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v ��'K�
� � ������� ���

Q]Q�Vzg f1R�N+F F =@ZpRKt�DKRJ^2=@F AG<xA�\ =�<�F =@R�<>C�Qhf1RJ?TA�\�^1AGF <>=9W F Z�F[D9Z B2A:<�A�=TF <���C�RJ<�DKR
C�<�F C>C�RJ<�RUW@W�SEH s DJDKAG?9B2F <�e�=@A�=@Z�RXAGf2=9V�F <�RUB ?!V�i C�R

t̃lk+1

F�R DJV�i[DKC�i[V!=@R
xl(t̃

l
k+1)

V�<�B
i A2A�AS\]AG?X=@Z�R W#AGi C2=@F AG<

tlk+1

A�\�=@Z�RTR,C>C�V!=@F AG<

sl(t
l
k, t) =

1

2
[h(ynl−1+k) + h(xl(t̃

l
k+1))].

Q b H L S

O C�^�^0A>W#R�=@Z�V!=�=@Z�F[W�R,C>C�V!=@F AG< Z�VGW�V,W#AGi C2=@F AG<hVGWUF RJi i Q =@Z�R DKAG<G=@?9V�?@g,F[W�DKAG<�W#F[B2RJ?@RUB
F < W
=@RJ^ L SEH1o�AG<�W#F[B2RJ?X=@Z�R�F <�R,C>C�V�i F =
g

∣

∣

∣

∣

d− sl(t
l
k, t

l
k+1)

sl(tlk, t
l
k+1)

∣

∣

∣
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; =BF VGW�<�A�=@RUB V�f1A�?�RT=@Z�V!=�=@Z�R =@?@F[V�<�eGC�i[V!=@F AG< V�i eGAG?@F =@Z�Q/F[W�f�VGW#RUBYAG< W#C�DJDKRUW@W#F ?GR
=�i i F <�e4A�\ =@Z�R�B2AGQ�V�F <PF F =@Z =@?@F[V�<�eGC�i[V�?:RJi RJQSRJ<>=9WJH@< Z�RJ< =�i i F <�e_=@Z�R�B2AGQ�V�F <
F F =@Z =@Z�RSRJi RJQSRJ<>=9WDN�o�&(')D9Z�V�<�eGRUWTV�<�BxF <�eGRJ<2RJ?9V�i�DJVGW#R�?@RJ^�?@RUW#RJ<>=9WTV:<(C�Qhf1RJ?
A�\�DKi A>W#RUB f�?@A�A�RJ<:DKAG<>=@AGC�?9WJH(mXZ�R,<(C2Qhf1RJ? A�\�DKAG<2<�RUDE=@F ?(F =*g�A�\8=@Z�RTB2AGQ�V�F <:f1RJF <�e
=@?@F[V�<�eGC�i[V!=@RUB V�<�Bp=@Z�R�<(C�Q f0RJ?�A�\XC�<�F =9W�A�\�o�&(' D@Z�V�<�eGR�V�<�B�DJV�< RKt�DKRJRUBp=@Z�R
F <�F =@F[V�i
C>C�V�<G=@F =@F RUWJHzmXZ�RJ?@RK\]AG?@R�F < =@Z�R�^�?@AGeG?9V�Q AG<�R W#Z�AGC�i[BRF V!=9D9Z�=@Z�V!=&=@Z�R i RJ<�e�=@Z
A�\�=@Z�R V�?@?9Vzg(W

K
V�<�B

M
Q W#RJR�W#RUDE=@F AG<YL S F AGC�i[B:<�A�=�RKt�DKRJRUB(RUB:=@Z�R�eGF ?GRJ<jAG<�RGH

��<�B2RJ? DKAGQSF <�e_=@AGeGRK=@Z�RJ?:A�\�B2F -0RJ?@RJ<>=Y^�V�?#=9W:A�\So�&('7AG?jF < =@Z�R�B2AGQ�V�F <�W
A�\XW#Z�V�?@^ D9Z�V�<�eGRUW,A�\�=@Z�R�\]C�<�DE=@F AG<

h(x, y)
=@Z�R�=@Z�RS=@?@F[V�<�eGC�i[V�?,RJi RJQSRJ<G=9W�f1RJF <�e
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DKAG<�W
=@?@C�DE=@RUB�DJV�<�f1RXA�\ V�<�RJi AG<�e>V!=@RUB�\]AG?@Q N�V�<�B =@Z�V!=�DJV�<�?@RUW#C�i =�F <SDKAG<�W#F[B2RJ?9V�f�i R
RJ?@?@AG?9W�F Z�RJ<YC�W#F <�e�=@Z�F[W eG?@F[B F <-=�<�F =@R�RJi RJQSRJ<G=�QSRK=@Z�A�B0H�;*<YAG?9B2RJ? =@A�V�?�AGF[B =@Z�F[W
B2RK\]RUDE=,N&V!\ =@RJ?�DKAG<�W
=@?@C�DE=@F AG<pA�\�=@Z�RSeG?@F[BpV�<pF QS^�?@A�?GRJQSRJ<G=�F[W,Q�VGB2R>F Z�F[D@Z i F =#=@i R
D9Z�V�<�eGRUW�DKAGQS^�VGDE=�=@?@F[V�<�eGi RUW�V�<�BhW#F eG<�F =1DJV�<G=@i g D9Z�V�<�eGRUW8=@Z�R RJi AG<�e>V!=@RUB�AG<�RUWJH!mXZ�R
F QS^�?@A�?GRJQSRJ<G=�A�\&=@Z�R�eG?@F[B:F[W ^1RJ?#\]AG?@QSRUB:f>g:QSRUV�<�WXA�\�=@Z�R�?@RJi[V!=@F AG<�W

xk =
1

nk

nk
∑

i=1

xki

F Z�RJ?@R
xk

F[W8=@Z�R <�A�B2R�f1RJF <�eTDKAG?@?@RUDE=@RUB$J
nk

F[W&=@Z�R <(C�Q f0RJ?�A�\�<�A2B2RUW�W#C�?@?@AGC�<�B2F <�e
=@Z�R�<�A�B2R

xk; xki

V�?@R =@Z�R,W#C�?@?@AGC�<�B2F <�e <�A2B2RUWJH>mXZ�R�<(C�Qhf1RJ?
nk

V�<�BS<�A2B2RUW
xkiV�?@R�B2RK=@RJ?@QSF <�RUBSf(g�QSRUV�<�W�A�\0=@Z�R =@?@F[V�<�eGi RUW�^1A>W@W#RUW@W#F <�e,=@Z�R�DKAGQSQSAG<>?GRJ?#=@RKt
xk

H
mXZ�RT=@?@F[V�<�eGC�i[V!=@F AG<jV�i eGAG?@F =@Z�Q/DKAG<�W#F[W
=9WXF <j=@Z�RT\]AGi i A�F F <�e�H

9�3�5�����;
c F <�BpV�<pC�<�F =

zmin

A�\Xo�&(' F Z�F[D9ZpZ�VGW�=@Z�RSQSF <�F Q�V�i�i RJ<�e�=@Z
lmin

V�<�B =@Z�R
<�A�B2RUW

x1
min,x

2
min

H ��RJ<�A�=@RTf>g
z−min, z

+
min

=@Z�RTC�<�F =9WX^�?@RUDKRKRUB2F <�eSV�<�B�\]AGi i A�F F <�e
zmin

N0?@RUW#^1RUDE=@F ?GRJi gGH8o�Z�A2A>W#R \]?@AGQ
z−min, z

+
min

V�<pC�<�F =
z∗min

F Z�F[D@Zp\]AG?@Q�W F F =9Z
zmin

=@Z�RjQSF <�F Q�V�i V�<�eGi R
βmin (βmin = min(β1, β2)

J�=@Z�R V�<�eGi RUW
β1

V�<�B
β2V�?@R�QSRUVGW#C�?@RUBpDKAGC�<>=@RJ?9DKi A2D�AKF F[W#R \]?@AGQ

zmin

=@A
z−min

V�<�Bx\]?@AGQ
z+
min

=@A
zmin

N
?@RUW#^0RUDE=@F ?�RJi g�SEH ��RJ<�A�=@RX=@Z�RX<�A�B2RJW�A�\�=9Z2R�D9Z�A(A>W#RJ<h^�V�F ?�A�\1<�A2B2RUW Q =@Z�RJg�V�?@R RJF =@Z�RJ?
z−min, zmin

AG?
zmin, z

+
min

S�f(g
xmin

1 ,xmin
2 ,xmin

3

H(; \
βmin ≤ 80o

Q]A�=@Z�RJ?�F F[W#R F R
DKAGQSRT=@A�W
=@RJ^Y`KS N(=@Z�RJ<YeGA�=@A W
=@RJ^ b H

9�3�5�����;
�xV�AGRTVh=@RUW
= A�\�eGRK=#=@F <�eSF <G=@AS=@Z�R,=@?@F[V�<�eGi R

∆(zmin, z
∗
min)

Q W#RJR s ^�^1RJ<�B2F t N S
A�\�=9Z2RY<�A2B2RUW�A�\�o�&('BN F F =@Z4RKt�DKRJ^2=@F AG<{A�\�=@Z�Rj<�A�B2RUW \]AG?@QSF <�e

zmin, z
∗
min

H�; \
=@Z�RJ?@R�V�?@Rh<�AYW#C�D@Z <�A2B2RUWDN DKAGQSRh=@AYW
=@RJ^ L�N0A�=@Z�RJ?�F F[W#Rh\]?@AGQ V�i i�=@Z�RS<2A�B2RUW,eGA�=
F <>=@A

∆(zmin, z
∗
min)

D@Z�A2A>W#R V�<�A�B2R
y∗
DKi A>W#RUW
=�=@A

zmin

Q W#RJR s ^�^1RJ<�B2F t b S V�<�B
eGA�=@A W
=@RJ^ Nzb H

9�3�5���� ;
o�AG<�W#F[B2RJ?�V�DKF ?9DKi R F F =@Z�?9VGB2F C�W |xmin

3 −xmin
1 |/2 V�<�Bh=@Z�R�DKRJ<>=@RJ? xc

F Z�F[D@Z�F[W
=@Z�RTQSF[B2^1AGF <>=XA�\8=@Z�R,=@Z�F ?9B:W#F[B2R

z
F <
∆(zmin, z

∗
min), xc = (xmin

1 +xmin
3 )/2

H
; \�<�A2B2RUWXA�\�o�&(' B2AS<�A�= eGRK=�F <G=@AS=@Z�RTZ�V�i \�A�\&=@Z�R DKF ?9DKi RTRKt(=@RJ?@<�V�i+F F =@ZY?@RUW#^1RUDE=
=@A

∆(zmin, z
∗
min)

Nz=@Z�RJ<�DKAGQSR�=@A�W
=@RJ^ N L�H ��=@Z�RJ?�F F[W#R�\]?@AGQ)V�i i(=@Z�RX<�A�B2RUW�D9Z�A(A>W#R
=@Z�R:DKi A>W#RUW
=T=@A

z
<�A2B2R

xm

V�<�B�B2F ?(F[B2R�=@Z�R.C>C�VGB2?9V�<�eGi R
2(zmin, z

∗
min,xm)

W#A
=@Z�V!=S=@Z�RYQSF <�F Q�V�i V�<�eGi RjA�\�=@Z�Rj?@RUW#C�i =@F <�ep=@?@F[V�<�eGi RUW F AGC�i[B_f1RYQ�V!t2F Q�V�i1Q =@Z�R
D9Z�AGF[DKRhW#Z�AGC�i[BYf1R�B2AG<�R�\]?@AGQ�=�F A.?�V�?@F[V�<G=9W A�\�B2F ?(F[W#F AG< A�\�=@Z�R:C>C�VGB2?9V�<�eGi RTF <>=@A
= F Ah=@?@F[V�<�eGi RUW�SEH(mXZ�RTDKAG<�W#F[B2RJ?9V!=@F AG< A�\8=@Z�RRC>C�VGB2?9V�<�eGi R�F[W <�RUDKRUW@W@V�?@gSF <:AG?9B2RJ?�=@A
V�?GAGF[BTDEAG<�W
=@?@C�DE=@F <�e RJi AG<�e>V!=@RUB�=@?@F[V�<�eGi R�F F =@ZT=@Z�R ?�RJ?#=@F[DKRUW

xmin
1 ,xmin

3 ,xm

NUW#F <�DKR
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xm

DJV�< f0R i A2DJV!=@RUB DKi A>W#R�RJ<�AGC�eGZ�=@A
z
H c C�?#=@Z�RJ?,N�B2RUDKi[V�?@R�f1A�=@Z =@Z�R AGf2=9V�F <�RUB

=@?@F[V�<�eGi RUW�VGW�RJi RJQSRJ<>=9WDN>?@RJQSA�?GR
zmin, z

∗
min

\]?@AGQ/o�&('BN(B2RK=@RJ?@QSF <�R�DKAG<�<�RUDE=@F ?(F =
g
A�\�=@Z�RhB2AGQ�V�F <LN1VGB�B:= F A�<�RDF C�<�F =9W

[xmin
1 ,xm], [xm,x

min
3 ]

Q W#RJR s ^�^0RJ<�B2F t v S
V�<�BjeGAh=@A W
=@RJ^ N H

9�3�5���� ;
o�AG<�W
=@?@C�DE=X=@Z�R�^1AGF <>=

x∗ = xc
min + hcpn, xc

min =
1

2
(x1

min + x2
min).

Q L�H N S

��RJ?@R
n
F[WX=@Z�R�<�AG?@Q�V�i1=9A

zmin

B2F ?@RUDE=@RUB:F <�W#F[B2RT=@Z�R B2AGQ�V�F <LM

(x2
min − x1

min)× n = lmine3, e3 = (0, 0, 1);

hcp
F[W�V,?GRJ?9V�eGR1?!V�i C�R�A�\�=@Z�R�\]C�<�DE=@F AG< A�\�W
=@RJ^�W�A�?GRJ? =@Z�R ?GRK?#=9F[DKRJW A�\�R,C>C�F i[V!=@RJ?9V�i

=@?@F[V�<�eGi R�DKAG<�W
=@?@C�DE=@RUB:AG<:=@Z�R�f�VGW#F[W
zmin :

hcp =
1

3

3
∑

i=1

h(ξi), ξj = x
j
min, j = 1, 2; ξ3 = x c

min +

√
3

2
lminn.

��<�B2RJ?SDKRJ?#=9V�F <_DKAG<�B2F =@F AG<�WhB2RUW@DK?@F f1RUB�f0RJi A�FRN&=@Z�R:^1AGF <>=
x∗

F F i i�f0RjV <�RDF
<�A�B2R�N�V�<�B =9Z2R�=@?@F[V�<�eGi R

∆(zmin,x∗)
F F[i i f0R�V�<�RDFyRJi RJQSRJ<>=UH

��<�=@Z�R f�VGW#F[W�A�\1=@Z�R�C�<�F =
zmin

DKAG<�W
=@?@C�DE=�VT?@RUDE=9V�<�eGi R
Ω
N�AG<�RXA�\+F Z�F[D9Z�W#F[B2RUW

F[W
zmin

V�<�BS=@Z�R,V�<�A�=@Z�RJ?�F[W B2F ?@RUDE=@RUB�<�AG?@Q�V�i i gSV�<�BSF =9W i RJ<2e�=9Z�R,C>C�V�i[W
2H.

��RJ?@R
H
F[W =@Z�R V�i =@F =@C�B2R�F <

∆(zmin,x∗)
B(?@AG^�^0RUB:AG<

zmin :

2H =
√

4|x∗ − x 1
min|2 − l2min.

' g�QSRUV�<�W�A�\ =@Z�RTDKAG<>=@?@AGi0B2AGQ�V�F <
Ω
N(i RK= VGW@DKRJ?#=9V�F <S=@Z�RTDK?@F =@RJ?@F AG<�W�A�\8^�?@Azt2F QSF =
g

A�\�=@Z�RY<�RDF�<�A2B2R
x∗
=@Ap=@Z�RY^�?@RD?(F AGC�W#i g_DKAG<�W
=@?@C�DE=@RUB_<�A2B2RUW�V�<�B_C�<�F =9WJH�; \,F <

DKRJ?#=9V�F <xW#RJ<�W#R
x∗
F[W�DKi A>W#R�=@A <�A�B2RUW AG?�C�<�F =9WDN�=@Z�RJ<VF�Rh?@RK\]C�W#R =@A:DKAG<�W
=@?@C�DE=�=@Z�R

<�RDF <2A�B2R V�<�BYD@Z�A(A>W#R,=@Z�R f1RUW
=�<�A�B2R,\]?@AGQ/=@Z�RhDKi A>W#RTAG<�RUW \]AG?�DKAG<�W
=@?@C�DE=@F AG<jA�\
=@Z�R�<�RDFyRJi RJQSRJ<>=UH

�8RK=�B2R*=�<�RT=�F A�W#RK=9W
M0

V�<�B
M1

VGW \]AGi i A�F�WJH
M0

F[W =@Z�R W#RK=jA�\ <(C�Qhf1RJ?9W:A�\ <�A2B2RUW:A�\So�&('BN F Z�F[D@Z eGA�=:F <>=@A
Ω
N F F =@Z

RKt�DKRJ^2=@F AG<YA�\&=@Z�R�<(C�Qhf1RJ?9WXA�\�<�A2B2RUW
x 1
min

V�<�B
x 2
min

M0 =
{

n : xn ∈ Ω, xn 6= x i
min, i = 1, 2

}

.

M1

F[W�=@Z�R�W#RK=,A�\�<(C�Qhf1RJ?9W,A�\�=@Z�RSC�<�F =9W,A�\ o�&('BN+F Z�F[D@Z DK?@A>W@W#RUW
∂Ω

N+F F =@Z
RKt�DKRJ^2=@F AG<YA�\&=@Z�R�<(C�Qhf1RJ?�A�\&=@Z�R�QSF <�F Q�V�i8C�<�F =

zmin :

M1 = {n : zn ∩ ∂Ω 6= ∅, zn 6= zmin} .
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;*<>=@?@A2B2C�DKR,= F�A VGB�B2F =@F AG<�V�i ^1AGF <>=9W
z1

V�<�B
z2 :

zi = x i
min + (−1)i∆l τ , i = 1, 2,

F Z�RJ?@R

τ =
1

lmin

(x 2
min − x 1

min),

∆l =
1

4
(h(x c

min)− lmin).

��RK=@RJ?@QSF <�RY=@Z�RxV�<�eGi R
ξ
V!=S=@Z�R�?GRJ?#=@RKt

zξ

F <{=@Z�RY=@?@F[V�<�eGi R
∆(x∗, z1, z2)

N
F Z�RJ?@R

zξ = z1

N�F \
z∗min = z−min

V�<�B
zξ = z2

N�F \
z∗min = z+

min

Q W#RJR W
=@RJ^ N SEH
; \�AG<�RTA�\�=@Z�R W#RK=9W

Mo

AG?
M1

F[W <�A�= RJQS^2=
g�N2=@Z�RJ< DKAGQSR,=@A W
=@RJ^ r H
��RK=@RJ?@QSF <�RS=@Z�R�V�<�eGi R

α1

V!=T=@Z�R ?GRJ?#=@RKt
x∗
F < =@Z�R�=@?@F V�<2eGi[R

∆(z1, z2,x∗)
H

; \
α1 ≥ 30o

V�<�B
βmin − ξ ≥ 20o

N(=@Z�RJ<xB(RUDKi[V�?@R,=@Z�R�^1AGF <>=
x∗
V�<�RDF <�A�B2R�V�<�B

DKAGQSRT=@A�W
=@RJ^ b H
; \
α1 < 30o

N =@Z�RJ<_?@RUB2RK=@RJ?@QSF <�RS=@Z�R ^1AGF <>=
x∗
W#AY=@Z�V!= =@Z�R <�RDFI<�A2B2R�Z�VGW

α1 = 30o :

x∗ = xc
min + |z2 − xc

min| ·
=@e

75o · n.
s = =@Z�V!=,N�F \

βmin − 75o < 20o
N2=@Z�RJ< DKAGQSR,=@A�W
=@RJ^ b N2RJi[W#RT=@A�W
=@RJ^ N `�H

mXZ�R F <>=@?@A2B2C�DE=@F AG< A�\,=@Z�Rx^1AGF <>=9W
z1

V�<�B
z2

F[W�AGf�i F eGRUB{=@A�=@Z�RY\ VGDE= =@Z�V!=
=@Z�R:C�<�F =

zmin

V!=hAG<�R A�\X=@Z�R:^�?@RD?(F AGC�W W
=@RJ^�W A�\�DKAG<�W
=@?@C�DE=@F AG< A�\X=@Z�R:RJi RJQSRJ<G=
DJV�< f1R�^�?@A2B2C�DKRUBSf(g�B2F -0RJ?@RK<>= FXVzg2WDM�=@Z�?@AGC�eGZ�DKAG<�<�RUDE=@F AG< A�\0= F A <�RJF eGZ(f1AGC�?@F <�e
C�<�F =9W Q W
=@RJ^ N L S N�=@Z�?@AGC�eGZ DKAG<�<�RUDE=@F AG< A�\T=�F A_^�?@RD?(F AGC�W#i g4DKAG<�W
=@?@C�DE=@RUB4<�A�B(RUW
Q W
=@RJ^ Nzb S N =@Z�?@AGC�eGZ DKAG<�W
=@?@C�DE=@F AG<�A�\�VY<�A�B2RVQ W
=@RJ^ N `KSEH&mXZ�RJ?@RK\]AG?@RS=@Z�R i RJ<�e�=@Z
A�\

zmin

F < =@Z�R B2AGQ�V�F <�WTA�\Xi[V�?@eGRJ?,eG?9VGB2F RJ<>=9W,A�\ =@Z�RS\]C�<�DE=@F AG<�A�\ W
=@RJ^�W
h(x, y)DJV�<_f1R b E `Y=@F QSRUWhi RUW@W =@Z�V�<�=9Z2R-?!V�i C�R

h(xc
min)

H O F <�DKRjV!\ =@RJ?�DKAG<�W
=@?@C�DE=@F AG< A�\
=@Z�R:eG?@F[B V�< F QS^�?@A�?GRJQSRJ<>=hF[W Q�VGB2R.F Z�F[D9Z_V�i i A�F�WT=@ApRKt(=@RJ<�B

zmin

W#AGQSRDF Z�V!=
F <_W#C�D@Z B2AGQ�V�F <�WDN8F =hF[WTf0RK=#=@RJ?�=@A RUW
=@F Q�V!=@RS=@Z�R�C>C�V�i F =*gpA�\ =@Z�R RJi RJQSRJ<G=hf1RJF <�e
DKAG<�W
=@?@C�DE=@RUB4=@Z�?@AGC�eGZ4=@Z�Rp^1AGF <>=9W

z1

V�<�B
z2

F Z�F[D@Z V�?@R QSF[B2^1AGF <>=9W f1RK= F RJRJ<
x1
min,x

c
min − 1

2
h(xc

min)τ
V�<�B

x2
min,x

c
min + 1

2
h(xc

min)τ
N2?@RUW#^1RUDE=@F ?GRJi gGH2mXZ(C�WDN

F < =@Z�RYDKAGC�?9W#R�A�\�DKAG<�W
=@?@C�DE=@F AG< A�\�V <�RDF <�A2B2R�N�F <{W#C�D9Z{B2AGQ�V�F <�W F�RjV�<�V�i g2W#R
<�A�=�=@Z�R RJi RJQSRJ<>=9W�DKAG<�W
=@?@C�DE=@RUBYVGDJDKAG?9B2F <�e�=@A�=@Z�R <�RDF <�A�B2R�f�C2=�=@Z�RKF[?�^0A>W@W#F f�i R
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\]AG?@Q�V!=@F AG<�W�V!\ =@RJ?hF <�^�?@A�?GRJQSRJ<>= A�\X=@Z�R eG?@F[B H&mXZ�R RUW
=@F Q�V!=@F AG< A�\@?�V�i C�R�A�\
=@Z�R V�<�eGi R

βmin − ξ
F[WX^1RJ?#\]AG?@QSRUB F <YAG?9B2RJ?�=@A�V�?GAGF[B:VGDKC2=@R�V�<�eGi RUW f1RK= F�RJRJ<j=@Z�R

C�<�F =9W
z−min, [x

1
min,x

2
∗]
Q]F \

z∗min = z−min

S�AG?
[x∗,x

2
min], z+

min

Q]F \
z∗min = z+

min

SEH
;*< c F e�HJ`�V W#F =@C�V!=@F AG<TF[W8W#Z�A�F <1F Z�RJ<�B2RUDKi[V�?9V!=@F AG<,A�\(=@Z�R�=@?@F[V�<�eGi R

∆(zmin,x∗)VGW V <�RDF RJi RJQSRK<>=X?@RUW#C�i =9W�\]C�?#=@Z�RJ? F <jV�^�^1RUV�?@F <�e�=@Z�R�=@?@F[V�<�eGi R
∆(z+

min,x∗)
F F =@Z

VGDKC2=@RYV�<�eGi RGH�mXZ�RJ?@RK\]AG?@R F <4W#C�D9Z{W#F =@C�V!=@F AG<�W F�R-F F i iX?@RK\]C�W#R =@A�DKAG<�W
=@?@C�DE=�<�RDF
<�A�B2R�V�<�B Q]C�<�B2RJ?,\ V,?GAGC�?9V�f�i RhDKAG<�B2F =@F AG<�W�SX=9V�AGR�VGW,V�<xRJi RJQSRJ<>=

∆(zmin, z
∗
min)

N
F H RGH N�DKAGQSR,=@A W
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x∗

zmin

x1
min x2

minz−min

z+
min
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mXZ�RpV�<�V�i g2W#F[W�A�\,=9Z2R V�<�eGi RUW
α1

V�<�B
βmin − ξ

FXVGW�F <>=@?@A2B2C�DKRUB F <G=9A =@Z�R
F <�F =@F[V�i1?!V�?@F[V�<>=:A�\�=@Z�R�V�i eGAG?@F =@Z�Q V!\ =@RJ?YDKAG<�W#F[B2RJ?9V!=@F AG< A�\�V i[V�?@eGRx<(C�Q f0RJ?jA�\
RKt2^0RJ?@F QSRJ<G=9V�i�DJV�i[DKC�i[V!=@F AG<�W,Q�VGB2R�F <x=@Z�R�B2AGQ�V�F <�W,A�\�i[V�?@eGRheG?9VGB2F RJ<>=9W�A�\

h(x)
H

��<�R A�\XRKt�V�QS^�i RUW�F[WhW#Z�A�F <�F < c F e�H r M&VYeG?@F[B F[WhW#Z�A�F < f1RK\]AG?@RVQ c F e�H r V STV�<�B

��� � �
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V!\ =@RJ? Q c F e�H r f�S&F =9W�F QS^�?@A�?GRJQSRJ<G=UH c ?@AGQy=@Z�F[WDN!AG<�RXDJV�<�W#RJR�=@Z�V!=�F \�=@Z�R V�<�V�i g2W#F[W&A�\
=@Z�R RJi RJQSRJ<>=9W�f1RJF <�e DKAG<�W
=@?@C�DE=@RUBjF[W�^1RJ?#\]AG?@QSRUBjA�?GRJ?X=@Z�R i RJ<�e�=@Z�W A�\�=@Z�RJF ?�W#F[B2RUW
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F[W�^1A>W@W#F f�i R,\]?@AGQ/=@Z�R RJi RJQSRJ<>=9W A�\�W#Q�V�i i&W#F )JRUWX=@A�RJi RJQSRJ<>=9W A�\�i[V�?@eGR�W#F )JRUWDN�F Z�V!=
RJ<>=9V�F i[WX^0A(AG? C>C�V�i F =
g A�\�RJi RJQSRJ<>=9WXF <j=@Z�R B2AGQ�V�F <�WXF < W#C�D9Z-?(F[DKF <�F =
gGH

9�3�5�����;
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Mo 6= ∅ Q RKi W#R:eGAx=@A�W
=@RJ^ q S N�=@Z�RJ<4D9Z�A(A>W#R \]?@AGQ

M0

Vp<(C�Q f0RJ?
m
\]AG?

F Z�F[D9ZY=@Z�R DKAG?@?@RUW#^0A�<�B2F <�eS<�A2B2R
xm

F[W�DKi A>W#RUW
= =@A
zmin

H�m&A B2AS=@Z�F[WDN1B2RK=@RJ?@QSF <�R
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=9V�<�DKRUW
li
Q W#RJR s ^�^1RJ<�B2F t b S \]?@AGQ7=@Z�R�^1AGF <>=9W

xi, i ∈ Mo,
=@A

zmin

V�<�B
D9Z�A(A>W#R

lm = min
i∈Mo

li → m.
Q L�H b S

;*<j=@Z�R,=@?@F[V�<�eGi R
∆(xm, z1, z2)

DKAG<�W#F[B2RJ?X=@Z�R V�<�eGi R
α
V!= =@Z�RR?�RJ?#=@RKt

xm

Q
ziV�?@R B2RK=@RJ?@QSF <�RUB�F <{W
=@RJ^ `KSEH&; \

α ≥ 30o
Q]RJi[W#R:DKAGQSR�=@ApW
=@RJ^ v S N8=@Z�RJ<�=@RUW
=�V�<

F <>=@RJ?9W#RUDE=@F AG<SA�\0=@Z�R�W#RJeGQSRJ<>=
[xm,x

1
min]

F F =@ZS=@Z�R�C�<�F =9W�A�\&o�&(' F F =@Z�<(C�Qhf1RJ?9W
\]?@AGQ

M1

F F =@Z�AGC2=S=@Z�R <�F Q f0RJ?9WSA�\�C�<�F =9W�<�RJF eGZ(f1AGC�?@F <�ep=@Z�RY<�A2B2RUW
xm,x

1
minQ W#RJR s ^�^1RJ<�B2F t L SEH c AG?�DKAG< ?GRJ<�F RJ<�DKR�N�B2RJ<�A�=@R

xm

f(g
y∗
H�;*<>=@?@A2B2C�DKRhV�<YF <>=@RJeGRJ?

^�V�?9V�QSRK=@RJ?
IND

A�\�W"F F =9D9Z�F <�e V�<�BjW#RK=
IND = 0

H

9�3�5���� ;
; \�=@Z�RJ?@RSV�?@Rh<�A:F <>=@RJ?9W#RUDE=@F AG<�WDN�=@Z�RJ<peGA =@AYW
=@RJ^ Nzb F \

IND = 0
AG?�=@AYW
=@RJ^

N `SF \
IND = 1

H

9�3�5�����;
mXZ�RJ?@RXV�?@R�F <>=@RJ?9W#RUDE=@F AG<�WJH,< F =@Z�C�W#RXA�\�=@Z�R <�A�B2RUW&A�\�=@Z�R F <>=@RJ?9W#RUDE=@F <�e,C�<�F =

zp,DKAG<�W
=@?@C�DE=,AG?@F RJ<G=@RUBY=@?@F[V�<�eGi RUW
∆(zmin; xk),xk

V�?@R <�A2B2RUW�A�\�=@Z�R�C�<�F =
zp, k ∈

{k1, k2}
Q W#RJR s ^�^1RJ<�B2F t `KSEHU< Z�RJ<{DKAG<�W
=9?@C�DE=@F[<2e =@Z�RUW#R�=@?@F[V�<�eGi RUWDN8AG<�R W#Z�AGC�i[B

xm xk1

xk2

Ω

zmin

x1
min x2

min

��� 	�
��5� 
 �0-/%'+ ��! "'�0*�%#����!,� �
Ω
1

Q�V�AGR�W#C�?@RhA�\�=@Z�RJF ?,RKt2F[W
=@RJ<�DKR Q]F < c F e�H u AG?@F RJ<G=@RUB =@?@F[V�<�eGi R
∆(zmin,xk2

)
B2A2RUW

<�A�=�RKt2F[W
=,J
xm

F[W =@Z�R�<�A�B2R�DKi A>W#RUW
=X=@A
zmin

SEH
c ?@AGQ6=@Z�RUW#R =@?@F[V�<�eGi RUW Q F \�f1A�=@ZpRKt2F[W
= S�D9Z�A(A>W#R

∆(zmin,xki
), ki ∈ {k1, k2}

N
F Z�A>W#R QSF <�F Q�V�iXV�<�eGi R F[W i[V�?@eGRJ?�Q \]C�?#=@Z�RJ?,NWF�R�F F i iXB2RJ<�A�=@R�=@Z�R:QSF <�F Q�V�iXV�<�eGi R
A�\XV�<(gY=@?@F[V�<�eGi R

∆(z,x)
f>g

α(z,x)
SEH ��V,?(F <�eYB2RJ<�A�=@RUBx=@Z�R�D9Z�A(A>W#RJ<x<�A�B2R

xkif(g
y∗
N�=@RUW
=,V�< F <>=@RJ?9W#RUDE=@F AG<YA�\�f0A�=@Z i[V!=@RJ?9V�i&W#F[B2RUW�A�\

∆(zmin,y∗)
F F =@ZpV�i i8=@Z�R
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C�<�F =9W�A�\Xo�&(' RKt�DKRJ^2=�=@Z�RhQSF <�F Q�V�i&AG<�RhV�<�BY=@Z�A>W#RhVGB!
*AGF <�F <�e F =TV�<�BY<�A2B2R
y∗.mXZ�RJ< DKAGQSR,=@A W
=@RJ^ u H

9�3�5���� ;
mXZ�R DKi A>W#RUW
=X<�A�B2R

xm

F[W \ V�? RJ<�AGC�eGZ:\]?@AGQ
zmin

Q W#F <�DKR
α < 30o

S N2=@Z�RJ?@RK\]AG?@R
B2F[W#^�i[VGDKR�=@Z�R�DKAG<�W
=@?@C�DE=@RUBY^1AGF <>=

x∗
=@A

zmin

W#A�=@Z�V!=�=@Z�R�B2F[W
=9V�<�DKR f0RK=�F RJRJ<xF =9W
<�RDFyi A2DJV!=@F AG<OQ B2RJ<�A�=@RT=@Z�F[W ^1AGF <>= f(g

y∗
SXV�<�B

zmin

F AGC�i[B:f0RTR,C>C�V�i =@A
lm/2

M

y∗ = xc
min +

1

2
lmn,

V�<�B
lm
F[W�B2R*=�<�RUBjF <IQ b SEH

x2
m2

x2
k

x1
m1

x1
k x1

m2

x2
m1

y1
k y2

m2

y1
m1

zm2

zk

zm1

Γ1

Ω

Γ2

x1
min zmin x2

min
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�� ��
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Ω
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;*<j=@Z�R�=@?@F[V�<�eGi R
∆(z1, z2,y∗)

B2RK=@RJ?@QSF <�R�=@Z�R V�<�eGi R
ξ
V!=X=9Z2R ?GRJ?#=@RKt

zξ

B2R*E
=�<�RUB�F < W
=@RJ^�`�HJ; \

βmin−ξ < 20o
NJ=@Z�RJ< DKAGQSR�=@A�W
=@RJ^ b NKRJi[W#R�=@RUW
=�V�<�F <G=9RK?9W#RUDE=@F AG<

A�\�AG<�RTA�\&i[V!=@RJ?9V�i W#F[B2RUWXA�\
∆(zmin,y∗)

F F =@Zj=@Z�RTC�<�F =9W@F F =@Zj<(C�Qhf1RJ?9W \]?@AGQ
M1V�<�BYDKAGQSR,=@A�W
=@RJ^ u N�W#RK=#=@F <�e

IND = 1
H

9�3�5���� ;
; \
βmin − ξ < 20o

N =@Z�RJ< DKAGQSR�=@AxW
=@RJ^ b N A�=@Z�RJ?�F F[W#R�D9Z�A(A>W#R�\]?@AGQ V�i i�=@Z�R
C�<�F =9W F <>=@RJ?9W#RUDE=@F <�e

∂Ω
=@Z�R C�<�F =9W

zm1

V�<�B
zm2

F Z�F[D9Z_V�?@R2�GDKi A>W#RUW
=0� =@A
zmin

H
c AG? =@Z�F[WDN2DKAG<�W#F[B2RJ?XV�i i�=@Z�R,^0AGF <G=9W A�\&F <>=@RJ?9W#RUDE=@F AG<

y1
i

A�\8=@Z�R,C�<�F =9W
zki

, ki ∈M1,F F =@Z4=@Z�RYi[V!=@RJ?9V�i W#F[B2R
Γ1

A�\,?@RUDE=9V�<�eGi R
Ω
N�F Z�F[D@Z DKAGQSRUW�=@Z�?@AGC�eGZ

x1
min

N�V�<�B
V�<�V�i AGeGAGC�W ^1AGF <>=9W

y2
i

\]AG?
Γ2

H1mXZ�RJ< =@Z�Rh<(C�Q f0RJ?9W
m1

V�<�B
m2

V�?@RhB2RK=@RJ?@QSF <�RUB
VGW

min
ki∈M1

|yj
i − x

j
min| = mj , j = 1, . . . , Np.
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Γ1

V�<�B
Γ2

F[<G=@RJ?9W#RUDE=XB2F -0RJ?@RJ<>=��GDKi A>W#RUW
=�C�<�F =9W���NG=@Z�RJ<
Np = 2

Q c F e�H�k�SEH>; \8AG<�R
A�\1=@Z�R�i[V!=@RJ?9V�i�W#F[B2RUW

Γj

F[W�<�A�=�F <>=@RJ?9W#RUDE=@RUB�f(g =@Z�R C�<�F =9W Q c F e�H u S N�AG?�F \
Γ1

V�<�B
Γ2V�?@R�F <G=@RJ?9W#RUDE=@RUBxf(gY=@Z�R�W@V�QSRhC�<�F =.Q c F e�H�k�S N1=@Z�RJ<

Np = 1
N V�<�BpDKAG<�W#F[B2RJ?,AG<�i g

=@Z�R�<(C�Qhf1RJ?
m1

Q F \�<�RUDKRUW@W@V�?@g�N
m1

F[W W#^1RUDKF =�RUBYVGW
m2

N c F e�H v V SEH

x2
m2

x1
m2

y2
m2

zm2

Γ1

Ω

Γ2

x1
min zmin x2

min

���

x1
k

x1
m1x∗

x2
m2

y1
k y2

k

y2
m1

y1
m1

zk

zm1

Γ1

Ω

Γ2

x1
min zmin x2

min

� �
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o�AG<�W#F[B2RJ?TAG?@F RJ<>=@RUB
∆(zmi

,x∗), i = 1, . . . , Np; x∗
F[W�B2R*=�<�RUB F < Q L�H N SEH

; \�W#C�D9Z4AG?@F RJ<>=@RUB_=@?@F[V�<�eGi RUWSB2A�<�A�= RKt2F[W
=VQ =@Z�V!= F[WS^0A>W@W#F f�i RjAG<�i g_F <4=@Z�RxDJVGW#R�N
F Z�RJ<�=@Z�R �GDKi A>W#RUW
=0�jF <>=@RJ?9W#RUD9=9F <�e C�<�F =hF[W�C�<�F C>C�R:V�<�B�DKAGQSRUWT=@Z�?@AGC�eGZ

Γ1

V�<�B
Γ2

f0RK=�F RJRJ<
zmin

V�<�B
x∗
N1W#RJR c F e�H v f�S N�=@Z�RJ<xB2RJ<�A�=@R�=@Z�R C�<�F =

zm1

f(g
zp
V�<�B

DKAGQSR�=@A�W
=@RJ^ k(H ��<�B2RJ?XRKt2F[W
=@RJ<�DKR�A�\
∆(zmi

,x∗)
DKAG<�W#F[B2RJ?�=@Z�RTV�<�eGi RUW

αi

V!= =@Z�R
?GRJ?#=@RKt

x∗
F <Y=@Z�RUW#R�=@?@F[V�<�eGi RUWDN

i = 1, . . . , Np

H�; \
αi ≤ 90o

N�=@Z�RJ<xeGAS=@A:W
=@RJ^ N `!N
A�=@Z�RJ?�F F[W#R�D9Z�A(A>W#R

αi1 = max
1≤i≤Np

αi

H

9�3�5������ ;
o�AG<�W
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∆(zmin,x
j
mi1

)
N�F Z2RJ?@R

xj
mi1
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=9WDN(=@Z�RJ< j = 1F \�=9Z2R�<�A�B2R
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j
mi1
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α(zmin,x
j1
mi1
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j
mi1

)

\]AG?�V�i i
j
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j1
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mi1

)
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<�A�B2R
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mi1
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xj1
mi1
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min, x

2
min

H
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mi1
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; \�=@Z�RJ?@R V�?@R�F <>=@RJ?9W#RUDE=@F AG<�WXAG?�F \�=@Z�R�=@?@F[V�<�eGi R DKAG<>=9V�F <�W�V!=�i RUVGW
=�AG<�R�<�A�B2R�A�\
o�&('BN�=@Z�RJ< D9Z2A2A>W#R VT<�RDF ?!V�i C�R

j2
\]?@AGQ)=@Z�R�i F[W
=�A�\+?�V�i C�RUW�A�\ ^�V�?9V�QSRK=@RJ?

j
Q]F \8F =

F[W&<�A�=&RKt2Z�V�C�W
=@RUB!S8V�<�B�DKAGQSR�=@A,W
=@RJ^ NGN NJ^�?@RJi F QSF <�V�?@g,?@RUB(RJ<�A�=@F <�e
j2
f(g

j1
HU; \2=@Z�R

i F[W
=�A�\�^�V�?9V�QSRK=@RJ?
j
F[W RKt2Z�V�C�W
=@RUB$N2=@Z�RJ<xDKAG<�W#F[B2RJ?X=@Z�R W#RUDKAG<�BjF <>=@RJ?9W#RUDE=@F <�eSC�<�F =

zmi2

Q]C�<�B2RJ?T=@Z�R DKAG<�B2F =@F AG<p=@Z�V!=T=@Z�R�i F[W
=�A�\X^�V�?9V�QSRE=9RK?
mi

F[WT<�A�=�RKt2Z�V�C�W
=@RUB$N
i = 1, . . . , Np

S N�V�<�B F \
αi2 > 90o

N�DKAGQSR�=@ATW
=@RJ^ NUw Nz^�?@RJi F QSF <�V�?@F i gT?@RUB2RJ<�A�=@F <�e
i2f(g

i1
H���=@Z�RJ?�F F[W#RRQ]RJF =@Z�RJ?

αi2 < 90o
NGAG?�=@Z�R�i F[W
=�A�\0^�V�?9V�QSRK=@RJ?

mi

F[W�RKt2Z�V�C�W
=@RUB!S
DKAGQSRT=@A�W
=@RJ^ N `�H

9�3�5���� ��;
��RUDKi[V�?@RX=@Z�R =@?@F[V�<�eGi R

∆(zmin,y∗)
VGW�V�<�RJi RJQSRJ<>=,NG?@RJQSA�?�R

zmin

\]?@AGQ/o�&('BN
B2RK=@RJ?@QSF <�Rj=@Z�Rj<(C�Qhf1RJ?SA�\TDKAG<�<�RUDE=@F ?(F =*g_A�\�=@Z�R B2AGQ�V�F <LN�VGB�B =�F A <�RDF�C�<�F =9W
[x1

min,y∗], [y∗,x
2
min],

V�<�BYDKAGQSR,=@A�W
=@RJ^ N H
mXZ�R <(C�Q f0RJ?�A�\1DKAG<�<�RUDE=@F ?(F =
g�F[W�F <�DK?@RUVGW#RUB�f(g�AG<�R�NzF \

y∗
V�<�B

x1
min

f0RJi AG<�e�=@A
AG<�RXDKAG<>=@AGC�?�A�\ o�&('1N!V�<�BhB2RUDK?@RUVGW#RUB�f>g AG<�R�NzF \�=@Z�RJW#RX<�A2B2RUW�f1RJi AG<�e�=@ATB2F -0RJ?@RJ<G=
DKAG<>=@AGC�?9W1Q W#RJR s ^�^1RJ<�B2F tpk�SEH

9�3�5���� � ;
��RUDKi[V�?@R�=@Z�R�=@?@F[V�<�eGi R

∆(zmin, z
∗
min)

VGW8V�<TRJi RJQSRJ<>=,NJ?@RJQSA�?GR
zmin, z

∗
min

\]?@AGQ
o ' 	 N�VGB�BjAG<�RTC�<�F =

[xmin
1 ,xmin

3 ]
Q W#RJR s ^�^1RJ<�B2F t r S N�V�<�BjDKAGQSR,=9A�W
=@RJ^ N H

9�3�5���� � ;
��RUDKi[V�?@R�=@Z�R =@?@F[V�<�eGi R

∆(zmin,x∗)
VGWhV <�RDF RJi RJQSRJ<G=,N�?@RJQSA�?GR

zmin

\]?@AGQ
o ' 	 N�VGB�B�= F A�<�RDF C�<�F =9W

[x1
min,x∗], [x∗,x

2
min]

Q W#RJR s ^�^1RJ<�B2F t u S N2V�<�B:DKAGQSR
=@A W
=@RJ^ N H

� � ����. �#��'(�
���

< R F i i C�W
=@?9V!=@R�A�\�^1RJ?#\]AG?@Q�V�<�DKRTA�\�=@Z�RhV�i eGAG?@F =@Z�Q�W \]AG?�B2F -0RJ?@RJ<G=,B2AGQ�V�F <�W F < =�e�E
C�?@RUWXf0RJi A�F�H



b�w ��'K�
� � ������� ���

��� 	�
��5��� !�"'+ �  )��"�� "'+ ��!61

;*< c F e�H q VxeG?@F[B F[WheGF ?�RJ< \]AG?
h(x) = 0.18

\]AG?SVx?@F <�eVF F =@Z_F <>=@RJ?@<�V�iXV�<�B
RKt(=@RJ?@<�V�i�?9VGB2F F w H r V�<�B N N�?@RUW#^0RJDE=@F ?�RJi g7Q V�i i�=@Z�R)?!V�i C�RUW�Z�RJ?@RpV�<�B4f0RJi A�F3V�?@R
B2F ?(F[B2RUB�f(g�B2F QSRJ<�W#F AG<�V�i�C�<�F =
g�SEH(mXZ�R�R,C>C�V!=@F AG<�W�A�\ =@Z�R,DKAG<G=@AGC�?9W�A�\&V�?@F <�e F RJ?@R
eGF ?GRJ<jF <Y^�V�?9V�QSRK=@?@F[D�\]AG?@Q M

x(t) = (cos t, sin t), x(t) = 0.5(cos t, − sin t), 0 ≤ t ≤ 2π.
Q]`�H N S

mXZ�R.?!V�i C�R�A�\ =@Z�R ^�V�?9V�QSRK=@RJ?
ε
Q W#RJR�F <�R,C>C�V�i F =
g Q b H `KS"SBFXVGW�W#RK=�VGW w H wGw�N H8mXZ�R

eG?@F[B:Z�VGW N k v RKi[RKQSRJ<>=9W�V�<�B NGNzr <�A2B2RUWJH
s ?@F <�e F F =@Z = F�A:DKF ?9DKC�i[V�?�DKC2=9W�F[W�W#Z�A�F < F < c F e�H NUw VjH0m@F�A:DKAG<G=@AGC�?9W Z�V�?�R

^�V�?9V�QSRK=@?@F )UV!=@F AG< Q]`�H N S N(=@Z�R�A�=@Z�RJ?X= F A�V�?@R�B2R*=�<�RUBYVGW \]AGi i A�F�WDM

(x− 0.6)2 + y2 = (0.05)2, x = (0.6 + 0.05 cos t, −0.05 sin t); Q]`�H b S
(x− 0.4)2 + (y + 0.7)2 = (0.1)2, x = (0.4 + 0.1 cos t, −0.7− 0.1 sin t),

−2π ≤ t ≤ 0.
mXZ2RT\]C�<�DE=@F AG<jA�\�W
=@RJ^�WXZ�VGW =�F AS^1AGF <>=9WXA�\�DKAG<�DKRJ<>=@?9V!=@F AG<:F <:=@Z�R�DKRJ<>=@RJ?9WXA�\&=@Z�R
DKF ?9DKC�Q�\]RJ?@RJ<�DKRUWRQ]`�H L S M

h(x, y) = h0 + (h1 − h0)/A(x, y) + (h2 − h0)/B(x, y),

A(x, y) = 1 +

[

(

x− 0.6

0.3

)2

+
( y

0.2

)2

]2

,

B(x, y) = 1 +

[

(

x− 0.4

0.4

)2

+

(

y + 0.7

0.3

)2
]2

,
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����������������������� �����! "�#������$����%��� &� ')(*�����+�,(,���,�-�
���.��� � b2N

����� � �,� �
����"'�8���5- + � �,1

� 1 ���

� 1 ���

� 1 ���

�
� 1 ���

�
� 1 ���

� 1 	 � � 1 
��
� �� � �,� �

� �9"'!,� - + � �,1

��� 	�
��� ��� !�"'+ �  )��"�� "'+ �6! ��+ %'$ % ���*0+ "'*0(6� ��"�*0(6%'-01

h0 = 0.168, h1 = 0.02, h2 = 0.04.
mXZ�R�eG?@F[BSZ�VGW vGu `�RJi RJQSRJ<>=9W�V�<�B�` v LT<�A2B2RUWJH>mXZ�R ?(F[DKF <�F =
g�A�\ =@Z�R,DKF ?9DKC�Q�\]RK?@RJ<�DKR
F F =@ZY?9VGB2F C�W w H w>r F[W�W#Z�A�F <jF < c F e�H NUw fjF <Yi[V�?@eGRJ? W@DJV�i RGH

��� ����� �����6�0-01 � � � 	 � �����6�0-01

��� 	�
��������"'+ �6-  )��"�� *0+ "'*0(�� �9" �6+ -�� ��+ %'$2�����0� � + ��- �,+ �����&*0(6%71

c F eGC�?@RUW NGN VxV�<�B NGN f_B2RJQSAG<�W
=@?9V!=@R \]?9V�eGQSRJ<G=9V!=@F AG<�WhA�\ =@Z�RYW@V�QSR:B2AGQ�V�F <
C�<�B2RJ?hB2F ?�RJ?9W#RS^�V�?9V�QSRK=@RJ?9W�A�\ =@Z�R�\]C�<�DE=@F AG<�A�\ W
=@RJ^�WJH8mXZ�RSRKt(=@RJ?@<�V�i�f1AGC�<�B�V�?@g
A�\ =@Z�R,B2AGQ�V�F < F[W V DKF ?9DKC�Q�\]RJ?@RJ<�DKR F F =@Z:?9VGB2F C�W b N>V�<�B�F =9W�^�V�?9V�QSRK=@?@F[D R,C>C�V!=@F AG<
F[W

x(t) = 2(cos t, sin t), 0 ≤ t ≤ 2π.



bGb ��'K�
� � ������� ���

mXZ�R F <>=@RJ?@<�V�i2f0AGC�<�B�V�?@g�F[W�V�<�RJi i F ^�W#R F F =@Z�DKRJ<>=@RJ?�F <�=@Z�R�^1AGF <>=
xc = (0.3;−0.5)V�<�B F =9WXQ�V!
*AG? W#RJQSF[V!t2F[W�F[W F <�DKi F <�RUBjV!= =@Z�R�V�<�eGi R

α = 30o
=@Ah=@Z�R�V!t2F[W

Ox
H�mXZ�R

^�?@F <�DKF ^�V�i�V!t2RUWTV�?@R
a = 0.9

V�<�B
b = 0.2

H *�V�?9V�QSRK=@?@F[D R,C>C�V!=@F AG<pA�\�=@Z�R�RJi i F ^�W#R
F F =@Zj=@Z�R VGDJDKAGC�<>= A�\�DKi A2D�AKF F[W#R,RJ<�DKF ?9DKi F <�eSA�\�=@Z�R�f1AGC�<�B�V�?@g�Z�VGWX=@Z�R,\]AG?@Q

x(t) = xc + a cos t cosα + b sin t sinα,

y(t) = yc + a cos t sinα− b sin t cosα, 0 ≤ t ≤ 2π.

mXZ�R�DKRJ<>=@RJ?�A�\�=@Z�R�B(AGQ�V�F[< A�\�DKAG<�DKRJ<>=@?9V!=@F AG<YF[W�=@Z�R�DKRJ<G=@RJ?,A�\�=@Z�RhRJi i F ^�W#RGH0mXZ�R
\]C�<�DE=@F AG< A�\�W
=@RJ^�WX\]AG? f1A�=@Zj=@Z�RT=@?@F[V�<�eGC�i[V!=@F AG<�W F VGW =9V�AGRJ<jF <j=@Z�RT\]AG?@Q

h(x, y) = h0 + (h1 − h0)

{

1 +

(

x̃

2a

)m

+

(

ỹ

2b

)m}−1

,

x̃ = (x− xc) cosα + (y − yc) sinα, ỹ = −(x− xc) sinα + (y − yc) cosα,
F F =@Z

h0 = 0.3, h1 = 0.03.
;*< c F e�H NGN V.F�R�=9V�A�R

m = 2
N V�<�BpF < c F e�H NGN f)F R

W#RK=
m = 4

H1mXZ�R eG?@F[BYF < c F e�H NGN VSZ�VGW vGvGw RJi RJQSRJ<G=9W,V�<�BY` vGq <2A�B2RUWDN1V�<�BY=@Z�V!=
F < c F e�H NGN fjZ�VGW N k uGv V�<�B q>r `!N(?@RUW#^1RUDE=@F ?GRJi gGH

��� � ��+ ��+ �,��������"'�8��� - + � �,1

� 1 � 	

� 1 �

�
� 1 � 	

� 1 � � 1 � �,1 � �,1 �

� � �,��� *0�,!���� �9"'!,� - + � �,1

��� 	�
�635����"'+ �6-  )��"�� ��+ ��+ �,� ��+ %'$�� � *0�,!,-01

;*< c F e�H Nzb VS=@Z�R�B2AGQ�V�F <xF[WTV ^�F <�F AG<)F F =@Z
N = 20

DKAGe>WJH s eG?@F[B Z�VGW Nzb2NUq
RJi RJQSRJ<>=9WXV�<�BYk w>b <2A�B2RUWJH(mXZ�R,^�V�?9V�QSRK=@RJ?9W�A�\

k− =@ZjDKAGe�V�?@R�eGF ?GRJ< F < c F e�H N LGV�NF Z�RJ?@R

α = 360o/N, αk = (k − 1.5)α, α∗k = αk + 0.5α , 1 ≤ k ≤ N.



���������
	�����
����������������������� �����! "�#������$����%��� &� ')(*�����+�,(,���,�-�
���.��� � b L

mXZ�RJ<j=@Z�R�^1AGF <>=9W A�\�f�VGW#RUW V�<�B =@AG^�W A�\&=@Z�R DKAGe>W V�?@RTDJV�i[DKC�i[V!=@RUBjVGW

xk = r(cosαk; sinαk), x ∗
k = R(cosα∗k; sinα

∗
k), k = 1, .., N ; xN+1 = x1 .

*�V�?9V�QSRK=@?@F )UVz=@F AG<:A�\�=@Z�R�RKt(=@RJ?@<�V�i0f0AGC�<�B�V�?@g�F[WX\]C�i =�i i RUB:\]AG? RUVGD9ZYW#F[B2R�A�\�VSDKAGe!M

x = xk + t(xk − xk), x = xk + t(xk+1 − xk), 0 ≤ t ≤ 1, 1 ≤ k ≤ N.

*�V�?9V�QSRK=@?@F )UVz=@F AG<:A�\&=@Z�R�F <>=@RJ?@<�V�i f0AGC�<�B�V�?@g�F[W�B2RJQSAG<�W
=9?9V!=@RUB F[< c F e�H N L�fLM

��� %'$������ %'��"'����� � �,(������9"�� 1
αk α∗

k αk+1

xk+1 x∗

k

xk

� � %'$���+ � %'��"'����� � �,(������9"�� 1

β

z1 z2

z3z4

��� 	�
� �5� 
$�� � �,(������9"��8���9"#������% "'+ � �9%'+ �,�� )��"�� ��+ ��+ �,� 1

x(t) = r1(cos t ;− sin t) , r1 = 0.25, β ≤ t ≤ 2π − β,

x(t) = zi−1 + t(zi − zi−1) , 0 ≤ t ≤ 1, i = 2, 3, 4

��RJ?@R

z1 = r1(cosβ; sinβ), z2 = r1(1.5; sinβ),

z3 = r1(1.5; − sinβ), z4 = r1(cosβ; − sinβ).

mXZ�RxDKRJ<G=@RJ?9WSA�\,=@Z�RxDKAG<�DKRJ<>=@?9V!=@F AG<4B2AGQ�V�F <�W�\]AG?S=@Z�RxDKAGe>W�V�?@Rji A�DJV!=@RUB{F <
=@Z�RO?�RJ?#=@F[DKRUW

x ∗
k ;
=@Z�R�V!t2RUW:A�\�=@Z�R B2AGQ�V�F <�W:i F RUW:AG< =@Z�R ?9Vzg2W

β = α∗k
V�<�B

F <4AG?#=9Z2AGeGAG<�V�iXB2F ?@RUDE=@F AG<�WJH�mXZ�R ?�V�i C�RjA�\TW
=@RJ^4F[Wh=@Z�RxW@V�QSRYV�<�B{R,C>C�V�i[W
h1 =

0.25|xk − xk|.
mXZ�RjDKRJ<G=@RJ?�A�\X=@Z�RjDKAG<�DKRJ<G=@?9V!=@F AG<_B2AGQ�V�F <�\]AG?hF <G=@RJ?@<�V�i DKC2=�F[W

i A�DJV!=@RUBSF <S=@Z�R�^0AGF <G=
(r1; 0);

=@Z�R ?�V�i C�R�A�\8W
=@RJ^ F[W
h2 = 0.05;

=@Z�R,DKAG<�DKRJ<>=@?9V!=@F AG<
B2AGQ�V�F <YF[W W
=@?@RK=9D9Z�RUBjV�i AG<�e�=@Z�R V!t2F[W

Ox
H

O A!N(=@Z�R1=�<�V�i \]AG?@Q/A�\�=@Z�RT\]C�<�DE=@F[AG<YA�\�W
=@RJ^�W F[W

h(x, y) = h0 + (h1 − h0)

N
∑

i=1

{

1 +

(

x̃k
a

)4

+

(

ỹk
b

)4
}−1

+

(h2 − h0)

{

1 +

(

x− r1

cr1

)4

+

(

y

dr1

)4
}−1

,



b ` ��'K�
� � ������� ���

F Z�RJ?@R

a = 1.5(R− r), b = 0.7πR/N, c = 1.3, d = 0.7,

x̃k = (x− x ∗k ) cosα∗k + (y − y ∗k ) sinα∗k,

ỹk = −(x− x ∗k ) sinα∗k + (y − y ∗k ) cosα∗k.

;*< AG?9B2RJ?�=@A�B2RJQSAG<�W
=@?9V!=@R,B2RK=9V�F i[W�A�\ =@Z�R,eG?@F[BSAG<:VhDKAGe!NGAG<�R�A�\ =@Z�RTDKAGe>W FXVGW
DKC2=�AGC2=,N�V�<�B =@Z�R�RJ<�i[V�?@eGRUB:eG?@F[B:F[W W#Z�A�F <jF < c F e�H Nzb f8H

�,1 �

� 1 �

� 1 �

� 1 �

� 1 �

� 1 �
� 1 � � 1 � � 1 � � 1 � � 1 � �,1 � �,1 � �,1 � �,1 � �,1 � � 1 �

��� 	�
� ����� !�"'+ �  )��"�%'$���"'�0*�%#����!,� � ��+ %'$ �� �6!,�
�
- $���� � ������� % "'+ ����!,� � *0(6%'-01

;*< c F e�H N `�V�eG?@F[B \]AG?�V�?@RUDE=9V�<�eGi R1F F =@Z F RUB2eGR*E*W#Z�V�^1RUBjV�<�B =@?@F[V�<�eGi R�DKC2=9W F[W
W#Z�A�F <8H�mXZ�R�eG?@F[B:Z�VGW N L�` v RJi RJQSRJ<G=9W�V�<�B k b�u <�A2B2RUWJH

x1

x2x3

x4 x5

x6x7

x8
x9

x10

��� 	�
 � �5��
$���"'�0*�%#����!,� � ��+ %'$ �� �6!,�
�
- $���� � �������8% "'+ ����!,� � *0(6%'-01

;*< c F e�H Nzr =@Z�R ?GRJ?#=@F[DKRUW
xi, i = 1, ..., 10,

V�?@R�W#Z�A�F < F Z�F[D@Z B2RK=@RJ?@QSF <�R V
B2AGQ�V�F < F Z�RJ?@R

x1 = (0.5; 0.7), x2 = (1; 1), x3 = (0; 1), x4 = (0; 0),

x5 = (2; 0), x6 = (2; 1), x7 = (1.5; 1), x8 = (0.3; 0.3),

x9 = (0.1; 0.4), x10 = (0.2; 0.5).
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����������������������� �����! "�#������$����%��� &� ')(*�����+�,(,���,�-�
���.��� � bGr

s i i�=@Z�Rpi F <�RUWjV�?@RxW
=@?9V�F eGZ>=:RKt�DKRJ^2=jA�\T=@Z�Rpi F <�Rx\]?@AGQ
x7

F <>=@A
x1.

m6Z�RJF ?
^�V�?9V�QSRK=@?@F )UV!=@F AG<:F[W

x(t) = x∗ + t(x∗∗ − x∗), 0 ≤ t ≤ 1;

x∗
F[W =@Z�R�f1RJeGF <�<�F <�eS^1AGF <>=�A�\�W#RJeGQSRJ<>=,N

x∗∗
F[WX=@Z�RTRJ<�Bj^1AGF <>=�A�\�W#RJeGQSRJ<>=UH�mXZ�R

i F <�R�\]?@AGQ
x7

F <>=@A
x1

F[W8=@Z�R ^�V�?9V�f1AGi[V
y = ax2+bx+c

N,F Z�RJ?@R
a, b, c

V�?@R W#RJi RUDE=@RUB
VGDJDKAG?9B2F <�e =@A�=@Z�R�DKAG<�B2F =@F AG<�W =@Z�V!=X=@Z�RT^�V�?9V�f1AGi[VhDKAGQSRUW�=@Z�?@AGC�eGZ =@Z�RT^0AGF <G=9W

x7V�<�B
x1

V�<�Bj=@Z�R ?!V�i C�R�A�\�B2RJ?@F ?!V!=@F ?GR�C�<�B2RJ?
x = x1

F[W w H `�H�*�V�?9V�QSRK=@?@F )UVz=@F AG<jA�\
=@Z�F[W�i F <�R F F =@Z:VGDJDKAGC�<G=�A�\8DKAGC�<>=@RJ?9DKi A2D�AKF F[W#R RJ<�DKF ?9DKi F <�e A�\0=@Z�R�RKt(=@RJ?@<�V�i�DKAG<>=@AGC�?
F[W

x(t) = (−t; at2 − bt+ c), −x7 ≤ t ≤ −x1.mXZ�RjeG?@F[B AGf2=9V�F <�RUB Z�VGW = F�A�DKAG<�DKRJ<G=@?9V!=@F AG<{B2AGQ�V�F <�WDJ&=@Z�RYDKRJ<G=@RJ?SA�\ =@Z�R�=�?9W
=
B2AGQ�V�F <jF[WX=@Z�RT^0AGF <G=

xc = 1
3
(x8 + x9 + x10),

=@Z�R DKRJ<G=@RJ? A�\�=@Z�R�W#RUDKAG<�B:AG<�RTF[W
=@Z�R�^0AGF <G=

x1

H O F )JRUWXA�\�W
=@RJ^�W@F RJ?@R�D9Z�A>W#RK< VGW

h1 = 0.1 min(|x8 − x10|, |x9 − x10|, |x8 − x9|) ' 0.022,

h2 = 0.04 |x1 − x7| ' 0.023.

T�VGD9Z DKAG<�DKRJ<G=@?9V!=@F AG< B2AGQ�V�F <OFXVGW W#g(QSQSRK=@?@F[D>F F =@Z ?@RUW#^0RUDE=�=@A F =9WhDKRJ<>=@RJ?hV�<�B
=@Z�RjV!t2RUW�A�\�V i A2DJV�i�DKA(AG?9B2F <�V!=@R W#g2W
=@RJQ AGf2=9V�F <�RUB�f>g�^�V�?9V�i[i RJi�=@?9V�<�W
\]RJ?hA�\X=@Z�R
F <�F =@F[V�i&W#g2W
=@RJQ�F <G=@AS=@Z�R DKRJ<G=@RJ?�A�\�DKAG<�DKRJ<>=@RJ?9V!=@F AG<

r1 = 1.6 max(|x8 − x10|, |x9 − x10|, |x8 − x9|) ' 0.22,

r2 = 0.2 |x1 − x7| ' 0.12 .

�xV�
*AG?�W
=@RJ^ A�\�=@Z�RheG?@F[BjF[W
h0 = 0.15

H0mXZ�RJ<LN!F F =@ZpVGDJDKAGC�<G=�A�\�=@Z�R \ AG?@Q6A�\�=@Z�R
DKAG<�DKRJ<>=@?9V!=@F AG< B2AGQ�V�F <�W V�<�BS=@Z�RJF ? DKRJ<G=@RJ?9WDNG=@Z�R�\]C�<�DE=@F AG<:A�\&W
=@RJ^�W�FXVGW�=9V�AGRJ<:VGW

h(x, y) = h0 + (h1 − h0)

{

1 +

(

x− xc
r1

)4

+

(

y − yc
r1

)4
}−1

+

+ (h2 − h0)

{

1 +

(

x− x7

r2

)2

+

(

y − y7

r2

)2
}−1

.

;*< =�eGC�?@RJW NUu V�N NUu fYRJ<�i[V�?@eGRUB�?(F[DKF <�F =@F RUW�A�\�=@Z�R ?GRJ?#=@RKt
x1

A�\ F RUB2eGR*E*W#Z�V�^1RUB
DKC2=�V�<�BjA�\&=@Z�RR?GRJ?#=@RKt

x10

A�\&=@?@F[V�<�eGi R�DKC2=�V�?@RTW#Z�A�F <8H
c ?@AGQ RKt2^�i[V�<�V!=@F AG<�W�F = F[W�DKi RUV�?S=@Z�V!=S\]AG?S=@Z�RxDKAG<�W
=@?@C�DE=@F AG<{A�\�V eG?@F[B_F = F[W

<�RUDKRUW@W@V�?@g_=@A_F <�^�C2=jAG<�i g{=@Z�R W#C�	 DKF RJ<G=jF <2\]AG?@Q�V!=@F AG<LM�R,C>C�V!=@F AG<�W�A�\hDEAG<>=@AGC�?9W
V�<�B:\]C�<�DE=@F AG<YA�\�W
=@RJ^�WJH
mXZ�RJ?@RTV�?@R�= F ASB2F[W@VGB
?�V�<G=9V�eGRUW�A�\&=@Z�R�^�?@AG^1A>W#RUB V�i eGAG?@F =9Z2Q�WJH c F ?9W
=,N2F = F[WXF Q:E

^0A>W@W#F f�i R�=@ASB2RK=@RJ?@QSF <�RTf1RK\]AG?@RJZ�V�<�BS=9Z2RTi RJ<�e�=@Z:A�\&=@Z�RTV�?@?9Vzg2W�W
=@AG?@F <�e =@Z�RTF <2\]AG?"E
Q�V!=@F AG< V�f0AGC2=�=9Z2RSeG?@F[B H O RUDKAG<�B$N0<>C�QSRJ?9V!=@F AG<pA�\�<�A�B2RUW�F[W,<�A�=�AG^2=@F Q�V�i H O F <�DKR
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�
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=@Z�R�i RJ<�e�=@ZjA�\�V�?@?9Vzg2W�F[WX<�A�= A(<�A�F <:f0RK\]AG?@RJZ�V�<�B$N>=@Z�RJ<YF <j^�?@AGeG?9V�Q�W�F =�F[WX<�RUDKRUW E
W@V�?@g�=@ASD9Z�RUD�AS=@Z�RTf1AG?9B2RJ? A�\8=@Z�R�V�?@?9VUgGH>; \8=@Z�RTAG?9B2RJ?@RUB�i RJ<2e�=9Z:A�\�W#AGQSR,V�?@?9Vzg�F[W
i RUW@W�=@Z�V�<�F =�F[W�<�RUDKRUW@W@V�?@g�NU=@Z�RJ<h=@Z�R ^�?@AGeG?9V!Q�W&Z�V�i =9W�V�<�B�V,QSRUW@W@V�eGR�F[W�B2F[W#^�i[Vzg�RUB H
O F <�DKR =@Z�R�^�?@AGeG?9V!Q�W�A�\0\]?9V�eGQSRJ<>=9V!=@F AG<�V�?@R C�W#RUB:F F =@Z�F <S=@Z�R \]?9V�QSRUW�A�\0QSAG?@R RKtKE
=@RJ<�W#F ?GRSDKAGQS^�C2=9V!=@F AG<�WDN1=@Z�RJ<p\]AG?�B2RE=9RK?@QSF[<�V!=9F AG<xA�\ i RJ<�e�=@Z�W,A�\�=@Z�R�V�?@?9VUg2W�F =�F[W
?@RUDKAGQSQSRJ<�B2RUB V!= =�?9W
=�=@A:?@C�<Y=@Z�RUW#Rh^�?@AGeG?9V�Q�W \]AG?�=9Z2RheGF ?GRJ<xB2AGQ�V�F <VF F =@Z�AGC2=
=@Z�R DKAGQS^�i RJQSRJ<>=9V�?@g ^�?@AGeG?9V!Q�WJH

� AG?@R�RUW@W#RJ<>=@F[V�iGB2F[W@VGB
?!V�<>=9V�eGR�F[W0=@Z�R�<�AG<
E AG^2=@F Q�V�i F =*g�A�\(<(C�QSRJ?9V!=@F AG<TA�\(<�A�B2RUWDN
F Z�V!=�?@RUW#C�i =9W&F <hW#^�V�?9W#R W
=@F -0<�RUW@W&Q�V!=@?@F tRF Z�RJ<hC�W#F <�e�=@Z�R�=�<�F =@R RJi RJQSRJ<G=�QSRK=@Z�A�B H
O =@AG?9V�eGR A�\ =@Z�R F Z�AGi R�W
=@F -0<�RUW@W�Q�V!=@?@F t�DKAG<�W#F[B2RJ?9V�f�i ghF <�DK?@RUVGW#RUW�=@Z�R�?@R,C>C�F ?@RUBS?@R*E
W#AGC�?9DKRUW�A�\8QSRKQSAG?@g N!=@Z�RJ?@RK\]AG?@R�F <S=@Z�R�^�?@RUW#RJ<>= DJVGW#R F = F[W�<�RUDKRUW@W@V�?@ghRJF =@Z�RJ?�=@A C�W#R
W#^0RUDKF =1DTQSRK=@Z�A2B�W�A�\�W
=9AG?9V�eGRTV�<�B W#AGi C2=@F AG<YA�\�i[V�?@eGR�W#^�V�?9W#RUBYW#g2W
=@RJQ�W G u E NUv H N2AG?
=@ApV�?GAGF[B�DKAG<�W
=@?@C�DE=@F <�e eGi AGf�V�i�Q�V!=@?@F t�V�<�B�C�W#R:W#AGQSR�F =@RJ?9V!=@F ?�R QSRK=@Z�A2B�WJH�mXZ�R
?@RUVGW#AG<S\]AG? C�W#R,A�\8F =@RJ?9V!=@F ?GR�QSRK=@Z�A2B�W F[W�=@Z�V!= =@Z�RJg�^�?@RUW#C�^�^1A>W#R�AG<�i g�DJV�i[DKC�i[V!=@F AG<
A�\ ^�?@A2B2C�DE=9W�A�\XQ�V!=@?@F t f(g)?GRUDE=@AG?,NLF Z�V!=hDJV�<�f1R:B2AG<�R�F \ F R A(<�A�F < =@Z�R i A2DJV�i
W#F -0<�RUW@W�Q�V!=@?@F[DKRUWJH>mXZ�R,V�?@?9Vzg F Z�F[D9Z:W
=@AG?@RUW�=@Z�R�<>C�Qhf1RJ?9W�A�\8RJi RJQSRJ<G=9WXVGB�
*AGF <�F <�e
xk

DJV�<jf1R1=�i i RUBjF QSQSRUB2F[V!=@RJi g:F <:=@Z�R�^�?@A�DKRUW@W A�\&=@?@F[V�<�eGC�i[V!=@F AG<jA�\&=@Z�R B2AGQ�V�F <8H
mXZ(C�WDNz=@Z�RXRKt2F[W
=@RJ<�DKR A�\1^�?9VGDE=@F[DJV�i i gTR�-0RUDE=@F ?GR V�i eGAG?@F =@Z�Q�W8\]AG?�W#^�V�?9W#R�Q�V!=@?@F[DKRUW

V�<�B:V ^1A>W@W#F f�F i F =
g�=@A�W#AGi ?GR�VhW#g2W
=@RJQIA�\&R,C>C�V!=@F AG<�W F F =@Z�AGC2= \]AG?@Q�V!=@F AG< A�\8eGi AGf�V�i
Q�V!=@?@F t f(ghW#AGQSR F =@RJ?9V!=@F ?GR QSRE=9Z2A�B�V�i i A�F =@ATRJi F QSF <�V!=@R�=@Z�R W#RUDKAG<�BhW#Z�AG?#=9DKAGQSF <�e�H
s W VSDKAG<�DKi C�W#F AG<ji RK= <�A�=@RT=@Z�V!=X=@Z�RUW#R V�i eGAG?@F =@Z�Q�W REt2=@?@RJQSRKi[g DKAG<K?GRJ<�F RJ<G=X\]AG?

C�W#RYB2C�R:=@Ax=@Z�Rj^0A>W@W#F f�F i F =*g A�\�RJi F QSF <�V!=@F AG<{A�\ =@Z�RYB2F ?@RUDE=�V�<�B F <�B2F ?@RUDE=�W#Z�AG?#="E
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���.��� � b k

DKAGQSF <�e>W A�\�=@Z�R�V�i eGAG?@F =@Z�Q�WXA�\�\]?9V�eGQSRJ<>=9V!=@F AG<j=@AGeGRK=@Z�RJ? F F =@Z =@Z�RhW#F QS^�i F[DKF =
gjA�\
Z�V�<�B2i F <�e!N�Z�F eGZ B2RJeG?@RJRjA�\TDKAGQS^�i RKt2F =*g_A�\�=@?@F[V�<�eGC�i[V!=@RUB{B2AGQ�V�F <�WSV�<�B4V eGA(A2B
C>C�V�i F =
g A�\�eG?@F[B H

� � +,+�$&�� ���� +

�8RK= =@Z�RT^1AGF <G=EW
(x1, y1), (x2, y2), (x3, y3)

f0RB?�RJ?#=@F[DKRUW�A�\�V�=@?@F[V�<�eGi R F Z�F[D9ZjV�?@R
F ?@F =#=@RJ<:B2A�F < F <�=@Z�R�AG?9B2RJ?�A�\&DKAGC�<>=@RJ?9DKi A2D�AKF F[W#R RJ<�DKF ?9DKi F <�e�H>mXZ�R�^1AGF <>=

(x∗, y∗)i F RUW AGC2=9W#F[B2R,=@Z�RT=@?@F[V�<�eGi RTF \�V!= i RUVGW
=�AG<�RTA�\&=@Z�RT\]AGi i A�F F <�eSF <�R,C>C�V�i F =@F RUWXF[W ?!V�i F[B$M

vi > 0, i = 1, 2, 3,

F Z�RJ?@R
v1 = (x∗ − x1)(y2 − y1)− (x2 − x1)(y∗ − y1),

v2 = (x∗ − x2)(y3 − y2)− (x3 − x2)(y∗ − y2),

v3 = (x∗ − x3)(y1 − y3)− (x1 − x3)(y∗ − y3).

� � +,+�$&�� ���� �

�8RK=SF < =@Z�R:=@?@F[V�<�eGi R
∆(x,x1,x2)

=@Z�RYV�<�eGi RUWhV!=h=@Z�R-?GRJ?#=@F[DKRUW
x1

V�<�B
x2

V�?@R
VGDKC2=@RGH ��<�i g W#C�D@ZyW#F =@C�V!=@F AG<�WjV�?@F[W#RxF < =@Z�R�V�i eGAG?@F =@Z�Q A�\ =@?@F[V�<�eGC�i[V!=@F AG<8H mXZ�R
B2F[W
=9V�<�DKR

l
\]?@AGQ =@Z�R�^1AGF <>=

x
=@AS=@Z�R W#RJeGQSRJ<G=

[x1,x2]
C�<�B2RJ? =@Z�R DKAG<�B2F =@F AG<jF[W

l = |x− t(x2 − x1)|, t =
(x, x2 − x1)

|x2 − x1|2
,

F Z�RJ?@R
( , )

F[W =@Z�R T�C�DKi F[B2F[V�<YW@DJV�i[V�?X^�?@A2B2C�DE=,J | · | F[WXi RJ<�e�=@ZYA�\W?GRUDE=@AG?UH

� � +,+�$&�� ���� �

�8RK=�=�F AhW#RJeGQSRJ<>=9W�f0R�B2RK=@RJ?@QSF <�RUBSf(gh=@Z�R�^1AGF <>=9W
x1 = (x1

1, x
1
2),x2 = (x2

1, x
2
2)V�<�B

y1 = (y1
1 , y

1
2), y2 = (y2

1 , y2
2)
H�mXZ�RY=@RUW
= A�\TF <>=@RJ?9W#RUD9=9F AG<4A�\,=�F A�=@Z�RUW#R

W#RJeGQSRJ<>=9W DJV�<jf0RT^0RJ?#\]AG?@QSRUB:VGW \]AGi i A�F�WDM2^1AGF <>=9W A�\&=@Z�R1=�?9W
=�W#RJeGQSRJ<>=�V�?@R

x = x1 + t1(x2 − x1), t1 ∈ [0, 1],

V�<�Bj^1AGF <>=9WXA�\�=@Z�R W#RUDKAG<�BjW#RJeGQSRJ<G=�V�?@R

y = y1 + t2(y2 − y1), t2 ∈ [0, 1].



b�v ��'K�
� � ������� ���

mXZ�RUW#R W#RJeGQSRJ<>=9W�B2AT<�A�=�F <G=@RJ?9W#RUDE=,N�F \1=@Z�R W#g2W
=@RJQ A�\�= F�A�R,C>C�V!=@F AG<�WWF F =@ZS?@RUW#^1RUDE=
=@A

t1
V�<�B

t2
x1 + t1(x2 − x1) = y1 + t2(y2 − y1)

B2A2RUWT<�A�=hZ�V�?�R W#AGi C2=@F AG< Q =@Z�R:W#RJeGQSRJ<>=9W V�?@RS^�V�?9V�i i RJi�S,AG?�AG<�R A�\ =@Z�R:W#AGi C2=@F AG<�W
B2A2RUWX<�A�= f0RJi AG<�eh=@AS=@Z�R�F <>=@RJ?�?!V�i G w N N H H

� AG?@R R�-0RUDE=@F ?GRjV�i eGAG?@F =@Z�Q A�\ =@RUW
=@F <�epF[W�VGW�\]AGi i A�F�WDM&F \,V!=hi RUVGW
=�AG<�R:A�\ =@Z�R
F <�R,C>C�V�i F =@F RUW

vi > 0 i = 1, 2,
F[W�W@V!=@F[W =�RUB$N(=@Z�RJ<j=@Z�R W#RJeGQSRJ<>=9W B2AS<�A�=�F <G=9RK?9W#RUDE=UH ��RJ?@R

v1 = [(y1
1 − x1

1)(x
2
2 − x1

2)− (x2
1 − x1

1)(y
1
2 − x1

2)]

×[(y2
1 − x1

1)(x
2
1 − x1

1)− (x2
1 − x1

1)(y
2
2 − x1

2)],

v2 = [(x1
1 − y1

1)(y2
2 − y1

2)− (y2
1 − y1

1)(x1
2 − y1

2)]

×[(x2
1 − y1

1)(y2
2 − y1

2)− (y2
1 − y1

1)(x2
2 − y1

2)].

� � +,+�$&�� ���� �

��?@F RJ<>=@RUBj=@?@F[V�<�eGi R
∆(zmin,xk)

F[W�C�<�B2RJ?9W
=@A(A�BYVGW�VS=@?@F[V�<�eGi RRF F =@Z AG?9B2RJ?@RUBji F[W
=
A�\ ?GRJ?#=@F[DKRUW

x1
min = (x1

1, x
1
2), x

2
min = (x2

1, x
2
2), xk = (xk1 , x

k
2)
N1F =9W,B2F ?@RUDE=@F AG<

A�\TRJ<�DKF ?9DKi F <�e F[W B2RK=@RJ?@QSF <�RJB DKAGC�<G=@RJ?9DKi A�D�AKF F[W#R V�<�B{=@Z�F[W�RJ<�DKF ?9DKi F <�e B2A2RUWS<�A�=
DKAG<>=@?9VGB2F[DE=,=@A:=@Z�R�i F[W
=�A�\�?�RJ?#=@F[DKRUWJH$T�t2F[W
=@RJ<�DKR�DK?@F =@RJ?@F AG<xA�\ AG?@F RJ<G=@RUB =@?@F[V�<�eGi RhF[W
=@Z�R�F <�R,C>C�V�i F =
g

(x2
1 − x1

1)(x
k
2 − x1

2)− (xk1 − x1
1)(x

2
2 − x1

2) > 0.

� � +,+�$&�� ���� �

x1
x2

xmin
1

xmin
2

xmin
3

��� 	�
� � ��� �,�����0*�%'+ �,���� �% � �8� ���/��*0�0� %�(���+ %'- *�"'�7�9%'�0-�%'$������ � % "'+ ����!,(�� �9"��0� �0���0� %71

< Z�RJ< DKAG<�W
=@?@C�DE=@F <�e�=@?@F[V�<�eGC�i[V�? RJi RJQSRJ<G=jf(g DKAG<�<�RUDE=@F AG< A�\T= F�A4VGB�

VGDKRJ<>=
C�<�F =9W,AG<

l
E =@ZpDKAG<>=@AGC�?�A�\ o�&('BN�=@Z�R ?�V�i C�R

K(l)
A�\�=@Z�R�V�?@?9Vzg

K
F[W�B2RUDK?@RUVGW#RUB
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f(g AG<�R�N&V�<�B =@Z�R�=@?9V�<�W
\]AG?@Q�V!=@F AG< A�\X=@Z�R:V�?@?9Vzg
M
F[W�^0RJ?#\]AG?@QSRUB�VGW W#Z�A�F < F <

=@Z�R1=�eGC�?@R N k(H2;EH RGH2\]?@AGQ =@Z�R�i F[W
=�A�\�C�<�F =9W A�\
l
E =@Z DKAG<>=@AGC�? =@Z�R�C�<�F =9W

[xmin
1 ,xmin
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