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PRQ @TSVU WBEBCDJ ADX�YZEV[!F<\LAD\MCDY]J @
S4ADJ EB@^EV[�_
SVC�ADJ`SVUaF<\MCDJ bVS4ADJ bB\>cTKBKVKBKVKBKVKBKBKVKBKVKed
fhg EB@
c�ADCDG
HIADJ EB@^EV[!S]c�\>i.G�\M@
HL\jEV[	\MY7k2\>F�F<\>F^WBCDJ`F�clKBKVKBKVKBKVKBKVKBKVKBKVKBKBKVKBKVKnm
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H�K S3AD[XY9ZML"S�@N[�K
N)X�\PO=EBC,Q HIEB@
c�J`c�AIc/J @^F<\MbB\MU EB_�Y]\M@.A)EV[	SV@�\>HLEB@�EBY]J`HMSVU2SVU`WBEBCDJ ADX�Y*k
SBc�\>F EB@ ADX�\
HLU`SBcDc�J`H)bVSVCDJ`SV@BA/EV[(R
@�J AD\�\MU \MY]\M@BA=Y]\LADX�E�F SV@
F J @.AD\M@
F<\MF [ EBC/@8G�Y]\MCDJ`HMSVU2c�EBU G<ADJ EB@
EV[�HLEB@8bB\>H%A%J EB@�S F<J T,G
c�J EB@^k,EBG�@�F�SVC,U�S bVSVU G�\�_�CDEBk<U`\LY

−ε4u + b1
∂u

∂x
+ b2

∂u

∂y
= f

J @
Ω, V P�W

u = g
EB@

Γ. V f�WX:\MCD\7A�O/E)S6F<J Y]\M@
c�J EB@
SVU!F<EBY SVJ @
Ω
J`c�U J Y]J AD\>F kYU _�J \>HL\�O0J c�\]c�Y]E8EVADX k2EBG�@
F�SVC,U

Γ Z ε J`c:S]c�Y SVU Ua_,E.c�J ADJ bV\j@8G�Y7k2\MC Z b1, b2, f, g SVCD\9c�Y]E8EVADX^\M@�EBG�WBX�[ G�@
HIADJ EB@
cMKQ WBE<E<F$SBF�SV_<A%S4ADJ EB@ ADE ADX�\^HLEB@
F<J ADJ EB@
crEV[0ADX�J`c7_�CDEBk�U \MY J`c7CD\>i.G�J CD\>Fl[ CDEBY
ADX�\)SVU WBEBCDJ ADX�Y\[�O0X�J`H%X]O=EBG�U`Fr\L@
c�G�CD\=X�J WBX�S6SBHMHLG�C%S4AD\/c�EBU G<ADJ EB@7EV[
k2EBG�@
F�SVC,U�S b4SVU G�\
_�CDEBk�U \MY G�@
F<\MCrU`J @�\MSVC7SV_�_�CDE�^<J Y S4ADJ EB@ EV[)ADX�\][ G�@
HIADJ EB@

u(x, y)
EB@ \>SBH%X�R
@�J AD\

\MU \MY]\M@BA>K.N)X�J`c�Y]\>SV@
c�ADX
S4A9SV@ SVG<ADEBY S4ADJ`H-F<J b8J`c�J EB@ EV[�ADX�\-J @�J ADJ`SVU!F<EBY SVJ @ J @BADER
@�J AD\ \MU \MY]\M@.A%c7EBCDJ \M@BAD\>F$SVU EB@�W ADX�\^HDX
SVC%SBHIAD\MCDJ`c�ADJ`HMcrc�X<EBG�U`F$k2\�SV@.ADJ`HLJ _
S4AD\>F J @
ADX�\-SVU WBEBCDJ A%X<Y\[,SV@
F ADX�\-CD\>i.G�J CD\MY]\M@BA�EV[�\>HLEB@�EBY]U J @
F<J`c�_2\M@
cDSVk�U U U \>SBF�c:ADE ADX�\
G
c�\jEV[	ADX�\jAD\>HDX�@�EBU EBW�U EV[	\MY7k2\>F�F<\>F^WBCDJ`F�cMK

N)X�\�J`F<\>SrEV[+ADX�J`c=SVU WBEBCDJ ADX�Y*J`c=SBc�[ EBU U E�O:c`_B[ EBC)HLEB@
c�ADCDG
HIADJ EB@ EV[�Sr@�\`O WBCDJ`F J A
J`c=c�G�a HLJ \M@BA=ADE-SV@
SVU U8qM\0ADX�\�k,\MX
S>b8J EBC/EV[+_�J \>HL\`O0J`c�\�U J @�\>SVC=SV@
FbX:\MCDY]J ADJ`SV@�HLG�k�J`H
J @BAD\MCD_,EBU`S4ADJ EB@
c�EV[�ADX�\ SV_�_�CDE�^<J Y S4AD\]c�EBU G<ADJ EB@lEBk8AISVJ @�\MF�O0J ADX�J @lADX�\-[ C%SVY]\`O=EBC,Q
EV[�c�A%SV@
F�SVC%FcR
@�J AD\ \MU \MY]\M@.A SV_�_�CDE.SBH%X.[�SV@
F EB@ ADX�\ k
SBc�J`c-EV[�ADX�J`c SV@
SVU U<c�J`crADE
HLEB@
c�ADCDG
HIA�S0_
SVC�ADJ ADJ EB@9EV[<\>F<WB\>c+EV[YR
@�J AD\�\MU \MY]\M@.A%c`[�O0X�J`HDX7SVG<ADEBY S4ADJ`HMSVU U U�U \>SBF�c,ADE
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HLEB@
c�ADCDG
HIADJ EB@�EV[�S)@�\`O \MYrk,\>F�F<\>FjWBCDJ`FjSBHMHLEBG�@BADJ @�W)[ EBC+Y]EBCD\�c�G�k<ADU \�_2\>HLG�U J`SVCDJ ADJ \>c
EV[�ADX�\rF<\>c�J CD\>F^c�EBU G<ADJ EB@+K

��EBC9CD\MSVU`J q>S4ADJ EB@ EV[/ADX�J`cjJ`F<\>S�[aJ A9J`cj@�\>HL\>cDcDSVC,U^ADE X
S>bB\]SV@ SVU WBEBCDJ ADX�Y EV[)F8\�S
AD\MCDY]J @
S4ADJ EB@]EV[a_�SVC�A%J`SVU�F<\MCDJ bVS4ADJ bV\>c!EV[2ADX�\0[ G�@
HIADJ EB@

u(x, y)
[ CDEBY J A%c�WBJ bB\M@]@�E<F<\

b4SVU G�\>cMK���CDEBY S$@.G�Y7k2\MC�EV[rSVU WBEBCDJ ADX�Y c]EV[rF<\LAD\MCDY]J @
S4ADJ EB@ EV[j_
SVC�ADJ`SVU�F<\MCDJ bVS S
ADJ bV\>cGO=\0X
S bB\0H%X�E.c�\M@]SjY]\LADX�E�F]F<\>cDHLCDJ k2\>F-k2\MU E O [)O0X�J`HDX.[BJ @]EBG�C�EB_�J @�J EB@.[4Y]E.c�A
EBCDW.SV@�J`HMS4U U U Y S4A%H%X�\>c�ADX�J`c9HLU`SBcDc�EV[=k2EBG�@
F�SVC,U�S b4SVU G�\7_�CDEBk�U \MY cMK��:@<[ EBC�ADG�@
S4AD\MU U�[
ADX�\MEBCD\LADJ`HMSVU�c�G�k
c�A%SV@.ADJ`S4ADJ EB@ EV[9ADX�J`c^c�A%S4AD\MY]\M@BA^J`c�bV\MC,U _�CDEBk�U \MY S4ADJ`H)[/k�G<A�ADX�\
SV_�_�CDE.SBHDX k2\MJ @�W _�CDEB_2E.c�\>FlX
SBc9Y SBF<\�S WBE<E<Flc�X�E O0J @�WTJ @ STWBCD\>S4Ar@.G�Y7k2\MC7EV[
@.G�Y]\MCDJ`HMSVUa\�^<_,\MCDJ Y]\M@BA%cMKN)X�\�AD\>c�ADJ @�W�EV[
SVU WBEBCDJ ADX�Y c+SV@
F9_�CDEBWBC%SVY caX
SBc+k2\M\M@r_,\MC�[ EBCDY]\>F�[ EBC	S�c�J Y]_�U \MC
k2EBG�@
F�SVC,U�S+bVSVU G�\0_�CDEBk�U \MY Z J A#O)SBc!SBcDc�G�Y]\>F-ADX
S4A!ADX�\�F<EBY SVJ @ Ω = [0, 1]× [0, 1]J`c7G�@�J A]cDi.G
SVCD\�[

b1 ≡ 1, b2 ≡ 0
[�SV@
F

f ≡ c
J`c-HLEB@
c�A%SV@BA�[	J K \BK [	ADX�\ [ EBU U E O0J @�W

\>i.G
S4ADJ EB@ O=SBc0HLEB@
c�J`F<\MCD\>F

−ε4u +
∂u

∂x
= c

J @
(0, 1)× (0, 1).

? A:J`c0\>SBc U]ADE bV\MCDJ [�U ADX
S4A)A%X<J c)\>i.G
S4ADJ EB@ SBF<Y]J A%c:c�EBU G<ADJ EB@
c)EV[�ADX�\j[ EBCDY
u(x, y) =

(

c1e
λ1(x−1) + c2e

λ2x
)

sinnπy + ay + b + cx,
O0X�\MCD\

a, b, c1, c2
SVCD\9HL\MC�A%SVJ @ HLEB@
c�A%SV@BA%c`[�SV@
F

λ1 =
1

2ε
(1 +

√

1 + (2nε)2) > 0, λ2 =
1

2ε
(1−

√

1 + (2nε)2) < 0,

S4A)ADX
S4A
λ1
∼= ε−1 + n2ε

SV@
F
λ2
∼= −n2ε

G�@
F<\MC
ε¿ 1.? [FO=\jSVCD\:J @.AD\MCD\>c�AD\>F J @^c�EBU G<ADJ EB@
c#O0X�J`HDX^F<E-@�EVA0F<\L_,\M@
F EB@

y,
ADX�\M@.[<SBc/J A)J`c

\>SBc U]ADE c�X�E�O [<ADX�\rc�EBU G<ADJ EB@^EV[�ADX�\9\>i.G
S4ADJ EB@^J`c0EV[�ADX�\j[ EBCDY
u(x) = c1 exp

x− 1

ε
+ c2 + cx.

�BG
c�A=J @ ADX�J`c)HLU`SBcDc�EV[+[ G�@
H%A%J EB@
c�ADX�\jF<\Mk�G�WBWBJ @�W-SV@
F]AD\>c�ADJ @�W-EV[aADX�\jSVU WBEBCDJ ADX�Y*EV[
\>F<WB\9F<J b8J`c�J EB@^X
S bV\jk,\M\M@ HMSVCDCDJ \>F�EBG<A>K
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�+\LA0SV_�_�CDE�^<J Y S4AD\0ADX�\j_
SVC�ADJ`SVU,F<\MCDJ bVS4ADJ bV\>c/EV[	Sr[ G�@
HIADJ EB@
u(x, y)

F<\LAD\MCDY]J @�\>F kYU
@.G�Y]\MCDJ`HMSVU,bVSVU G�\>c

uJ

J @^@�E<F<\>c
MJ(xJ , yJ ) : u(xJ , yJ ) = uJ

J @ ADX�\jb8J`HLJ @�J A�U EV[
ADX�\9_2EBJ @.A

M0
SBc0S-U J @�\>SVC:HLEBYrk�J @
S4ADJ`EB@

∂u(x, y)

∂x
= u0

x + (x− x0)u
0
xx + (y − y0)u

0
xy,
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∂u(x, y)

∂y
= u0

y + (x− x0)u
0
xy + (y − y0)u

0
yy,

O0X�\MCD\
u0
x, u

0
y, u

0
xx, u

0
xy, u

0
yy

SVCD\�HL\MC�A%SVJ @�G�@�Q8@�E�O0@ HLEB@
c�A%SV@BA%c/ADE-k,\jF<\LAD\MCDY]J @�\>F
[ EBC0\>SBHDX @<E�F<\jEV[	ADX�\9WBCDJ`FaK

MKM0

M1

M2

M3

MJ

N1

N2

N3

NJ

MK

MI

M0

MK−1

MK

M1

MJ

ML

��� �����
	 ��� �����
	
�����������
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dM0
.

�����'����������������� ��!"�$#%�'�$&
dM0

.

N)X�\M@ ADX�\]HL\M@.ADC%SVU�F<J T,\MCD\M@
HL\
uJ − u0

SV_�_�CDE�^<J Y S4AD\>c0ADX�\]F<\MCDJ bVS4ADJ bB\rEV[�ADX�\
[ G�@
HIADJ EB@

uJ(t) = u(x0 + t(x− x0), y0 + t(y − y0)), t ∈ [0, 1]

J @^ADX�\j_,EBJ @BA
NJ (t = 0.5)

O0J ADX \MCDCDEBC
O(h3

J)
[�O0X�\MCD\

hJ =
√

(xJ − x0)2 + (yJ − y0)2,

uJ(0) = u0,
SV@
F

uJ(1) = uJ .
N)X�\MCD\L[ EBCD\�[ EBC:c�Y]E<EVADX^\M@�EBG�WBX�[ G�@
HIADJ EB@

u(x, y)ADX�\j[ EBU U E�O0J @�W]CD\MU`S4ADJ EB@
c0c�X�EBG�U`F�k2\9b4SVU J`F _
dJ (u0

x, u
0
y, u

0
xx, u

0
xy, u

0
yy)/h

3
J = O(1)

O0X�\MCD\
dJ (u0

x, u
0
y, u

0
xx, u

0
xy, u

0
yy) = (uJ − u0)

− (xJ − x0)[u
0
x + 0.5(xJ − x0)u

0
xx + 0.5(yJ − y0)u

0
xy]

− (yJ − y0)[u
0
y + 0.5(xJ − x0)u

0
xy + 0.5(yJ − y0)u

0
yy].
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� CDEBG�_�J @�WjADEBWB\LADX�\MC�@�\MJ WBX8k2EBG�CDJ @�WjADE

M0
@�E<F<\>c

M1
[
M2, . . .

[
MJ , . . .

[
MK ,V c�\M\��	J W
K P�W HLEB@
c�ADCDG
HIA)ADX�\j[ G�@
HIADJ EB@
SVU

dM0
(u0

x, u
0
y, u

0
xx, u

0
xy, u

0
yy) =

J=K
∑

J=1

{dJ (u0
x, u

0
y, u

0
xx, u

0
xy, u

0
yy)}

2/h6
J .

? A�J`c!\MSBc U9ADE9bB\MCDJ [�U9ADX
S4A!ADX�\:HLEBY]_,EB@�\M@BA%c
u0
x, u

0
y

EV[ac�EBU G<ADJ EB@-EV[2ADX�\0U \>SBc�A/cDi.G
SVCD\
_�CDEBk�U \MY

dM0
(u0

x, u
0
y, u

0
xx, u

0
xy, u

0
yy) −→

u0
x
,u0

y
,u0

xx
,u0

xy
,u0

yy

J @<[

WBJ bV\9SV@TSV_�_�CDE�^<J Y S4ADJ EB@ ADE _
SVC�ADJ`SVU+F<\MCDJ b4S4ADJ bB\>c
∂u(x0, y0)

∂x
,
∂u(x0, y0)

∂y

EV[7S c�Y]E8EVADX \M@�EBG�WBX [ G�@
HIADJ EB@
u(x, y)

ADE O0J ADX�J @ Y S ^
{h2

J}
K Q A^ADX
S4A�[=A%EVA%SVU

@.G�Y7k2\MCjEV[�@�E<F<\>c
MJ

@�\>HL\>cDcDSVC,U�[ EBC�HMSVU`HLG�U`S4ADJ EB@ EV[�_
SVC�ADJ`SVU	F<\MCDJ bVS4ADJ bV\>c:J @ ADX�\
_2EBJ @.A

M0
Y7G
c�A:k2\9@�EVA0U \>cDc=ADX
SV@ �

(K ≥ 5).X:E O=\MbV\MC�[,SVCDk�J A%C%SVC,U c�\>i.G�\M@
HL\>c�EV[/_,EBJ @BA%c9HLU E.c�\rADE
M0

HMSV@�@�EVAjk2\]G
c�\>FT[ EBC
c�G
HDX�_�CDE<HL\>F<G�CD\BK��8EA[B[ EBC=J @
c�A%SV@
HL\�[8S7c�\>i.G�\M@
HL\�EV[+_,EBJ @BA%c)c�J Y]J U`SVC�ADErADX
S4A0c�X�E O0@
J @ �	J W
K f WBJ bB\>c�Sj[ G�@
HIADJ EB@
SVU

dM0

F<\MWB\M@�\MC%S4AD\&O0J ADX CD\>c�_2\>HIA�ADE
u0
x, u

0
y, u

0
xx, u

0
xy,

u0
yy

[ O0X�E.c�\7Y]J @�J Y]J q>S4ADJ EB@l_�CDEBk�U \MY X
SBc�J @�R
@�J AD\]@8G�Y7k2\MC9EV[=c�EBU G<ADJ EB@
cMK N)X�\MCD\�S
[ EBCD\�[�J [jJ @ ADX�\ _�CDE<HL\>cDc-EV[jHMSVU`HLG�U`S4ADJ EB@ J A SV_�_,\>SVC%crADX
S4A�i.G
SBF<C%S4ADJ`H [ G�@
HIADJ EB@
SVU
dM0

WB\M@�\MC%S4AD\>c:S U J @�\>SVC�c U<c�AD\MY�EV[�SVU WB\Mk�C%SVJ`Hj\>i.G
S4ADJ EB@
c&O0J ADXlc�J @�WBG<U SVC:Y S4ADCDJ ^ [
ADX�\M@ SBF�F<J ADJ EB@
SVUa@�E<F<\>c

MJ

J Y]Y]\>F<J`S4AD\MU U�@�\MJ WBX.k,EBG�CDJ @�W7ADX�\j@�E�F<\
M0

SVCD\jHLEB@�S
c�\>i.G�\M@BADU U-A%S)QB\M@ J @.ADE-HLEB@
c�J`F<\MC%S4ADJ EB@.[VADJ U U
ADX�\�[ G�@
HIADJ EB@
SVU

dM0

O0J U U,k2\>HLEBY]\�@�EB@�S
F<\MWB\M@�\MC%S4AD\BK N)X�\)X�J WBX�\>c�A�SBHMHLG�C%SBH�UjEV[
ADX�\:F<\MCDJ b4S4ADJ bB\>c�HMSVU`HLG�U`S4AD\>F7J @]c�G
H%X]SPO=S�U
J`c)CD\>SBH%X�\>F�J @^J @.AD\MCD@
SVUa_,EBJ @BA%c0EV[�ADX�\rF<EBY SVJ @+K

� � �/&�"B�<�
(�
2�����/& �����*".���)(:��&�
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����"

N)X�\TF<\>cDHLCDJ k,\>F SVk2E4bV\TSVU WBEBCDJ ADX�Y EV[9F<\LAD\MCDY]J @
S4ADJ EB@ EV[j_
SVC�ADJ`SVU:F<\LCDJ`b4S4ADJ bB\>c-J @
bV\MC�ADJ`HL\>c�EV[ R
@�J AD\�\MU \MY]\M@.A%c�[ CDEBYZHMSVU`HLG�U`S4AD\>F]@�E<F<\�b4SVU G�\>c�EV[+@8G<Y]\MCDJ`HMSVU,c�EBU G<ADJ EB@
u(x, y)

X
SBc)k,\M\L@ G
c�\>F�[ EBC:HLEB@
c�ADCDG
HIADJ EB@^EV[�S]c�\>i.G�\M@
HL\jEV[�\MY7k2\>F�F<\>F^WBCDJ`F�cMK
Q @�\`O WBCDJ`F O)SBc!HLEB@
c�ADCDG
HIAD\>FrEB@7ADX�\0k
SBc�J`c	EV[,SV@
SVU U<c�J`c	EV[2k,\MX�S b8J EBG�C�EB@-\>SBH%X

\>F<WB\�EV[�ADX�\jJ @�J ADJ`SVUaWBCDJ`F EV[	k,EVADX^U J @�\>SVC0SV@
F X:\MCDY]J ADJ`SV@^HLG�k�J`H�J`@BAD\MCD_2EBU`S4A%J EB@
c/EV[
[ G�@
HIADJ EB@

u(x, y)
HLEB@
c�ADCDG
HIAD\>F [ CDEBY @�E<F<\ b4SVU G�\>c9EV[=[ G�@
HIADJ EB@

u
SV@
FlbVSVU G�\>cjEV[

_
SVC�ADJ`SVUaF<\MCDJ bVS4ADJ bB\>c
ux, uy

HMSVU`HLG�U`S4AD\>F�J @^ADX�\9@�E<F<\>c0EV[�ADX�\9WBCDJ`FaK
Q @7\>F<WB\#O)SBc+@�EVA!F<J b8J`F<\>F [ J [
EB@9ADX�\=\>F<WB\�ADX�\/Y]E�F<G�U \/EV[
Y S ^<J Y SVU.F<J T,\MCD\M@
HL\

EV[�bVSVU G�\Mc�k2\LA�O=\M\M@ U J @�\>SVC�SV@
F HLG�k�J`H-c�_�U J @�\>c�F<J`F @�EVAj\�^�HL\M\>F
εa
K��:ADX�\MC,O0J`c�\�[,S
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@�\`O*_,EBJ @BA]O)SBcrH%X�E.c�\M@ J @
c�J`F<\ ADX�\ \>F8WB\�[�_�CDE<HL\M\>F<J @�W [ CDEBY ADX�\ [ EBU U E O0J @�WTCD\>S S
c�EB@�J @�W.cMK

��\M@�EVAD\�k�U
M ′

J

ADX�\�F<\>c�J CD\>F]_2EBJ @.A/EV[+F<J b8J`c�J EB@ EV[aADX�\:\>F<WB\
M0MJ

K�N)X�\M@.[8SBc
J A�J`c�c�X�E O0@]J @ �	J W
K.N�[4EB@-ADX�\:\>F<WB\

M0MJ

Sj_�J \>HL\`O0J`c�\0U J @�\>SVC�SV_�_�CDE�^<J Y S4ADJ EB@7EV[
ADX�\)[ G�@
HIADJ EB@

u(x, y)
SV_�_,\>SVC%c Z Y]J @�J Y]J qMJ @�WrJ @ c�EBY]\)@�EBCDY ADX�\0CD\>c�J`F<G
SVU<k2\LA�O=\M\M@ADX�\)U`S4A�AD\MC!SV@
F-HLG�k�J`H)SV_�_�CDE�^<J Y S4ADJ EB@
c`[�O=\=EBk<A%SVJ @]SV@]SVU WBEBCDJ ADX�Y EV[,HLEB@
c�ADCDG
HIADJ EB@

EV[�ADX�\9_2EBJ @.A
M ′

J

EV[�ADX�\9\>F<WB\
M0MJ

K

M0 M ′

J MJ

��� �����
	
����� ��!��
	 � #%��� � ���"��� � �
� � ��� � � ��� � ���

u(x, y)
��� � ��� �"�����

M0MJ �

�+\LA WBJ bB\ Y]EBCD\$F<\LA%SVJ U`cMK���\M@�EVAD\$kYU
u(t)

A%X<\ HLG�k�J`H c�_�U J`@<\ [ EBC A%X<\ \>F<WB\
[M0,MJ ] Z t ∈ [0, 1]

SV@
F ADX�\9bVSVU G�\>c

u(0) = u0, u(1) = uJ ,
du

dt
(0) = u′0,

du

dt
(1) = u′J

SVCD\�WBJ bB\M@+K�N)X�\M@
u(t) = a00 + a01t + a02t

2 + a03t
3,

u(t) = a10 + a11(1− t) + a12(1− t)2 + a13(1− t)3,

O0X�\MCD\
a00 = u0; a01 = u′0;

a02 = 3(u1 − u0)− 2u′0 − u′1;

a03 = −2(u1 − u0) + u′0 + u′1;

a10 = u1; a11 = −u′1;

a12 = −3(u1 − u0) + u′0 + 2u′1;

a13 = 2(u1 − u0)− u′0 − u′1.

�+\LA
v0(t)

SV@
F
v1(t)

k2\jU J @�\>SVC0SV_�_�CDE�^<J Y S4ADJ EB@
c/EV[+ADX�\�[ G�@
HIADJ EB@
u(t)

EB@�ADX�\
J @BAD\MCDbVSVU`c

[M0,M
′

J ]
SV@
F

[M ′

J ,MJ ],
O0X�\MCD\

t ∈ [0, τ ]
SV@
F

t ∈ [τ, 1],
CD\>c�_2\>HIADJ bB\LU U Z
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0 < τ < 1
K�N)X�\M@^ADX�\j[ G�@
HIADJ EB@
SVU

ΦL2
=

τ
∫

0

(

u(t)− v0(t)
)2

dt +

1
∫

τ

(

u(t)− v1(t)
)2

dt

WBJ bV\>c�ADX�\ cDi.G
SVCD\]EV[)@�EBCDY EV[)CD\>c�J`F<G�SVU!k,\LA
O=\M\M@
u(t)

SV@
FlJ A%cj_�J \>HL\`O0J`c�\ U J @�\>SVC
SV_�_�CDE�^<J Y S4ADJ EB@

v0(t), v1(t)
J @ ADX�\ c�_
SBHL\

L2[0, 1].
��J CD\>HIArHLEBY]_�G<A%S4ADJ EB@
cjWBJ bB\

ADX�\j[ EBU U E�O0J @�W]\�^<_�CD\>cDc�J EB@ [ EBC)ADX�\j[ G�@
HIADJ EB@
SVU$_
ΦL2

= (7a2
02 + 21a02a03τ + 16a2

03τ
2)τ5

+ (7a2
12 + 21a12a13(1− τ) + 16a2

13(1− τ)2)(1− τ)5

O0X�\MCD\rADX�\]@8G�Yrk,\MC%c
aij

SVCD\]F<\�R
@�\>F SVk,E bB\BK��TJ @�J Y]J qMJ @�W^ADX�J`c�[ G�@
HIADJ EB@
SVUGO0J ADX
CD\>c�_2\>HIA�ADE

τ ∈ (0, 1),
O=\-F<\LAD\MCDY]J @�\rADX�\]HLE8EBC%F<J @
S4AD\>c0EV[!ADX�\-_2EBJ @.A

M ′

J

O0X�J`H%X
J`cr@�\`O#@�E<F<\ [ EBCrADX�\�@�\`O#WBCDJ`F Z [ EBCrADX�J`c7_�G�CD_2E.c�\ J A-J`cr@�\>HL\>cDcDSVC,UTADElc�EBU bV\�SV@\>i.G
S4ADJ EB@^EV[�ADX�\>R�[ ADXT_2E O/\MC&O0J ADX CD\>c�_,\MHIA0ADE

τ
K

M0 M ′

J MJ

��� ������	 �����'� � # ���$��!���� ��� 	������ �$��� � ��#
�$& � ��� !��	� � ! � � � 
���� � � � � �$�
� � � # � � ���"��� � � � ��� � � � ��� � ���

�

��EBC]@8G�Y]\MCDJ`HMSVU0c�EBU G<ADJ EB@ EV[�SVU WB\Mk�C%SVJ`H \>i.G
S4ADJ EB@ ADX�\��:\`O)ADEB@ Y]\LADX�E�F O)SBc
G
c�\>F [+SV@
FlSBc9SV@lJ @�J ADJ`SVU/SV_�_�CDE�^<J Y S4ADJ EB@ ADX�\]_,EBJ @BArEV[/ADX�\ \>F<WB\

[M0,MJ ]
O)SBc

A%S)QV\M@.[	J @ O0X�J`H%X$ADX�\^F<J`c�A%SV@
HL\�k2\LA�O/\M\M@$ADX�\^WBC%SV_�X�crEV[0ADX�\^HLG�k�J`H _2EBU U8@�EBY]J`SVU
SV@
FTJ A%c�U J @�\>SVC�J @BAD\MCD_,EBU`S4ADJ EB@TJ`c�Y S ^<J Y SVU$[,SBc�c�X�E�O0@ J @ �	J W
K,d
K Q cjS CDG�U \�[
ADX�J`c
SV_�_�CDE�^<J Y S4ADJ EB@ J`c/C%S4ADX�\MC=WBE8E�F [.SV@
F [ EBC)HLEBCDCD\>HIADJ EB@ EV[�J A&O0J ADX^SrCD\>SBc�EB@
SVk�U \�SBH�S
HLG�C%SBH�UrJ A/J`c�c�G�a HLJ \M@.A�ADE9Y S)QB\0EB@�U U-c�\MbB\MC%SVU<J AD\MC%S4ADJ EB@
c!EV[2ADX�\
�:\`O)ADEB@ Y]\LADX�E<FaK

�=\>c�J`F<\>c
ΦL2

[�EVADX�\LC7[ G�@
HIADJ EB@
SVU`c7X
S bV\�k2\M\M@ HLEB@
c�J`F<\MCD\>FaK �8EA[�[ EBC7J @
c�A%SV@
HL\�[
S�@.G�Y7k2\MC9EV[�[ G�@
HIADJ EB@
SVU`cjX
S>bB\-k2\M\M@ HLEB@
c�J`F<\MCD\>F1O0X�J`H%XlSV_�_�CDE�^<J Y S4AD\7CD\>c�J`F<G
SVU
[ G�@
HIADJ EB@
SVU=[ CDEBY

C[0, 1]
KGX:E O/\MbB\MC�[�AD\>c�A HLEBY]_�G<A%S4ADJ EB@
c7X
S bV\ c�X�E�O0@ ADX
S4A-ADX�\

CD\>c�G�U A%c�F<J T,\MC�J @
c�J WB@�J R2HMSV@.ADU U�[Vk�G<A�ADX�\0ADJ Y]\:EV[aHLEBY]_�G<A%S4ADJ EB@ O0X�\M@ HLEB@
c�ADCDG
HIADJ @�W
ADX�\�\MY7k2\>F�F<\>F WBCDJ`F J @
HLCD\>SBc�\>c�WBCD\>S4ADU UBK Q _�_
SVCD\M@.ADU U�[BA%X<J c/J`c)HLEB@�@�\>H%A%\MFbO0J ADX ADX�\
[ SBHIA-ADX
S4A]ADX�\ @�E<F<\^b4SVU G�\>c

uJ

ADX�\MY c�\MU bB\>c]SVCD\�CD\>c�G�U A%c-EV[jHLEBY]_�G<A%S4ADJ EB@
c-SV@
F
X
S>bB\ ADX�\^SBHMHLG�C%SBH�U EV[)ADX�\�EBC%F<\MC

max
J
{h2

J}
O0X�\MCD\

hJ

J`c9ADX�\�U \M@�WVADX EV[
J−
ADX

\>F<WB\BK
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Q HLEBY]_<U`\�^ EV[+_�CDEBWBC%SVY c!J @�U`SV@�WBG
SVWB\�� [ EBC=@.G�Y]\MCDJ`HMSVU,c�EBU G<ADJ EB@�EV[�HLEB@8bV\>HIADJ EB@�S
F<J T,G
c�J EB@ k,EBG�@
F�SVC,U�S b4SVU G�\:_�CDEBk<U`\LY V P�W�� V f�W X
SBc/k2\M\M@^F8\>c�J WB@�\>F EB@ ADX�\�k
SBc�J`c�EV[ADX�\rSVU WBEBCDJ ADX�Y F<\>cDHLCDJ k2\>F^SVk,E bB\BK

��EBC�@8G�Y]\MCDJ`HMSVU<c�EBU G<ADJ EB@7EV[2HLEB@8bB\>HIADJ EB@�S6F<J T,G
c�J EB@rk,EBG�@
F�SVC,U�S b4SVU G�\/_�CDEBk�U \MY S
cDHDX�\MY]\PO0J ADX ADX�\jc�\>HLEB@
F EBC%F<\MC/EV[	SBHMHLG�C%SBH�U-X
SBc/k,\M\M@ G
c�\>F [YO0X�J`H%X�WB\M@�\MC%S4AD\>c/S
c U<c�AD\MYZEV[�\>i.G
S4ADJ EB@
c O0J ADX	� S Y S4ADCDJ ^ [<cDS4ADJ`c�[�U8J @�W]F<J`cDHLCD\LAD\�Y S ^<J Y7G�YZ_�CDJ @
HLJ _�U \BK

N)X�\ c�EBU G<ADJ EB@ EV[:ADX�\^EBk<A%SVJ @�\>F c U<c�AD\MY EV[�U J @�\>SVC]SVU WB\Mk�C%SVJ`H \>i.G
S4ADJ EB@
c7X
SBc
k2\M\M@�HMSVCDCDJ \>F-EBG<A=kYU]J AD\MC%S4ADJ bB\ � SVG
cDc�S �8\MJ`F<\MU
_�CDE<HL\>F<G�CD\:G�@
F<\MC=c�_,\>HLJ`SVU
EBC%F<\MCDJ @�W
EV[:\>i.G
S4ADJ EB@
c7SV@
F$G�@�Q8@�E�O0@
cMK�N)X�\�@8G�Yrk,\MC-EV[:J AD\MC%S4ADJ EB@
crEB@ \>SBHDX \MYrk,\>F�F<\>F
WBCDJ`F*O=SBc R�^<\>F SV@
F^F<J`F^@�EVA:\�^�HL\M\>F P � K
?6@ �	J W
K � �]f�
 c�EBY]\�CD\>c�G�U A%c�EV[+EB_2\MC%S4ADJ EB@ EV[aADX�\�_�CDE�HL\>F8G�CD\:EV[�HLEB@
c�ADCDG
HIADJ EB@

EV[�\MY7k2\>F�F<\>F WBCDJ`FT[ EBCjc�EBU G<ADJ EB@ EV[/k2EBG�@
F�SVC,U�S b4SVU G�\r_�CDEBk�U \MY�G�@
F<\MC
x ∈ [0, 1]

[
y ∈ [0, 1]

SV@
F
u(x, 0) = u(x, 1) = u(0, y) = u(1, y) = 0, ε = 10−3 SVCD\9c�X�E O0@+KN)X�\7J @�J ADJ`SVU	ADCDJ`SV@�WBG�U`S4ADJ EB@1O)SBc�WB\M@�\MC%S4AD\>F kYU G�@�J [ EBCDY F<J b8J`c�J EB@ EV[!ADX�\]c�J`F<\>c�EV[

ADX�\7cDi.G
SVCD\9J @BADE � \>i.G
SVU�J @BAD\MCDbVSVU`c&O0J ADX c�G�k
c�\>i.G�\M@.A�F<J`SVWBEB@
SVU�F8J`b8J`c�J EB@ EV[!\>SBH%X
\MU \MY]\M@BA%SVC,U cDi.G
SVCD\:J @.ADE7ADCDJ`SV@�WBU \>cMK Q @�\>F<WB\ O)SBc�@�EVA0F<J b8J`F<\>F [8J [+ADX�\�Y]E<F<G�U \�EV[
ADX�\:Y S ^<J Y SVU�EB@]ADX�\:\>F<WB\:F<J T,\MCD\M@
HL\:k2\LA�O=\M\M@ U J @�\>SVC/SV@
F]HLG�k�J`H:c�_�U J @�\>c/F<J`F]@�EVA
\�^�HL\M\>F

εa = 10−3 Z [ EBC:c�EBU G<ADJ EB@^EV[FR
@�J AD\�S6F<J Y]\M@
c�J EB@
SVU+_�CDEBk�U \MY EB@^\>SBHDX^EV[	ADX�\WBCDJ`F�c/ADX�\ �8\MJ`F<\MU+Y]\LADX�E<F O0J ADX R�^<\>F^@8G�Yrk,\MC0EV[�J AD\MC%S4ADJ EB@
c V�� � 
�W O)SBc)G
c�\>FaK
�	J W
K � � � c�X�E�O ADX�\�HDX
SVC%SBHIAD\MCjEV[0SVCDJ`c�J @�W^WBCDJ`F�cjG�@
F<\MC

εa = ε.
?6@ R
WBG�CD\>c

t � f�
 ADX�\]J @<[ EBCDY S4ADJ EB@lEB@ ADX�\ c�\>i.G�\M@
HL\]EV[=WBCDJ`F�cjSVCDJ`c�J`@<W^G�@
F<\MC
εa = 50ε

J`c
CD\�

\>HIAD\>F Z�	J W
K
t �TP f c�X�E�O WB\L@�\MC%SVU+F�U8@
SVY]J`HMc)EV[�ADX�\rc�\>i.G�\M@
HL\jEV[�WBCDJ`F�c Z�	J W
K P N � P d]c�X�E O ADX�\rH%X
SV@�WB\>c=EV[�WBCDJ`F^S4A)A�O/E U`SBc�A:c�AD\M_
c0J @^ADX�\9cDi8G�SVCD\

[0.0, 0.125]× [0.0, 0.125]
[�\MJ WBX.A�[ EBU`F�\M@�U`SVCDWB\>F Z�	J W
K P � �2P m]c�X�E�O ADX�\rH%X
SV@�WB\>c=EV[�WBCDJ`F^S4A)A�O=E]U`SBc�A:c�AD\M_
c0J @^ADX�\rcDi.G
SVCD\

[0.5, 0.625]× [0.0, 0.125]
[�\MJ WBX.A�[ EBU`F�\M@�U`SVCDWB\>F Z�	J W
K P � � P � c�X�E O ADX�\rH%X
SV@�WB\>c=EV[�WBCDJ`F^S4A)A�O/E U`SBc�A:c�AD\M_
c0J @^ADX�\9cDi8G�SVCD\

[0.875, 1.0]× [0.0, 0.125]
[�\MJ WBX.A�[ EBU`F�\M@�U`SVCDWB\>F Z�	J W
K P t �^f�
 c�X�E O ADX�\rH%X
SV@�WB\>c=EV[�WBCDJ`F^S4A)A�O/E U`SBc�A:c�AD\M_
c0J @^ADX�\9cDi8G�SVCD\

[0.875, 1.0]× [0.375, 0.5]
[�\MJ WBX.A�[ EBU`F�\M@�U`SVCDWB\>FaK

?6@ ADX�\jHLEBG�C%c�\:EV[��6EBJ @BA)CD\>c�\>SVC%HDX�\>c!J @ Q G�W.c�k�G�CDW]N�\>H%X<@�J`HMSVU��:@�J bB\MC%c�J A�U]c�\MCDJ \>c
EV[�AD\>c�A HLEBY]_�G<A%S4ADJ EB@
c-EB@'F<J T,\MCD\M@.A HLEBY]_�G<AD\MC%c]SV@
F G�@
F<\MC c�\MbB\MC%SVU=EB_,\MC%S4ADJ EB@
c U<c�AD\MY c-X
SBc-k,\M\M@'HMSVCDCDJ \>F$EBG<A>K � SVJ @ EBk��6\>HIADJ bV\ EV[�ADX�\>c�\THLEBY]_�G<A%S4ADJ EB@
c�O)SBc
ADE \>c�ADJ Y S4AD\ CD\>SVU�ADJ Y]\ @�\>HL\>cDcDSVC,U [ EBC7c�EBU b8J @�W^ADX�\ HLEB@
c�J`F<\MCD\>F k2EBG�@
F�SVC,U�S b4SVU G�\
_�CDEBk�U \MY K
?6@ EBG�C�EB_�J @�J EB@.[.c�EBY]\0EV[,ADX�\>c�\0CD\>c�G�U A%c/SVCD\)C%S4ADX�\MC�J @.AD\MCD\>c�ADJ @�W Z ADX�\`U]SVCD\0CD\M_�SCD\>c�\M@BAD\>F^k2\MU E�O J @^ADX�\j[ EBCDY EV[�S-A%SVk�U \BK
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X:\MCD\9ADX�\ R
C%c�A R
bV\-HLEBU G�Y]@
c�HLEB@.A%SVJ @TWB\M@�\MC%SVU�J @<[ EBCDY S4ADJ EB@ SVk2EBG<A:ADX�\-HLEBY]_�G<A S
\MC%c O0X�J`HDX\O/\MCD\�G
c�\>F�J @�ADX�\rHLEBY]_�G8AIS4ADJ EB@
SVU,\�^<_2\MCDJ Y]\M@.A Z A%X<J c)J @<[ EBCDY S4ADJ EB@�X
SBck2\M\M@\Q8J @
F<U U WBC%SV@.AD\>F ADE]G
c0k�U�_�CDEV[ \>cDc�EBC �rK+*-,G
F<\BK

� S bB\MC%c�J EB@�EV[�ADX�\9_�CDEBWBC%SVY HLEB@.A%SVJ @
c=[ EBG�C0Y SVJ @^_
SVC�A%c`_
V ? W _�CDE<HL\>F<G�CD\>c=EV[!HLEB@
c�ADCDG
HIADJ EB@^EV[	J @�J ADJ`SVUaADCDJ`SV@�WBG�U`S4ADJ EB@ [ EBC Ω ZV ?�? W _�CDE<HL\>F<G�CD\>c�EV[�[ EBCDY S4ADJ EB@ EV[�ADX�\]WBU EBk
SVU�c U<c�AD\MY�EV[/U`J @�\MSVC9SVU WB\Mk�C%SVJ`H9\>i.G
S SADJ EB@
c ZV ?�?�? W _�CDE�HL\>F<G�CD\>c!CD\>SVU J qMJ @�WjADX�\�J AD\MC%S4ADJ bV\ � SVG
cDc�S �8\MJ`F<\MU
_�CDE<HL\>cDcGO0J ADX�c�_,\>HLJ`SVU
EBC SF<\MCDJ @�W]EV[	\>i.G
S4ADJ EB@
c0SV@
F�G�@�Q8@�E O0@
c ZV ?'. W _�CDE�HL\>F<G�CD\>c�O0X�J`H%X HLEB@
c�ADCDG
HIA�\MY7k2\>F�F<\>F WBCDJ`F-k�U]SVk,E bB\0Y]\LADX�E<F]G
c�J @�W9ADX�\
c�EBU G<ADJ EB@�[ CDEBY V ?�?D? W KN)X�\=AD\>c�A%c	X
S bV\)c�X�E O0@9ADX
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Ω = [0, 1]× [0, 1], ε = 0.001, b1 ≡ 1, b2 ≡ 0, f ≡ 1, g ≡ 0.
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