JD9$6�;�<�J�;Ql

Ω̄h
K?OQ6?<hAaN$P A 6�JUOQ9�;86

JUO8> _ JDP JDLMJD6T7cOQ9:f)7:9:AaOQ6��8P J�;Ql Th
B �&JD6�;Q7:J�7 _ J&P A 6�JUOQ9�N/X?OQ6p;Ql 7 _ JUN/J�lu=�6?>@7:A ;86?N�ZTf

Hh =
N/X?OQ6 {ϕij}n−1i,j=1.

��A 7 _ 7 _ AaN�6�;Q7cO%7:A ;86?NUKQs-J�lu;89:L`=�PaO%7:J�7 _ J�x	OQP JD9:t+A 6MX�9:;8Z�P JDL � ����� uh ∈ Hh �
	���

��
����

a(uh, v) = (f, v) ∀ v ∈ Hh.
E j�B G r � F

J&N�Z JClu;89:J%K�A 6�;89c<�JD9$7:;hJD6?N/=�9:Jo7 _ J)N�7cOQZ�A P A 7�f�OQ6?<b7:;hA LMX�9:;%SQJo7 _ J)O8>D>C=�9cO8>Cf
;Ql�7 _ J�LMJC7 _ ;�< K+s-J�>C;86?N�7:9:=?>@7�7 _ J	N/X"JU>CAaOQP �T=?O8<�9cO%7:=�9:J�9:=�P J�7 _ O%7$X�9:;%S+Aa<�JUN��8;+;�<
OQX�X�9:;Uk�A LpO%7:A ;86b;86�7 _ J`N/LM;�;Q7 _ OQ6?<bZ";8=�6?<�OQ9:fYPaOifQJD9&>C;8LMX";86�JD6T7cN�;Ql17 _ J)N/;8P =�K
7:A ;86RB H+A 6?>CJ)7 _ AaN&7:JU> _ 6�Aa�T=�Jys$O8N�<�JUN:>C9:A Z"JU<�A 6�<�JC7cOQA PwA 69H+JU>@7:A ;86�j�B j�B j�K?6�;%s�s�J
N/tQJC7c> _ 7 _ JoZ�9:;TO8<h;8=�7:P Aa6�JUN�;Ql17 _ J`>C;86?N�7:9:=?>@7:A ;86b;Ql17 _ J`�T=?O8<�9cO%7:=�9:J�9:=�P J	;86b7 _ J
6�;86T=�6�A lu;89:L3�89:Aa<�B

gRJC7
T
(l)
ij

E ;89
T
(u)
ij

K19:JUN/X"JU>@7:A S8JDP f�FoZ"JbOQ6�OQ9:Z�A 7:9cOQ9:f�JDP JDLMJD6T7cOQ9:f�7:9:AaOQ6��8P Jh;Ql

Th
s�A 7 _ 7 _ J	S8JD9/7:Aa>CJUN

zi,j
K
zi+1,j+1 = (xi+1, yj+1)

K�OQ6?<
zi+1,j = (xi+1, yj)

E ;89
zi+1,j = (xi, yj+1)

K�9:JUN/X"JU>@7:A S8JDP f�F�O8N-A 6}z1A �?B�r?B ��J`>C;86?N/Aa<�JD9-7 _ J	Z�A P A 6�JUOQ9$lu;89:L

aT (u, v) =

∫

T

((
ε
∂u

∂x
− bu

)
∂v

∂x
+ ε

∂u

∂y

∂v

∂y

)
dΩ.

E j�B G rT�0F
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5 7cN�OQX�X�9:;ik�A LpO%7:A ;86�Z+f�X�A JU>CJDs�AaN/J)P A 6�JUOQ9�lu=�6?>@7:A ;86?N
wh, vh ∈ Hh K?lu;89�JCk�OQLMX�P J%K

;86Y7 _ J	7:9:AaOQ6��8P J
T
(l)
ij

_ O8N-7 _ J	lu;89:L

ah
T

(l)
ij

(wh, vh) =
hhj+1

2

( (
εbi(α1iw

h(zij) + α2iw
h(zi+1,j))

) ∂vh
∂x E j�B G rT\0F

+ ε
∂wh

∂y

∂vh

∂y

)
.

J&NhZ"JClu;89:J%K�7 _ J�s�JDA � _ 7cN
α1i

OQ6?<
α2i

OQ9:J�> _ ;TN/JD6�A 6�N/=?> _ O s$Oif O8Np7:;�N:O%7/K
AaN�luf�7
s-;}9:JU�T=�A 9:JDLMJD687@NUK�6?OQLMJDP f%K 7:;}�8=?OQ9cOQ6T7:JDJ)7 _ Jp�?9cN�7o;89c<�JD9`O8>D>C=�9cO8>Cf�lu;89)O
N/LM;+;Q7 _ N/;8P =�7:A ;86 K+OQ6?<p7:;y9:JU<�=?>CJ&7 _ J�JD9:9:;89�;QlwOQX�X�9:;ik�A LpO%7:A ;86h;QlR7 _ J	<�A W JD9:JD6?>CJ
aTij

(ρ0, v
h)− ahTij

(ρI0, v
h)

lu;89�7 _ J�9:JD�8=�PaOQ9�Z";8=�6?<�OQ9:fMPaOifQJD9$>C;8LMX";86�JD6T7
ρ0

OQ6?<
A 7cN-X�A JU>CJDs�AaN/J&P A 6�JUOQ9-Aa687:JD9:X";8PaOQ6T7

ρI0 ∈ Hh ;86YJUO8> _ JDP JDLMJD687
Tij ∈ Th

B ^$_ J&��9cN�7
9:JU�T=�A 9:JDLMJD687�A 6+S8;8P SQJUN-7 _ JoJU�T=?O%7:A ;86

α1i + α2i = 1.
E j�B G � n F

^ ;pN:O%7:AaN�lufp7 _ J`N/JU>C;86?<Y;86�J%K�s-J`<�JCLpOQ6?<Y7 _ O%7�7 _ JoJU�T=?OQP A 7�f

aTij
(ζi, v

h) = ahTij
(ζIi , v

h)
E j�B G � G F

Z"J�S%OQP Aa<plu;89�7 _ J&lu=�6?>@7:A ;86
ζi(x) = exp (−(1− x)bi/ε)

OQ6?<pA 7cN-X�A JU>CJDs�AaN/J�P A 6�JUOQ9
A 687:JD9:X ;8PaOQ687

ζIi (x, y)
;86

Tij
B H+;8P S+A 6��M7 _ JyN/f�N�7:JDL E j�B G � n FGK E j�B G � G FGK�s�J)�8JC7�7 _ J

=�6�Aa�T=�JoN/;8Pa=+7cA ;86

α1i =
expσi

(expσi − 1)
− 1

σi
, α2i =

1

σi
− 1

expσi − 1

E j�B G �8j%F

s _ JD9:J
σi = bih/ε

B ��A 7 _ 7 _ AaN�s-JDA � _ 7cN�s-J&;8Z�7cOQA 6p7 _ J�lu;8P P ;%s�A 6��)OQX�X�9:;ik�A LpO%7:A ;86
;Ql�7 _ JoJDP JDLMJD6T7cOQ9:fhZ�A P A 6�JUOQ9$lu;89:L E j�B G rT\0F �

ah
T

(l)
ij

(wh, vh) =
1

2
hhj+1

( bi
expσi − 1

(wh
i+1,j − wh

ij expσi)
∂vh

∂x E j�B G �QE0F

+ ε
∂wh

∂y

∂vh

∂y

)
.

5
6�OpN/A LMA PaOQ9$s$Oif%K�;86Y7 _ J	7:9:AaOQ6��8P J
T
(u)
ij

s-J _ OiSQJ

ah
T

(u)
ij

(wh, vh) =
1

2
hhj+1

( bi
expσi − 1

(wh
i+1,j+1 − wh

i,j+1 expσi)
∂vh

∂xE j�B G �%r F

+ ε
∂wh

∂y

∂vh

∂y

)
.
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^ ;�A 6T7:JD�89cO%7:J)7 _ Jp9:A � _ 7/K _ OQ6?<�N/Aa<�J%K�s�JM=?N/Jy7 _ JhN/A LMX�P JMX�A JU>CJDs�AaN/Jp>C;86?N�7cOQ6T7
OQX�X�9:;Uk�A LpO%7:A ;86RB ^$_ AaN��8A S8JUN�7 _ J	lu;8P P ;%s�A 6��pOQX�X�9:;ik�A LpO%7:A ;86Y;Ql�7 _ JoP A 6�JUOQ9$lu;89:L

fh
T

(l)
ij

(vh) =
1

6
hhj+1(fijvij + fi+1,jvi+1,j + fi+1,j+1vi+1,j+1), E j�B G �8�%F

fh
T

(u)
ij

(vh) =
1

6
hhj+1(fijvij + fi,j+1vi,j+1 + fi+1,j+1vi+1,j+1).

H+=�LMLMA 6�� E j�B G �QE0FGK E j�B G �%r FGK�OQ6?< E j�B G �8�%F�;%SQJD9�OQP P 7 _ Jo7:9:AaOQ6��8P JUN
T ∈ Th

K�s�J
;8Z�7cOQA 6Y7 _ J`OQX�X�9:;ik�A LpO%7:A ;86?N�;Ql17 _ JoZ�A P A 6�JUOQ9�OQ6?<YP A 6�JUOQ9$lu;89:LpN

ah(wh, vh) =
∑

T∈Th

ahT (w
h, vh),

E j�B G � � F

fh(vh) =
∑

T∈Th

fhT (v
h).

E j�B G � � F

� ;%s�s-J`>C;8LMJ�7:;y7 _ J	��7/7:JU<�x	OQP JD9:t+A 6YX�9:;8Z�P JDL ��� ��� uh ∈ Hh ��	��

 ��
����

ah(uh, vh) = fh(vh) ∀ vh ∈ Hh.
E j�B G �Q�0F

^$_ AaN�X�9:;8Z�P JDL AaN$JU�T=�A SQOQP JD687�7:;y7 _ J`N/f�N�7:JDL ;QlwP A 6�JUOQ9�OQP �8JDZ�9cOQAa>&JU�T=?O%7:A ;86?N

(Lhuh)ij ≡

uhij

(
hj + hj+1

2

(
bi expσi
expσi − 1

+
bi−1

expσi−1 − 1

)
+ εh

(
1

hj
+

1

hj+1

))

− uhi+1,j

hj + hj+1

2

bi
expσi − 1

− uhi−1,j
hj + hj+1

2

bi−1 expσi−1
expσi−1 − 1

E j�B G �Q\0F

− uhi,j−1ε
h

hj
− uhi,j+1ε

h

hj+1
= fij

hj + hj+1

2
h, i, j = 1, 2, ..., n− 1;

uhij = 0
lu;89

i = 1, ..., n − 1
OQ6?<

j = 0, n
;89�lu;89

j = 1, ..., n − 1OQ6?<
i = 0, n

B
^$_ JoX?OQ9cOQLMJC7:JD9cN {uhij}n−1i,j=1

�8A SQJ�7 _ J`N/;8P =�7:A ;86b;Ql17 _ JoX�9:;8Z�P JDL E j�B G �Q�0F

uh =
n−1∑

i,j=1

uijϕij .
E j�B GU�8n F

{�P A LMA 6?O%7:J}7 _ J�Z";8=�6?<�OQ9:f�=�6�t+6�;%s�6�NYOQ6?<�JD6+=�LMJD9cO%7:J}7 _ J�9:JDLpOQA 6�A 6�� =�6�K
t+6�;is�6?N-OQ6?<M7 _ J�JU�T=?O%7:A ;86?N�lu9:;8L

1
7:;

(n− 1)2
A 6h7 _ J�N:OQLMJ&s-Oif E lu;89-JCk�OQLMX�P J%K

A 6b7 _ J	PaJ@k�Aa>C;8�89cO%X _ Aa>&;89c<�JD9GF@B���Jo;8Z�7cOQA 6Y7 _ J`N _ ;89/7:JD6�JU<bN/f�N�7:JDL

AhU = F
E j�B GU��G F



� n ��� �������%�����	� 
�� ��
 ��� 	��4'Q���%���������

s _ JD9:J

U = (uh1,1, ..., u
h
1,n−1, u

h
2,1, ..., u

h
n−1,n−1)

T ,

F = (fh(ϕ1,1), ..., f
h(ϕ1,n−1), ..., f

h(ϕn−1,n−1))
T .

� ;Q7:Jo7 _ O%7�7 _ J)LpO%7:9:A k
Ah AaN�A 9:9:JU<�=?>CA Z�P J M j G NOK _ O8N�X";TN/A 7:AaSQJ)<�AaOQ�8;86?OQP�JDP JDLMJD6T7cN

OQ6?<}6�;86�K X";TN/A 7:A S8J`;QW"K
<�AaOQ�8;86?OQPR;86�JUNDB ^$_ JD6}7 _ AaN�LpO%7:9:A k�AaN�<�AaOQ�8;86?OQP K
<�;8LMA 6?OQ6T7
OQP ;86��Y>C;8P =�LM6?N�OQ6?<�N�7:9:Aa>@7:P f}<�AaOQ�8;86?OQP K
<�;QLMA 6?OQ6T7�OQP ;86��YN/;8LMJ`;Ql�7 _ JDL�B ^$_ JD9:JCK
lu;89:J

Ah AaN$OQ6
M
K LpO%7:9:A k�B ��JD6?>CJ%KT7 _ J	N/f�N�7:JDL E j�B G �Q\0F�N:O%7:AaN��?JUN�7 _ J	>C;8LMX?OQ9:AaN/;86

X�9:A 6?>CA X�P JoOQ6?< _ O8N$=�6�Aa�T=�JoN/;8Pa=+7cA ;86 M j G N B

� J��QJ�� � P9A�C9?BE3CFAD? �
RNA���E�/ �
P9A<T9R�� 
#?BA��
A2C9?BE��
	NA��
� ;%s�s�JYA 6+S8JUN�7:A �TO%7:Jp7 _ J�<�AaN:>C9:JC7:JhX�9:;8Z�P JDL�B ^$_ Jhlu;8P P ;%s�A 6���P JDLMLpO�JUN�7cOQZ�K

P AaN _ JUN�7 _ J�JD9:9:;89�;Ql�7 _ J	OQX�X�9:;ik�A LpO%7:A ;86p;QlR7 _ J�X�9:;8Z�P JDL E j�B G FGK E j�B j%F�ZTfM7 _ J��89:Aa<
X�9:;8Z�P JDL E j�B G �Q\0F@B
�FA�� �7> � � J�� � � u � � � � ��� 	 � � � � ��
 ��
 ��� � ��� � ��� E j�B G FGK E j�B j%F 	 � ����� ��
 � ��� ���	���
� � � � � E j�B r FGK E j�B E0FGK E j�B �%n FGK � ��� uh � � � � ��� 	 � � � � ��
 ��
 � �	� � � ��� � � � � ��� � ��� E j�B G �Q\0F �
��
 � � ��
 ��� �
� ��� ��� �

|
(
Lh(uh − uI)

)
ij
)| E j�B GU� j%F

≤ c1h(hj + hj+1) (ε+ h+ exp (−(1− xi+1)B1/2ε)) ∀ i, j = 1, ..., n− 1


���� � � �
� ?BE E�/ J � ;86?N/Aa<�JD9-7 _ J`;8X"JD9cO%7:;89

Lh O8N-7 _ J`N/=�L3;Ql�7�s-;M;8X"JD9cO%7:;89cN-;Qlw<�A W JD9:JD6?>CJ
<�A W JD9:JD687:AaO%7:A ;86�s�A 7 _ 9:JUN/X"JU>@7$7:;

x
OQ6?<

y

Lhv = Lh
1v + Lh

2v
E j�B GU� E0F

s _ JD9:J

(
Lh
1v
)
ij
=

((
bi expσi
expσi − 1

+
bi−1

expσi−1 − 1

)
vij −

bi
expσi − 1

vi+1,j

E j�B GU� r F

− bi−1 expσi−1
expσi−1 − 1

vi−1,j

)
hj + hj+1

2
,

(
Lh
2v
)
ij
= εh

(
1

hj
+

1

hj+1

)
vij − ε

h

hj
vi,j−1 − ε

h

hj+1
vi,j+1,

E j�B GU� �%F

i, j = 1, ..., n− 1.
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�&N/A 6��M7 _ J ^ OQA P ;89$JCk�X?OQ6?N/A ;86�O%7
(xi, yj) ∈ Ω̄h

K�s�J _ OUS8J

(
Lh
2u
)
ij
=

1

2
− εh(hj + hj+1)∂22u(xi, yj)

− εh
(
h2jπ1(xi, y) + h2j+1π2(xi, y)

)
.

d JU>DOQ=?N/J�;Ql E j�B G E G F�7 _ JoA 6�JU�T=?OQP A 7:A JUN

|π1(xi, y)| ≤ c2
(
1 + ε−3/2B(yj−1)

)
, |π2(xi, y)| ≤ c3

(
1 + ε−3/2B(yj)

)
,

lu;89
yj ≤ 1/2,

|π1(xi, y)| ≤ c4
(
1 + ε−3/2B(yj)

)
, |π2(xi, y)| ≤ c5

(
1 + ε−3/2B(yj+1)

)
,

lu;89
yj > 1/2

_ ;8Pa<�B�5
6�S+A JDs�;Ql-7 _ Jp<�JC�?6�A 7:A ;86 E j�B G r � F�;Ql�7 _ JpLMJUN _ N/A TDJMA 6�7 _ J
y
<�A 9:JU>@7:A ;86 K

s�Jo�8JC7

|hjπ1(xi, y)|, |hj+1π2(xi, y)| ≤ c6hε−1.
^$_ JD6bs-Jo;8Z�7cOQA 6

(
Lh
2u
)
ij
= −εhhj + hj+1

2
∂22u(xi, yj) + c7h

2(hj + hj+1)π3(xi, y)
E j�B GU�8� F

s _ JD9:J
π3(xi, y)

AaN�Z";8=�6?<�JU<b;86
[yj−1, yj+1]

B
�&N/A 6��M7 _ JoJCk�X?OQ6?N/A ;86 E j�B G jQE0FGK�s�J`>DOQ6bs�9:A 7:J

Lh
1u = Lh

1u0 + Lh
1ρ0 + εLh

1η.
E j�B GU�+� F

� ;isms�J`>C;86?N/Aa<�JD9�JUO8> _ 7:JD9:L3A 6}<�JC7cOQA P B
�&N/A 6��M7 _ J ^ OUf+P ;89$JCk�X?OQ6?N/A ;86b;Ql

u0
O%7

(xi, yj)
K�s-J _ OUS8J

(
Lh
1u0
)
ij
=
hj + hj+1

2

(
(bi − bi−1)u0ij

+

(
bi

expσi − 1
− bi−1 expσi−1

expσi−1 − 1

)
h∂1u0(xi, yj)

)
E j�B GU� �0F

+ h2(hj + hj+1)π4(x, yj).

H+A 6?>CJ
b(x)

AaN`N/LM;�;Q7 _ K�Z+f�7 _ JpLMJUOQ6�S%OQP =�JM7 _ JD;89:JDL s-Jh>DOQ6�s�9:A 7:J E j�B GU� �0F&A 6
7 _ J	lu;89:L

(
Lh
1u0
)
ij
= h

hj + hj+1

2
(∂1b(xi, yj)u0ij + bi∂1u0(xi, yj)) E j�B GU� \0F

+ h2(hj + hj+1)π5(x, yj)



�Tj ��� �������%�����	� 
�� ��
 ��� 	��4'Q���%���������

s _ JD9:J
π5

AaN$Z ;8=�6?<�JU<Y;86
[xi−1, xi+1]

B
z�=�9/7 _ JD9!K�=?N/A 6��p7 _ JoJCk�X�P Aa>CA 7�lu;89:L3;Ql17 _ J`Z";8=�6?<�OQ9:fYPaOifQJD9$lu=�6?>@7:A ;86

ρ0(x, y)A 6 E j�B GU� r FGK+s-J	;8Z�7cOQA 6

(
Lh
1ρ0
)
ij
=

((
bi expσi
expσi − 1

+
bi−1

expσi−1 − 1

)
u0(1, yj)si exp (−(1− xi)bi/ε)

− bi
expσi − 1

u0(1, yj)si+1 exp (−(1− xi+1)bi+1/ε)
E j�B G%�%n F

− bi−1 expσi−1
expσi−1 − 1

u0(1, yj)si−1 exp (−(1− xi−1)bi−1/ε)
)
hj + hj+1

2
.

�&N/A 6��`7 _ J&LMJUOQ6hS%OQP =�J�7 _ JD;89:JDLPK87 _ J�N/LM;+;Q7 _ 6�JUN:N�;Ql
b(x)

K+OQ6?< E j�B E8E0FGKTs�J _ OiS8J
7 _ JoJUN�7:A LpO%7:J

| exp (−(1− xi+1)bi+1/ε)− exp (−(1− xi+1)bi/ε) |

≤ |bi − bi−1|
1− xi−1

ε
exp (−(1− xi−1)b∗i /ε) ≤ c8h exp (−(1− xi+1)B1/2ε)

s _ JD9:J
bi ∈ [B1, B2]

B"��JUOQ9:9cOQ6��QA 6��y7 _ Jo7:JD9:LpN�A 6 E j�B G%�%n F$OQ6?<Y7cOQt+A 6��hA 687:;Y>C;86�K
N/Aa<�JD9cO%7:A ;86h7 _ J`N/LM;+;Q7 _ 6�JUN:N$;Ql

s(x)
K�s-J	�8JC7

(
Lh
1ρ0
)
ij
=

((
bi expσi
expσi − 1

exp (−(1− xi)bi/ε)

− bi
expσi − 1

exp (−(1− xi+1)bi/ε)

)

+

(
bi−1

expσi−1 − 1
exp (−(1− xi)bi−1/ε)

E j�B G%�+G F

−bi−1 expσi−1
expσi−1 − 1

exp (−(1− xi)bi/ε)
)

+ hπ6(x, yj)

)
hj + hj+1

2
u0(1, yj) = h(hj + hj+1)π6(x, yj)

s _ JD9:J

|π6(x, yj)| ≤ c9 exp (−(1− xi+1)B1/2ε) , x ∈ [xi−1, xi+1].

d fp7 _ J`LMJDOQ6�S%OQP =�J�7 _ JD;89:JDLPK�lu9:;8L E j�B GU� r F�7 _ JoJU�T=?OQP A 7�f

ε
(
Lh
1η
)
ij
=

1

2
ε(hj + hj+1)(bi − bi−1)ηij + h(hj + hj+1)π7(x, yj)

E j�B G%� j%F
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�	"���$#��%	 &�'%()	"��� �8E

lu;8P P ;is�N$s _ JD9:Jo<�=�J	7:; E j�B G r n F�s-J _ OiS8J

|π7(x, yj)| ≤ c10 (ε+ exp (−(1− xi+1)B1/2ε)) , x ∈ [xi−1, xi+1].
E j�B G%� E0F

^ OQt+A 6��pA 687:;Y>C;86?N/Aa<�JD9cO%7:A ;86 E j�B G E8\0F$OQ6?<Y7 _ JyN/LM;+;Q7 _ 6�JUN:N�;Ql
b(x)

K�7 _ J`JU�T=?OQP A 7
f
E j�B G%� j%F�>DOQ6bZ J	9:JDs�9:A 7/7:JD6�O8N

ε
(
Lh
1η
)
ij
= h(hj + hj+1)π8(x, yj)

E j�B G%� r F

s�A 7 _ 7 _ JoJUN�7:A LpO%7:J	;Ql
π8

N/A LMA PaOQ9$7:; E j�B G%� E0F@B
^$_ =?NUK?>C;8L`Z�A 6�A 6�� E j�B GU�8� FGK E j�B GU� \0FGK E j�B G%�+G FGK�OQ6?< E j�B G%� r FGK�s�Jo;8Z�7cOQA 6
∣∣∣
(
Lh(uh − u)

)
ij

∣∣∣ =
∣∣∣
(
Lhuh

)
ij
+
(
ε∂22u(xi, yj)− bi∂1u0(xi, yj) E j�B G%� �%F

− u0ij∂1b(xi)
)
h
hj + hj+1

2
+ h(hj + hj+1)π10(x, y)

∣∣∣
s _ JD9:J

|π10(x, y)| ≤ c10 (h+ ε+ exp (−(1− xi+1)B1/2ε)) ,

x ∈ [xi−1, xi+1], y ∈ [xj−1, yj+1].

J-7�7 _ Jo6�;�<�JUN$;Ql17 _ Jo�89:Aa<h7 _ J	lu;8P P ;%s�A 6��yJU�T=?OQP A 7�f _ ;8Pa<�N �
(
Lhuh

)
ij
= h

hj + hj+1

2
fij − (Lu)ij .

� ;is[s-J�>C;86?N/Aa<�JD9h7 _ J�JCk�X?OQ6?N/A ;86�;Qlo7 _ J�<�A W JD9:JD6T7:AaOQP�;8X"JD9cO%7:;89
L

N/A LMA PaOQ9h7:;
E j�B GU� E0F

Lv = L1v + L2v
s _ JD9:J

L1v = −ε∂11v + ∂1(b(x)v), L2v = −ε∂22v.
�&N/J�7 _ JoJCk�X?OQ6?N/A ;86 E j�B G jQE0F�OQ6?<bs�9:A 7:J

L1u = L1u0 + L1ρ0 + εL1η.

d JU>DOQ=?N/J�;Ql E j�B E8E0FGK+lu;89
L1ρ0

7 _ J	lu;8P P ;%s�A 6��MJUN�7:A LpO%7:J _ ;8Pa<�N �

L1ρ0 = g(y) exp (−(1− x)b(x)/ε)
(
(1− x)∂11b

+ ε−1(1− x)b(x)∂1b− ∂1b+ ε−1(1− x)2 (∂1b)2
)
h
hj + hj+1

2

≤ c11h
hj + hj+1

2
exp (−(1− x)b(x)/2ε) l ;89

x ∈ [xi, xi+1].
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^ OQt+A 6��yA 6T7:;hO8>D>C;8=�687 E j�B G E8\0F�OQ6?< E j�B G r n FGK�s�Jo�8JC7

εL1η ≤ c12h
hj + hj+1

2

(
ε+ exp (−(1− x)b(x)/2ε)

) lu;89
x ∈ [xi, xi+1].

^$_ =?NUK�s�A 7 _ E j�B G E � F�l ;89
∂11u0

K�s-Jo;8Z�7cOQA 6

(Lu)ij = h
hj + hj+1

2
(bi∂1u0(xi, yj) + u0ij∂1b(xi) + π11(x, y))

E j�B G%�%� F

s _ JD9:J
π11

AaN�JUN�7:A LpO%7:JU<bN/A LMA PaOQ9:P fp7:; E j�B G%� E0FCB
d fYN/=�Z?N�7:A 7c=+7cA 6�� E j�B G%�%� F�A 6T7:; E j�B G%� �%F�s�J`>C;8LMX�P JC7:J�7 _ JoX�9:;�;Ql�B

25
6Y;89c<�JD9�7:;)X�9:;%S8J�7 _ J	>C;86+S8JD9:�8JD6�>CJ�;QlR7 _ J�6T=�LMJD9:Aa>DOQP N/;8P =�7:A ;86p7:;)7 _ J�JCk�O8>@7
;86�J%K�s-Jo<�JC�?6�J	7 _ JoZ?OQ9:9:A JD9-lu=�6?>@7:A ;86blu;89$7 _ Jo9:A � _ 7/K _ OQ6?<YN/Aa<�Jo;Ql E j�B GU� j%F@B
�FA�� �7> � �QJ ��
 ����� ����� �
� � ��� � 
 	 � � � � � � � ϕh � ��� ψh � � Ω̄h

� � ��
 ��
 � � � � � � � � � � �
|ϕh| ≤ c1 � � Ωh,

E j�B G%�8� F
|ψh| ≤ c2h � � Ωh,

E j�B G%� �0F

�
	���
 ��
����

Lhϕh ≥ hhj+1
� � Ωh,

E j�B G%� \0F
ϕh ≥ 0 � � Γh;

E j�B G � n F

Lhψh ≥ hhj+1 exp (−B1(1− xi+1)/2ε)
� � Ωh,

E j�B G � G F
ψh ≥ 0 � � Γh.

E j�B G �Tj%F
^$_ AaN$P JDLMLpOMAaN$X�9:;%S8JU<hA 6�L)=?> _ 7 _ JoN:OQLMJos-OifYO8N�gRJDLMLpOpj G B

z1A 6?OQP P f%K�7 _ J	lu;8P P ;%s�A 6��M>C;86+S8JD9:�8JD6?>CJ�9:JDN/=�P 7�AaN$SQOQP Aa<�B
� P9A E3?BA�� � �QJ�� ���
	 � � ��
���� E j�B r FGK E j�B E0F 
���� � � ��
 � � ��
 ����� ����� �
� ��� � �
� � � � � h0
� ��� c � ������� � ����� � � ��
 h � ��� ε �
	���
 ��
���� ∀ h ≤ h0 � ��� 
�� � ε ≤ h ��
 � � ��� 	 � � � �
uh ��
 � 
 ��� � ��� � ��� E j�B G �Q\0F � ��� � � � � � � 
 ��� �
� ��� ��� �

max
Ω̂h

|u− uh| ≤ ch
E j�B G �8E0F

� 
 ����� u � � ��
 � � ��� 	 � � � � ��
 ��
 ��� � ��� � ��� E j�B G �0FGK E j�B G \0F �
^$_ J	X�9:;�;QlRlu;8P P ;%s�N-lu9:;8L3gRJDLMLpO%7cOpj � OQ6?<�jQ�MO8N$A 6b7 _ JoX�9:JDS+A ;8=?N$>DO8N/J8B

^$_ =?NUKis-J$>C;86?N�7:9:=?>@7:JU<o7 _ J$�89:Aa<`X�9:;8Z�P JDL�lu;8917 _ J$>C;86+S8JU>@7:A ;86�K
<�A W =?N/A ;86`X�9:;8Z�K
P JDLms�A 7 _ 9:JD�8=�PaOQ9�OQ6?<	X?OQ9cOQZ";8P Aa>wZ";8=�6?<�OQ9:f&PaOif8JD9cNDBC5 7cN�N/;8P =�7:A ;86`>C;86+SQJD9:�8JUN 7:;�7 _ J
JCk�O8>@7�;86�Jos�A 7 _ 7 _ J	�?9cN�7�;89c<�JD9�A 6b7 _ Jo=�6�A lu;89:L <�AaN:>C9:JC7:Jo6�;89:L�B ^$_ Jo6+=�LMJD9:Aa>DOQP
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√
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√
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0 0 0 · · · 0 0



,

M = (n− 1)× (n− 1)
B

�&N/A 6��M7 _ JUN/J	6�;Q7cO%7:A ;86?N$s-J	9:JDs�9:A 7:J�7 _ J)x	OQ=?N:N�K H+JDAa<�JDP�LMJC7 _ ;�<�O8N

Bhu(k+1) + Chu(k) = F, k = 0, 1, ...; u(0) = 0.
E E�B G8G F

z�9:;8L _ JD9:J	;86 K
k
AaN-7 _ Jo6+=�L)Z"JD9�;Ql1A 7:JD9cO%7:A ;86�N�7:JDX?NDB

^$_ JoA 7:JD9cO%7:A S8J	X�9:;�>CJUN:N E E�B G8G F->DOQ6bZ"Jo9:JDs�9:A 7/7:JD6bA 6b7 _ J`>DOQ6�;86�Aa>DOQP"lu;89:L

Bh
(
u(k+1) − u(k)

)
+Ahu(k) = F.

E E�B G j%F

^$_ J	;8X JD9cO%7:;89
Bh AaN�Oy7:9:AaOQ6��8=�PaOQ9$LpO%7:9:A k K _ JD6?>CJ	A 7�AaN�6�;Q7�N/JDP l K
O8< �
;8A 6T7UB
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^ OQt+A 6��	A 6T7:;oO8>D>C;8=�6T7 E j�B G �Q\0FGK%s�J�>DOQ6ys�9:A 7:J$7 _ J�N/f�N�7:JDL E j�B GU��G F�A 6y7 _ J$lu;89:L

−aijui−1,j + bijuij − cijui+1,j − dijui,j−1 − eijui,j+1 = fij ,
E E�B G E0F

i, j = 1, ..., n− 1
s _ JD9:J

aij =
hj + hj+1

2

bi−1 expσi−1
expσi−1 − 1

, dij = ε
h

hj
,

cij =
hj + hj+1

2

bi
expσi − 1

, eij = ε
h

hj+1
,

E E�B G r F

bij = ai+1,j + ci−1,j + dij + eij .
^$_ JD6`7 _ J-X ;8A 687�s�AaN/J�x	OQ=?N:N�K H+JDAa<�JDPTLMJC7 _ ;�< E E�B G8G FR>DOQ6)Z"J-9:JDs�9:A 7/7:JD6)A 6`7 _ J-lu;89:L

u
(k+1)
ij =

1

bij

(
fij + aiju

(k+1)
i−1,j + ciju

(k)
i+1,j + diju

(k+1)
i,j−1 + eiju

(k)
i,j+1

)
,

E E�B G �%F

i, j = 1, ..., n− 1, k = 0, 1, ... .
^$_ J�6T=�LMJD9:Aa>DOQP JCk�X"JD9:A LMJD6T7�<�JDLM;86?N�7:9cO%7:JU<p7 _ O%7-7 _ AaN-LMJC7 _ ;�<pl OQA P JUNUK+JUN/X"JU>CAaOQP P f
;86�7 _ J d OQt _ SQOQP ;iSY�89:Aa<�NDB ^$_ AaN&LMJC7 _ ;�<}AaN�N/JD6?N/A 7:A SQJ`7:;h7 _ J)�89:Aa<�9:JC�?6�JDLMJD6T7�A 6
OyX?OQ9cOQZ";8P Aa>&Z";8=�6?<�OQ9:fhPaOifQJD9UB���J`>DOQ6�N/JDJ�7 _ AaN�A 6b7 _ JoJCk�OQLMX�P J	�8A S8JD6bZ"JDP ;%soB

J-7o7 _ JhN:OQLMJy7:A LMJ
Ah _ O8NoO�>CJD9/7cOQA 6�Z�P ;�>ct�N�7:9:=?>@7:=�9:J8B���Jp=?N/Jy7 _ AaNoX�9:;8X�K

JD9/7
f�OQ6?<�>C;86?N/Aa<�JD9b7 _ J Z�P ;�>ctmx	OQ=?N:N�K H+JDAa<�JDP	LMJC7 _ ;�<�B ��J <�JD6�;Q7:J ZTf��
i =

(ui,1, ui,2, ..., ui,n−1)
T 7 _ J}S8JU>@7:;89ps _ ;TN/J}>C;8LMX";86�JD6T7cNpOQ9:Jb7 _ J}SQOQP =�JDN

uij
;Ql

7 _ J`�89:Aa<Ylu=�6?>@7:A ;86}lu;89���k�JU<
i
B ^$_ JD6�7 _ J)�89:Aa<bJU�T=?O%7:A ;86?N E E�B G E0F$>DOQ6}Z"J`9:JDs�9:A 7/K

7:JD6}O8N-7 _ J`N/f�N�7:JDL ;Ql�7 _ 9:JDJCK P JDS8JDP�S8JU>@7:;89$JU�T=?O%7:A ;86?N

−Ai
�

i−1 +Bi
�

i − Ci
�

i+1 =
�
i, j = 1, 2, ..., n− 1,

E E�B GU� F
s _ JD9:J

Ai
OQ6?<

Ci
OQ9:Jo<�AaOQ�8;86?OQP

(n− 1)× (n− 1)
LpO%7:9:A >@JUNDB ��JD9:J

diag (Ai) = (ai,1, ai,2, ..., ai,n−1)
T
,

diag (Ci) = (ci,1, ci,2, ..., ci,n−1)
T
,

�
i = (fi,1, fi,2, ..., fi,n−1)

T
,

OQ6?<
Bi

AaN�O)7:9:Aa<�AaOQ�8;86?OQP
(n− 1)× (n− 1)

LpO%7:9:A k

Bi =




bi1 −ei1 0 0 · · · 0 0 0

−di2 bi2 −ei2 0 · · · 0 0 0

0 −di3 bi3 −ei3 · · · 0 0 0

· · · · · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 · · · −di,n−2 bi,n−2 −ei,n−2
0 0 0 0 · · · 0 bi,n−1 −ei,n−1




.
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^$_ J	Z�P ;�>:tbx	OQ=?N:N�K H+JDAa<�JDP�LMJC7 _ ;�<Ylu;89$7 _ J`N/f�N�7:JDL E E�B GU� F _ O8N-7 _ J	lu;89:L

Bi
� (k+1)

i =
�
i +Ai

� (k+1)
i−1 + Ci

� (k)
i+1, E E�B G%� F

i = 1, 2, ..., n− 1, k = 0, 1... .

^ ;�<�JC7:JD9:LMA 6 � (k+1)
i

K1;86�J _ OiSQJp7:;}Aa6TS8JD9/7`7 _ Jp7:9:Aa<�AaOQ�8;86?OQP�LpO%7:9:A k
Bi
B ^ ;�<�;

7 _ AaNUK�7 _ J`N/s�JDJDX�LMJC7 _ ;�<�>DOQ6bZ"J`OQX�X�P A JU<�B
^$_ JoX";8A 6T7�s�AaN/J	9:JDX�9:JUN/JD6T7cO%7:A ;86Y;Ql E E�B G%� F _ O8N-7 _ J	lu;89:L

−diju(k+1)
i,j−1 + biju

(k+1)
ij − eiju(k+1)

i,j+1 = fij + aiju
(k+1)
i−1,j + ciju

(k)
i+1,j ,

E E�B G �0F
i = 1, ..., n− 1, j = 1, ..., n− 1, k = 0, 1... .

^$_ J�6+=�LMJD9:Aa>DOQP�JCk�X JD9:A LMJD687cN�N _ ;%s-JU<)7 _ J&O8<�SQOQ687cOQ�8J$;Ql 7 _ J�Z�P ;�>ctMx	OQ=?N:N�K H+JDAa<�JDP
LMJC7 _ ;�<b;iS8JD9$7 _ JoX";8A 6T7
s�AaN/Jo;86�J8B

|};89:JD;%S8JD9UKi7 _ J&>C;86TS8JD9:�8JD6?>CJ$;Ql"7 _ J�Z�P ;�>ctMx	OQ=?N:N�K H+JDAa<�JDP�LMJC7 _ ;�<MAaN�A 6?<�JDX"JD6�K
<�JD687y;Ql$7 _ JY�89:Aa<�9:JC�?6�JDLMJD6T7)A 6 7 _ JhS�Aa>CA 6�A 7
f�;Ql�O}X?OQ9cOQZ";8P Aa>yZ ;8=�6?<�OQ9:f�PaOifQJD9UB
��JD9:J�s�J�X�9:;%SQJ}7 _ AaNp7 _ JD;89:JC7:Aa>DOQP P fTB �&JD6�;Q7:J�7 _ J�JC9:9:;89h;Ql	7 _ J�Z�P ;�>:t A 7:JD9cO%7:A S8J
LMJC7 _ ;�<�O%l 7:JD9

k
A 7:JD9cO%7:A ;86bN�7:JDX?N�Z+f

r
(k)
ij = u

(k)
ij − uij , i = 1, 2, . . . , n− 1.

��J&��k
i
OQ6?<M7cOQt8J�7 _ J�LpO%k�AaL`=�L�;QlR7 _ J�LM;�<�=�P =?N-;Ql

r
(k)
ij

s _ Aa> _ AaN$O8> _ AaJCS8JU<hO%7
N/;8LMJ

j0
�

∣∣∣r(k)i,j0

∣∣∣ = max
1≤j≤n−1

∣∣∣r(k)ij

∣∣∣ .
E E�B G \0F

��J`N/=�Z�7:9cO8>@7 E E�B G E0F�lu9:;8L E E�B G �0F-OQ6?<Y;8Z�7cOQA 6

−di,j0r
(k+1)
i,j0−1

+ bi,j0r
(k+1)
i,j0

− eij0r
(k+1)
i,j0+1 = ai,j0r

(k+1)
i−1,j0

+ ci,j0r
(k)
i+1,j0

.

��JUOQ9:9cOQ6��QA 6��`N/;8LMJ�7:JD9:LpN�7:;`7 _ J&9:A � _ 7/K _ OQ6?<pN/Aa<�J�OQ6?<M7cOQt+A 6��`LM;�<�=�P =?N�;QlRZ";Q7 _
N/Aa<�JUNUK�s-J _ OiS8J

bi,j0

∣∣∣r(k+1)
i,j0

∣∣∣ ≤ di,j0
∣∣∣r(k+1)

i,j0−1

∣∣∣+ ei,j0

∣∣∣r(k+1)
i,j0+1

∣∣∣+ ai,j0

∣∣∣r(k+1)
i−1,j0

∣∣∣+ ci,j0

∣∣∣r(k)i+1,j0

∣∣∣ .
�&N/A 6�� E E�B G \0F�s-J	9:JDs�9:A 7:J�7 _ JoPaO8N�7�A 6�JU�T=?OQP A 7�fhA 6b7 _ J	lu;89:L

(bi,j0 − di,j0 − ei,j0)
∣∣∣r(k+1)

i,j0

∣∣∣ ≤ ai,j0
∣∣∣r(k+1)

i−1,j0

∣∣∣+ ci,j0

∣∣∣r(k)i+1,j0

∣∣∣ .
E E�B j n F

^$_ =?NUK�s-J	�8JC7

−aij0
∣∣∣r(k+1)

i−1,j0

∣∣∣+ si

∣∣∣r(k+1)
i,j0

∣∣∣− cij0
∣∣∣r(k)i+1,j0

∣∣∣ ≤ 0
E E�B j G F
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s _ JD9:J
si = bi,j0 − di,j0 − ei,j0

B?gRJC7�=?N$A 6T7:9:;�<�=?>CJ�7 _ Jo6�;Q7cO%7:A ;86

ρi =
bi

expσi − 1

s _ JD9:J
σi = bih/ε

B ^$_ JD6 bi expσi
expσi − 1

= bi + ρi
B ��A 7 _ 7 _ AaN�6�;Q7cO%7:A ;86 K <�A S+Aa<�A 6��

7 _ JoA 6�JU�T=?OQP A 7
f E E�B j G F�ZTf hj0 + hj0+1

2

s�Jo�8JC7

−(bi−1 + ρi−1)
∣∣∣r(k+1)

i−1,j0

∣∣∣+ (bi + ρi−1 + ρi)
∣∣∣r(k+1)

i,j0

∣∣∣− ρi
∣∣∣r(k)i+1,j0

∣∣∣ ≤ 0.
E E�B j8j%F

^$_ JD6�s-J�>C;86?N/Aa<�JD9b7 _ J
k
K 7 _ A 7:JD9cO%7:A ;86�N�7:JDXm;Ql`7 _ J�LpO � ;89:A TCJU<mx	OQ=?N:N�K H+JDAa<�JDP

X�9:;�>CJUN:N

−(bi−1 + ρi−1)t
(k+1)
i−1 + (bi + ρi−1 + ρi)t

(k+1)
i − ρit(k)i+1 = 0, i = 1, 2, . . . , n− 1,E E�B jQE0F

t
(k+1)
0 = t(k+1)

n = 0.

�FA�� �7>�� �QJ�� � � ��
 �
� � ��
 	���� � � �
∣∣∣r(k)i,j0

∣∣∣ ≤ t(k)i

� � � ��� ��� 
�� � ����� i = 1, 2, . . . , n− 1 ����
 � � ��
 ��� �
� ��� ��� �
∣∣∣r(k+1)

i,j0

∣∣∣ ≤ t(k+1)
i ∀ i = 1, 2, . . . , n− 1

E E�B j%r F


���� � � �
� ?BE E�/ J d JU>DOQ=?N/J�;Ql E E�B j G F�s�J _ OiSQJ
∣∣∣r(k+1)

i,j0

∣∣∣ ≤ bi−1 + ρi−1
bi + ρi−1 + ρi

∣∣∣r(k+1)
i−1,j0

∣∣∣+
ρi

bi + ρi−1 + ρi

∣∣∣r(k)i+1,j0

∣∣∣ , i = 1, 2, . . . , n−1.
^ OQt+A 6��yA 6T7:;hO8>D>C;8=�687 E E�B jQE0F�s-Jo�8JC7

t
(k+1)
i =

bi−1 + ρi−1
bi + ρi−1 + ρi

t
(k+1)
i−1 +

ρi
bi + ρi−1 + ρi

t
(k)
i+1 i = 1, 2, . . . , n− 1.

� ;isms�Jo=?N/J	A 6?<�=?>@7:A ;86�;86
i
B

G B�z�;89
i = 1

s-J _ OiS8J
t
(k+1)
1 =

ρ1
b1 + ρ0 + ρ1

t
(k)
2

OQ6?<
∣∣∣r(k+1)
1,j0

∣∣∣ =
ρ1

b1 + ρ0 + ρ1

∣∣∣r(k)2,j0

∣∣∣ ≤ ρ1
b1 + ρ0 + ρ1

t
(k)
2 = t

(k+1)
1 .
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j�B�gRJC7�7 _ J`N�7cO%7:JDLMJD687 E E�B j%r F�Z"JoS%OQP Aa<Ylu;89
i ≤ m− 1

B ^$_ JD6�s-J	;8Z�7cOQA 6

∣∣∣r(k+1)
m,j0

∣∣∣ =
bm−1 + ρm−1

bm + ρm−1 + ρm

∣∣∣r(k+1)
m−1,j0

∣∣∣+
ρm

bm + ρm−1 + ρm

∣∣∣r(k)m+1,j0

∣∣∣

≤ bm−1 + ρm−1
bm + ρm−1 + ρm

t
(k+1)
m−1 +

ρm
bm + ρm−1 + ρm

t
(k)
m+1 = t(k+1)

m .

^$_ J	X�9:;�;Ql�;Ql17 _ JoP JDLMLpOyAaN�>C;8LMX�P JC7:JU<�B
2^$_ =?NUK�7 _ J`>C;86+S8JD9:�8JD6?>CJ�JUN�7:A LpO%7:Jo;Ql17 _ J`Z�P ;�>ctbx	OQ=?N:N�K H+JDAa<�JDP�LMJC7 _ ;�<�>C;8A 6�K

>CAa<�JUN�s�A 7 _ 7 _ O%7�;Ql 7 _ J�X ;8A 687�s�AaN/J�x	OQ=?N:N�K H+JDAa<�JDP�LMJC7 _ ;�<ylu;89-OQ6M;89c<�A 6?OQ9:f)<�A W JD9/K
JD687:AaOQP"JU�T=?O%7:A ;86pOQ6?<pAaN�A 6?<�JDX"JD6?<�JD6T7-;Ql 7 _ J&�89:Aa<M9:JC�?6�JDLMJD687-A 6p7 _ J

y
K
<�A 9:JU>@7:A ;86RB

0 32
0.0

0.2

0.4

0.6

0.8

1.0

11

5

4

3

2

1

0

��� ��� � � 
���
 
��$�,�!� ����+,��
 ���!* � + )�* �$
�� ��  ��� � � 
�* " 
�% " 
(+,��� " r
(k)
i,0.5 -

0 32
0.0
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0.4
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��� ��� ��� ��
���
 
(�$�,��� ��� +,��
 ��% �'� ��� ��  ��� � � 
�* " 
�% " 
(+,��� " r
(k)
i,0.5 -
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z1A 9cN�7!K�s-JMA 6+S8JUN�7:A �TO%7:Jy6+=�LMJD9:Aa>DOQP P f}7 _ Jh>C;86TS8JD9:�8JD6?>CJy;Ql�7 _ JpX";8A 6T7
s�AaN/JpOQ6?<
Z�P ;�>ct�x	OQ=?N:N�K H+JDAa<�JDPwLMJC7 _ ;�<�N&lu;89oOYLM;�<�JDP�X�9:;8Z�P JDL,lu9:JDJy;Ql$OhZ ;8=�6?<�OQ9:f�PaOifQJD9
;86�Oy=�6�A lu;89:L3�89:Aa<�B

��J`>C;86?N/Aa<�JD9$7 _ JoX�9:;8Z�P JDL

−ε∆u+ ∂1u = 0
A 6

Ω, u = 1
;86

Γ.

5 7 _ O8N-7 _ JoJCk�O8>@7�N/;8P =�7:A ;86
u ≡ 1

B
5
6b7 _ J`z1A �8=�9:JUN�\MOQ6?< GUn 7 _ JoZ"J _ OiS+A ;8=�9$;Ql17 _ JoJD9:9:;89

s
(k)
i,0.5 =

∣∣∣u(xi, 0.5)− u(k)(xi, 0.5)
∣∣∣

OQP ;86��o7 _ J&LMAa<�<�P J�P A 6�J
y = 0.5

O%l 7:JD9
k
A 7:JD9cO%7:A ;86YN�7:JDX?N�AaN-<�JDLM;86?N�7:9cO%7:JU<Mlu;89�7 _ J

X";8A 6T7
s�AaN/J	OQ6?<hZ�P ;�>cthx	OQ=?N:N�K H+JDAa<�JDP"LMJC7 _ ;�<�N-9:JUN/X"JU>@7:A S8JDP f8B J&N�7 _ J�A 6�A 7:AaOQP �8=�JUN:N
s�J	7cOQt8J

u
(0)
ij = 0, i, j = 1, ..., n− 1

OQ6?<
r
(0)
ij = 1, i, j = 1, ..., n− 1.

^$_ J	=?N/J	;QlR7 _ Jo>DO8N:>DO8<�Aa>�OQP �8;89:A 7 _ L�OQP P ;%s�N�7:;yA LMX�9:;%S8J&lu=�9/7 _ JD9-7 _ Jo>C;86+S8JD9/K
�8JD6?>CJ8B ��A 7 _ 7 _ AaNyOQX�X�9:;TO8> _ s-Jh7cOQt8Jp7 _ JYA 6T7:JD9:X";8PaO%7:A ;86 ;Ql�7 _ JbN/;8P =�7:A ;86 ;86�O
>C;TOQ9cN/J&�89:Aa<bO8N-7 _ JoA 6�A 7:AaOQPR�8=�JUN:N$;86Y7 _ J	�?6�JD9��89:Aa<Ys�A 7 _ 7 _ J _ OQP S8JU<YLMJUN _ N/A TDJ8B

� ;%s s�J�>C;86?N/Aa<�JD9w7 _ J�>C;86?N�7:9:=?>@7:A ;86M;Ql?7 _ J�A 687:JD9:X ;8PaO%7:A ;86)lu9:;8L�Oo>C;TOQ9cN/J-�89:Aa<
7:;pO)�?6�JD9�;86�J8B

5
6�7 _ Jo6+=�LMJD9:Aa>DOQPRJCk�X"JD9:A LMJD6T7cN�s-J`OQX�X�P A JU<Y7 _ J`P A 6�JUOQ9�A 687:JD9:X ;8PaO%7:A ;86bA 6�7 _ J

y
K
<�A 9:JU>@7:A ;86

uI(xi, y
∗
k) =

yj − y∗k
hj

ui,j−1 +
y∗k − yj−1

hj
ui,j

E E�B j8�%F

s _ JD9:J
y∗k ∈ [yj−1, yj ]

K
hj = yj−yj−1

BDgRJC7�=?N�N _ ;%s�7 _ O%7�s�A 7 _ 7 _ AaNRA 6T7:JD9:X";8PaO%7:A ;86
7 _ J&;89c<�JD9�;Ql�O8>D>C=�9cO8>Cf _ ;8Pa<�N�s _ JD6h7 _ J&6�;�<�JUN�;Ql�7 _ J��89:Aa<pOQ9:J&<�JC�?6�JU<hZTf E E�B \0F@B

^ ;p<�;M7 _ AaNUK�s�Jo9:JDs�9:A 7:J E E�B j8�%F�A 6Y7 _ J	lu;89:L

uI(xi, y
∗
k) = αui,j−1 + (1− α)ui,j , α = (yj − y∗k) /hj .

�&N/A 6��)7 _ J ^ Oif+P ;89-JCk�X?OQ6?N/A ;86hs�A 7 _ 7 _ JoN/JU>C;86?<+K ;89c<�JD9�9:JDLMA 6?<�JD9-7:JD9:L�lu;89
ui,j−1OQ6?<

ui,j
OQZ ;8=�7

(xi, y
∗
k)
K�s-J _ OiS8J

∣∣uI(xi, y∗k)− u(xi, y∗k)
∣∣ ≤ |αui,j−1 + (1− α)ui,j − u(xi, y∗k)|

≤ 1

2

(
α(y∗k − yj−1)2 + (1− α)(yj − y∗k)2

)
|∂22u(xi, y∗k)|

E E�B j � F

≤ c1h2j |∂22u(xi, y∗k)| ≤ c2h2.
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��JD9:J	s-Jo=?N/JU<Y7 _ JoJUN�7:A LpO%7:J E j�B G E G F�lu9:;8L3gRJDLMLpOhj%rpOQ6?<Y7 _ J`<�JC�?6�A 7:A ;86 E E�B \0F
;Ql�7 _ Jo�89:Aa<�B

� ;Q7:J	7 _ O%7�7 _ JoJUN�7:A LpO%7:J E E�B j � F�lu;89$7 _ J H _ AaN _ t+A 6��89:Aa< _ O8N-7 _ J	lu;89:L M � � N
∣∣uI(xi, y∗k)− u(xi, y∗k)

∣∣ ≤ c3h2 ln2 (1/h) .
5
6	7 _ J

x
K
<�A 9:JU>@7:A ;86�7 _ J��89:Aa<�AaNR=�6�A lu;89:L�B ��A 7 _ <�JU>C9:JUO8N/A 6��-7 _ J�LMJUN _ N/A TDJ�lu9:;8L

2h
7:;
h
K?s-Jo7:9cOQ6?N�lu;89:L37 _ J`�89:Aa<�JU�T=?O%7:A ;86?N E E�B G E0F�7c;Y<�JC7:JD9:LMA 6�Jo7 _ J)SQOQP =�JUN�;Ql

u(xi, yj)
lu;89

i = 2m− 1
K
m = 1, 2, ..., [n/2]

K
j = 1, 2, ..., n− 1 �

−dijuIi,j−1 + biju
I
ij − cijuIi,j+1 = fij + aijui−1,j + cijui+1,j .

^$_ JYS%OQP =�JUN`;Ql
ui−1,j

OQ6?<
ui+1,j

O%7yJUO8> _ P JDS8JDP
i = 2k − 1

OQ9:Jht+6�;%s�6�lu9:;8L
7 _ J�X�9:JDS+A ;8=?Nw�89:Aa<�B ^$_ JD9:JClu;89:J$7:;)<�J@7cJC9:LMAa6�J�7 _ J�SQOQP =�JUN�;Ql

u(x2m−1, yj)
O%7�JUO8> _

P JDSQJDP
m

;86�J _ O8N&7:;}N/;8P SQJ)7 _ JpN/f�N�7:JDL[;Ql-P A 6�JUOQ9	OQP �8JDZ�9cOQAa>`JU�T=?O%7:A ;86?N�s�A 7 _ 7 _ J
7:9:Aa<�AaOQ�8;86?OQP LpO%7:9:A k

B2k−1
K
m = 1, 2, ..., [n/2]

B ��J`N _ ;is�7 _ O%7�A 6b7 _ AaN�>DO8N/J&7 _ J
;89c<�JD9$;Qlw>C;86+S8JD9:�8JD6?>CJ	OQPaN/; _ ;8Pa<�NDB

� ;86?N/Aa<�JD9$7 _ JoJD9:9:;89

δij =
∣∣uij − uIij

∣∣ , i = 2m− 1, m = 1, 2, ..., [n/2], j = 1, 2, ..., n− 1.

5 7&N:O%7:AaN��?JUN�7 _ J`N/f�N�7:JDL3;Ql1JU�T=?O%7:A ;86?N

−dijδi,j−1 + bijδij − eijδi,j+1 = θij , |θij | ≤ c5h2
lu;89

i = 2m− 1
K
m = 1, 2, ..., [n/2]

K
j = 1, 2, ..., n− 1

B ^$_ JD6�s-J _ OiSQJ

(aij + cij) max
i,j=1,2,...,n−1

|δij | ≤ max
i,j=1,2,...,n−1

|θij |.
^ OQt+A 6��yA 6T7:;hO8>D>C;8=�687�7 _ Jo<�JC�?6�A 7:A ;86?N�;Ql

aij
OQ6?<

cij
s-Jo�8JC7

max
i,j=1,2,...,n−1

|δij | ≤ c6h2.
^$_ J�6+=�L`Z JD9�;Ql A 7:JD9cO%7:A ;86pN�7:JDXM7 _ O%7�AaN�9:JU�T=�A 9:JU<)7:;)O8> _ A JDSQJ$7 _ J�>C;86TS8JD9:�8JD6?>CJ

>C9:A 7:JD9:A ;86�AaN`N _ ;%s�6 A 6 ^ OQZ�P J � lu;89
ε = 1/2560

;86
n × n �89:Aa<�NDB=J&No7 _ JY>C;86�K

SQJD9:�8JD6?>CJy>C9:A 7:JD9:A ;86}s-Jy=?N/JU<�7 _ J)lu;8P P ;%s�A 6��Y9:JUN�7:9:Aa>@7:A ;86�;86}7 _ Jy9:JUN/Aa<�=?OQPwO%l 7:JD9
kA 7:JD9cO%7:A ;86�N�7:JDX?N �

max
i,j=1,2,...,n−1

∣∣∣∣
(
Lhu(k)

)

ij
− fij

∣∣∣∣ ≤ ∆
h.

��JoX�=�7

∆h = 10−5H2 · 21−H/h

s _ JD9:J
1/H

AaN$7 _ Jo6�;�<�JUN$;Ql�7 _ J`>C;TOQ9cN/JD9$�89:Aa<�B
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�

�
���!� � 
(� �!
�����
 ) � ������+ ������* 
 � 
�" ��� +,
(� ������� * +,
(����+,* �!� � +,
�� �

�QJ � K�R�� 
 U�� �
RNE�� E�/ �
P9A � U � AD?BR�
 >
	F?BA��
U 	 � �
��Jos�9:A 7:J�7 _ J`N/;8P =�7:A ;86b;Ql17 _ JoX�9:;8Z�P JDL E E�B E0F V E E�B r F�O8N-7 _ J`N/JD9:A JUN

u =

∞∑

n=1

γnψn(x) sin(πny) = Ssol
E E�B j � F

s _ JD9:J

ψn(x) = C1n exp(λ
n
1x) + C2n exp(λ

n
2x)− 1,

E E�B jQ�0F

C1n =
exp(λn2 )− 1

exp(λn2 )− exp(λn1 )
, C2n =

1− exp(λn1 )

exp(λn2 )− exp(λn1 )
,

E E�B jQ\0F

λn1 =
1 +

√
1 + (2επn)2

2ε
, λn2 =

1−
√

1 + (2επn)2

2ε
,

E E�B E n F

γn =





0,
A l
n
AaN�JDSQJD6

,

− 4

ε(πn)3
,

A l
n
AaN$;�<�<

.

E E�B E G F

�FA�� �7>�� �.J ��
 � � ����� � � E E�B j � F ��� � �	��� � � � 	 � � 
�� ��� � � 
�� � x ∈ [0, 1] �
� ?BE E�/ J � ;86?N/Aa<�JD9�7 _ JpN/JU�T=�JD6?>@Jy;Ql�7 _ J)lu=�6?>@7:A ;86?N {ψn(x)}∞n=1

OQ6?<�N _ ;%s�7 _ O%7
A 7�AaN$=�6�A lu;89:LMP fYZ";8=�6?<�JU<b;86

x ∈ [0, 1]
B

gRJC7�=?N�>COQP >@=�PaO%7cJ&7 _ J`<�JD9:A SQO%7:A S8JUN
ψ′n(x)

K
ψ′′n(x)

�

ψ′n(x) = λn1C1n exp(λ
n
1x) + λn2C2n exp(λ

n
2x),

ψ′′n(x) = λn21 C1n exp(λ
n
1x) + λn22 C2n exp(λ

n
2x).
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d JU>DOQ=?N/J�;Ql E E�B jQ\0F-OQ6?< E E�B E n F�7 _ J	lu;8P P ;%s�A 6��yA 6�JU�T=?OQP A 7:AaJDN _ ;8Pa< �

λn1 ≥ 0, λn2 ≤ 0 ∀ n = 1, 2, ... ,
C1n ≤ 0, C2n ≤ 0 ∀ n = 1, 2, ... .

H+A 6?>CJ
ψ′′n(x) ≥ 0 ∀ x ∈ [0, 1] ∀ n = 1, 2, ... ,

ψn(x)
AaN�>C;86+SQJCkhlu=�6?>@7:A ;86�;86

[0, 1]
B4J-7�7 _ JoX";8A 6T7�;Ql1LpO%k�A L)=�L 7 _ JoJU�T=?OQP A 7�f

ψ′n(x0) = λn1C1n exp(λ
n
1x0) + λn2C2n exp(λ

n
2x0) = 0

AaN$SQOQP Aa<�B ^$_ JD6�s�J _ OUS8J

exp(x0) =

(
λn2
λn1

exp(λn1 )− 1

exp(λn2 )− 1

)1/(λn
1−λn

2 )

.

� OQPa>C=�PaO%7:J
lim
n→∞

|ψn(x0)|
B8gRJC7

n
Z"J�N/= �h>CA JD687:P f)PaOQ9:�8J%KUlu;89�JCk�OQLMX�P J%K

2επn >> 1
K

7 _ JD6
λn1 ≈ πn

K?OQ6?<
λn2 ≈ −πn

B�5 7�AaN$JUO8N/fp7:;p>DOQPa>C=�PaO%7:J�7 _ O%7

exp(x0) =

(
− exp(πn)− 1

exp(−πn)− 1

)1/2πn

= exp (1/2) .

^$_ JD6bs-Jo�8JC7

ψn(x0) =
1

exp(πn) + 1
exp(πn/2) +

exp(πn)

exp(πn) + 1
exp(−πn/2)− 1

=
2

exp(πn/2) + exp(−πn/2) − 1.

^$_ AaN$f+A JDPa<�N

lim
n→∞

|ψn(x0)| = 1.
E E�B ETj%F

^$_ =?NUK�7 _ J`N/JU�T=�JD6?>CJ {ψn(x)}∞n=1

AaN�=�6�A lu;89:LMP fhZ ;8=�6?<�JU<b;86
[0, 1]

K�A 6�;Q7 _ JD9
s�;89c<�NUK+7 _ JD9:J	JCk�AaN�7cN�N/=?> _ OM>C;86?N�7cOQ6T7

M
7 _ O%7

|ψn(x)| ≤M ∀ x ∈ [0, 1] ∀ n = 1, 2, ... .

^$_ J�N/JU�T=�JD6?>CJ�;Ql�7 _ J�lu=�6?>@7:A ;86?N {sin(πny)}∞n=1

AaN�=�6�A lu;89:LMP fMZ";8=�6?<�JU<p;86
[0, 1]ZTf G B

^$_ JD9:JClu;89:J%K+7 _ J	7:JD9:LpN$;Ql�7 _ J`N/JD9:A JUN E E�B j � F-N:O%7:AaN�lufp7 _ JoA 6�JU�T=?OQP A 7�f

|γnψn(x) sin(πny)| ≤Mγn, ∀ n = 1, 2, ...
E E�B E8E0F
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s _ JD9:J
γn

OQ9:J&7 _ J	7:JD9:LpN�;Ql�7 _ J`>C;86+SQJD9:�8JD6T7�N/JD9:A JUN

S = −4M

επ3

∞∑

k=1

1

(2k − 1)3
E E�B EQr F

;Ql)6T=�L)Z"JD9cNDB ^$_ JD6�O8>D>C;89c<�A 6�� 7:;�7 _ J ��JDA JD9cN�7:9cO8N:Nb>C9:A 7:JD9:A ;86�;Ql`7 _ J�=�6�A lu;89:L
>C;86TS8JD9:�8JD6?>CJ�;Ql�lu=�6?>@7:A ;86?OQP�N/JD9:A JUNUK+7 _ J`N/JD9:A JUN E E�B j � F�=�6�A lu;89:LMP fb>C;86TS8JD9:�8JUNDB

2^$_ JYJUN�7:A LpO%7:J E E�B E8E0FoN _ ;%s�No7 _ O%7)7 _ J�N/JD9:A JUN E E�B j � F`>C;86TS8JD9:�8JUN`O%7yP JUO8N�7MO8N
E E�B EQr F@B ��J)<�JD6�;Q7:J`Z+f

SK
7 _ J)X?OQ9/7:AaOQP�N/=�L ;Ql E E�B EQr F@B ^$_ Jol ;8PaP ;is�A 6��pJUN�7:A LpO%7:J

_ ;8Pa<�N E N/JDJ M �QE N"F �
|S − SK | ≤

4M

επ3
1

K2
.

^$_ JD9:JClu;89:J�7:;MO8> _ A JDSQJ&7 _ J	�8A SQJD6bO8>D>C=�9cO8>Cf
δ
A 7�AaN-6�JU>CJUN:N:OQ9:fy7:;)7cOQt8J�O%7�LM;TN�7

K7:JD9:LpN$s _ JD9:J

K = 2

√
M

επ3
δ.

z�9:;8L E E�B ETj%F�s�J _ OiSQJ�7 _ O%7�7 _ J`>C;86?N�7cOQ6T7
M

AaN�>CP ;TN/J�7:;
1
B

5
6}7 _ J)6+=�LMJD9:Aa>DOQP�JCk�X"JD9:A LMJD6T7cN�7 _ JyN/JD9:A JUN�s-O8N&>DOQPa>C=�PaO%7:JU<�s�A 7 _ A 6�OQ6�O8>D>C=�K
9cO8>Cf

δ = 10−5
B ^$_ J&JCk�O8>@7-N/;8P =�7:A ;86ps$O8N�>DOQPa>C=�PaO%7:JU<pO8N�7 _ J&X?OQ9/7:AaOQP"N/=�LpN

S1000
sol

K
S2000
sol

KQOQ6?<
S3000
sol

B%5
6 ^ OQZ�P JUNw��KQ\�KQOQ6?<)z1A �8=�9:JUN G8G K G j�7 _ J$6T=�LMJD9:Aa>DOQP�9:JUN/=�P 7cNwOQ9:J
X�9:JUN/JD687:JU<y;86)7 _ J�N/JU�T=�JD6?>CJ$;Ql �89:Aa<�N1lu;89

ε = 10−3, 10−2
B ��J�=?N/J$7 _ J�6�;Q7cO%7:A ;86?N

Rn,K
abs = max

i,j=0,...,n

∣∣unij − SK
sol(xi, yj)

∣∣ .

��JD9:J
unij

AaN&7 _ JMN/;8P =�7:A ;86�;Ql�7 _ JM<�AaN:>C9:JC7:JyX�9:;8Z�P JDL[O%7�7 _ Jy6�;�<�J
(xi, yj)

;Ql�7 _ J
(n + 1) × (n + 1)

�89:Aa< K
K

AaN�7 _ JM6+=�L`Z JD9o;Ql�7 _ Jy7:JD9:LpN	;Ql�7 _ JpN/JD9:A JUNDB 5
6�7 _ J
z1A �8=�9:JUN G8G K G j&7 _ J�S%OQP =�JUN�;Ql

Rn,3000
abs (n)

OQ9:J�LpOQ9:t8JU<)Z+f)7 _ J�6T=�L)Z"JD9cN
2
K
3
KTOQ6?<

4
lu;89�7 _ J H _ AaN _ t+A 6 K�7 _ J d OQt _ SQOQP ;iSp�89:A <�N�OQ6?<Y7 _ Jo�89:Aa< E E�B \0F�9:JUN/X JU>@7:A SQJDP fTB�z�;89

>C;8LMX?OQ9:AaN/;86b7 _ JMN�7:9cOQA � _ 7&P A 6�JUN&s�A 7 _ N/PaOQX"JUN�7:�
ϕ = 1

OQ6?<}7:�
ϕ = 2

LpOQ9:t8JU<�Z+f

1
OQ9:JhN _ ;%s�6�A 6�z1A �8=�9:JUN G j�OQ6?< G8G 9:JUN/X"JU>@7:A S8JDP f8B�z�;89

ε = 10−2
7 _ JYLMJC7 _ ;�<

_ O8N&7 _ JhN/JU>C;86?<+K ;89c<�JD9	>C;86+SQJD9:�8JD6?>CJ8B � _ JD6
ε
<�JU>C9:JUO8N/JUN�7:;

10−3,
7 _ JpLMJC7 _ ;�<

Z"JU>C;8LMJUN-�?9cN�7/K ;89c<�JD9�>@;86+S8JD9:�8JD687UB
z1A 6?OQP P f%KQs-J�<�AaN:>C=?N:N17 _ J�9:JUN/=�P 7cNw;8Z�7cOQA 6�JU<yA 6y7 _ J$7�s-;QK
<�A LMJD6?N/A ;86?OQP�>DO8N/J$s�A 7 _

7 _ J`N/X"JU>CAaOQP�OQX�X�9:;Uk�A LpO%7:A ;86b;Ql17 _ Jo9:A � _ 7/K _ OQ6?<bN/Aa<�J`N/A LMA PaOQ9$7:;M7 _ O%7&>C;86?N/Aa<�JD9:JU<
A 6 ��_ OQX+7cJC9 G B���J`>C;86?N/Aa<�JD9:JU<p7 _ J �&A 9:Aa> _ P JC7�X�9:;8Z�P JDL

−ε∆u+ ∂1((1 + 2x)u) = f
A 6

Ω,

u = 0
;86

Γ

s _ JD9:J

f = 6x2 + 2x− 2ε+ 2d, d =
exp(−2/ε)

1− exp(−2/ε) .
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(�$�,���
Rn,K

abs

� ���
ε = 10−3 -

����� � �!��% ��� �!�,* " � � ��* �$�
� * � ���,* "��
n

Rn,1000
abs Rn,2000

abs Rn,3000
abs Rn,1000

abs Rn,2000
abs Rn,3000

abs
 � �'- ����� 10 � 
 �'- ����� 10 � 
 �'- ����� 10 � 
 �'- ����� 10 � 
 �'- ��� 
 10 � 
 �'- ��� 
 10 � 

��� �!- ����� 10 � 
 �!- ����� 10 � 
 �!- ����� 10 � 
 �'- ��� 
 10 � 
 �'- ����� 10 � 
 �'- ����� 10 � 

����� � - ����� 10 � � � - ����� 10 � � � - ����� 10 � � �!- ����� 10 � 
 �!- ����� 10 � 
 �!- ����� 10 � 

����� �'- ����� 10 � � �'- ����� 10 � � �'- ����� 10 � � � - ��� 
 10 � � � - ����� 10 � � � - ����� 10 � �
����� �'- 
 ��� 10 � � �'- ����� 10 � � �'- ����� 10 � � �!- ����� 10 � � �!- ��� 
 10 � � �!- ����� 10 � �
������� �'- ����� 10 � � �!- ����� 10 � � �!- ����� 10 � � 


- � 
 � 10 � � 

-

 ��� 10 � � 


-

 ��� 10 � �

������� � � ��
���
 
(�$�,���
Rn,K

abs

� ���
ε = 10−2 -

����� � �!��% ��� �!�,* " � � ��* �$�
� * � ���,* "��
n

Rn,1000
abs Rn,2000

abs Rn,3000
abs Rn,1000

abs Rn,2000
abs Rn,3000

abs
 � �!- ����� 10 � 
 �!- ����� 10 � 
 �!- ����� 10 � 
 

- ����� 10 � 
 


- ����� 10 � 
 

- ����� 10 � 
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