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IKJ(L�M =3A N M : M 7�? MPO :;<BQ�R MES-T 8�U)8 MESVM 7B8!CWCBCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCYX
G J(L�M =3A N M : M 7�? M U O�O :;<[Z3A S U)8;A <B7\<W]"?F<B79^ M ?@8;A ^ M A 8 MES <B7_UW7_UW:;Q�A 8;:�UW:;`

8;:;AaUW7�b9>�RaUW: T 8 M 7�?FA RcCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCHd
X e"<B7 T 8;:;>�?@8;A <B7!<W]
A 7�^ M : T5MFfgS <B7�<W8;<B7 M_T5M ?F<B7�= f <B:�= M :Vh�7�A 8 MFf =3A N M : M 7�? M

T ? L3MESVM CWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCYi
d J(L�M UWR jB<B:;A 8 L�S ]k<B:l8 L�M <B:;A M 798�U)8;A <B7 T 8;: M 7�jW8 L�M 7�A 7�jm<W]n8 L3M =3A N M : M 7�? M

jB:;Aa=oCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBCWCBC I X
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J(L�M#? <B:A@�A T = M ^W<W8 M = 8;<�U =3A N M : M 7�? M_SVM 8 L <3= ]k<B: T <BR ^�A 7�j 8 ? < f =3A SVM 7 T A <B7�UWR
O :;<BQ�R MES ]k<B: ?F<B79^ M ?@8;A <B7 f =3< S A 7�U)8 M =
?F<B79^ M ?@8;A <B7 f =3A N�> T A <B7 M b9>�U)8;A <B7�C J(L A TnO :;<BQ f
R MES A T : M RaU)8 M = 8;< 8 L�M ?FRaU T;T <W] T A 7�jB>3R UW: =3A T 8;>�:;Q M = O :;<BQ�R MESmT UW7�=_A 8P<W] 8 M 7 L U T
U T <BR >38;A <B7 <W] UVQ%<B>�7�=�UW:;` RaU[` M :(8&` O%MB? A 8 L T 8;:;<B7�jVA 7�?F: M U T5M <W] = M :;A ^WU)8;A ^ M[T A 7 U
^�Aa?FA 7�A 8&` <W] ? M :58�UWA 7 R A 7 M[T UW7�= O <BA 7B8 T�C I	D G D X�E�C
F 7oU O�O R Aa?EU)8;A <B7 <W](8 L�M h�7�A 8 M M R MESVM 798 SVM 8 L <3= <B:+=3A N M : M 7�? M SVM 8 L <3= T ]k<B:

T >�? L\O :;<BQ�R MESmT(L U TlT < SVM
T5O%M ?FA h%?0] M U)8;>�: MET A 7 ?F< SVO UW:;A T <B7 ? A 8 L 8 L3M Q%<B>�7�=�UW:;`
^WUWR > M O :;<BQ�R MESG?lL�M 7 ?F<B7�^ M ?@8;A <B7�UW7�=�=3A N�> T A <B7�A 8 MESmT L U[^ M 8 L�M\T U SVM <B:�= M :[C
HnA : T 8 D A 7
IE<B7 M <W](Q�<B>37�=�UW:;` RaUc` M :
A 8+A T 7 M ? M[T;T UW:;` 8;<\8�U�@ M A 798;<_?F<B7 T Aa= M :�U)8;A <B7
8 L�M Q�<B>�7�=�UW:;`oRaUc` M :V8&` O%M <W]08 L3M T <BR >38;A <B7

[2]
<B:m8;<o?F<B7�= M 7 T5M jB:;Aa=�8;<�?F< S f

O�M 7 T U)8 M T 8;:;<B7�j_A 7�?F: M U T5M <W]	= M :;A ^)U)8;A ^ M[T
[3]
CKJ M ?F<B7�= D A 7LIE<B7 M <W] T5S <�<W8 L 7 M[T;TMD

?lL�M 7 8 L�M A 7ON�> M 7�? M <W] L A j L�M :(= M :;A ^)U)8;A ^ M[T A T R < ?BD�?"M T5L <B>�Ra=m8�U�@ M A 798;<VUB?E?F<B>�7B8
8 L U)8"8 L�M	M b9>�U)8;A <B7mQ M ?F< SVM[T 8 L�M ?F<B7�^ M ?@8;A <B7m<B7 MQP ?EUWR R M = L�M : M U T : M =3>�? M = M b9>�U f
8;A <B7�R D�?lL A R M 8 L�M UW: M U <W] T <BR >38;A <B7 = MEO%M 7�= M 7�? M A 7 O <BA 798 T <W]n8 L A T IE<B7 M 8 M 7�= T 8;<
U O A M ? M <W]�: M =3>�? M = M b9>�U)8;A <B7o? L UW:�UB?@8 M :;Aa?@8;Aa?WC J(L Aa:�= D 8 L�M T 8�UW7�=�UW:�= =3A N M : M 7�? M
T ? L�MESVM[T UW7�= 8 L�MmT ? L�MESVMET <W] 8 L�M h�7�A 8 MVM R MESVM 7B8 SVM 8 L <3= ? A 8 L ? M 7B8;:�UWR =3A N M : f
M 7�? M[T R < T5M U T 8�UWQ�A R A 8�` D�?lL A R M 8 L�MPT ? L�MESVM[TS? A 8 L =3A : M ?@8;A <B7�UWR =3A N M : M 7�? M[T O < T;T5M[T;T
?F< SVO >38�U)8;A <B7�UWR"=3A N�> T A <B7 ?lL Aa? L A TPM[T;T5M 798;AaUWR R ` jB: M U)8 M :08 L UW7 8 L�M O�L ` T A ?FUWR <B7 M
UW7�=\A 8	=3A T 8;>�:;Q T�M ^ M 7_b9>�UWR A 8�U)8;A ^ M = M[T ?F:;A O 8;A <B7\<W] T <BR >38;Aa<B7 D 7�<W8�8;< SVM 798;A <B7\8 L�M
b9>�UW798;A 8�U)8;A ^ M T A S A RaUW:;A 8&`BC"6�7 ?F<B7B8�:�U T 8m8;<o8 L�M O�L ` T Aa?EUWR0=3A N�> T A <B7 D 8 L�M ?F< SVO > f
8�U)8;A <B7�UWR <B7 M =3A N M : T Q%<W8 L A 7 ^)UW:;A <B> TPT5O UB? MmO <BA 798 T UW7�= A 7 ^WUW:;A <B> T =3A : M ?@8;A <B7 T
A 7 8 L�MVT U SVM O <BA 798[C J(L�M :;<BR M <W] 8 L�MUT R <B7�jBA 8;>�=3A 7�UWR T ?F< SVO >38�U)8;A <B7�UWR =3A N�> T A <B7 D
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A C M C D 8 L�M =3A N�> T A <B7 UWR <B7�j 8 L�M ?F<B7�^ M ?@8;A ^ M N�< ?BD A T UWR : M UB=3` M ^�Aa= M 798;R ` T5MEM 7mA 7 <B7 MFf
=3A SVM 7 T A <B7�UWR3?EU T5M	D+?lL�M : M A 8 T 8;>�=3A M = ? M R R3UW7�=
jBA ^ M 8 L�MlT U SVM ?F<B7 T5M b9> M 7�? M[T U T A 7
8 ? < f =3A SVM 7 T A <B7�UWR O :;<BQ�R MESmT C�6�7 T5M ?@8;A <B7 X D<?"M = M h�7 M
S <B: M O : M ?FA T5M R ` 8 L�M A 7ON�> f
M 7�? M <W] 8 L�MUT 8;:�UW7 T ^ M : T UWR T ?F< SVO >38�U)8;A <B7�UWR =3A N�> T A <B7 D�?lL Aa? L T�? U T5L�M[T&f <B>38 T 8 L�M
=3A N M : M 7�? M\T <BR >38;A <B7oA 7�7�<B7B8�UW7�j M 798V=3A : M ?@8;A <B7 T 8;< ?F<B79^ M ?@8;A ^ M N�< ? C 6�7 ? M :58�UWA 7
=3A N M : M 7�? M+T ? L�MESVM[T A 8 M[T;T5M 798;AaUWR R ` M Z�? MEM = T 8 L3M
O�L ` T Aa?EUWR�=3A N�> T A <B7 D 8 L�M : M ] <B: M 8;<
? L�M ? @ A 8 D�?"M A 7B8;:;<�=3>�? M 8 L�M ^WUWR > M	D<?lL Aa? L A T ?EUWR R M = 8 L�M ?F:;A 8 M :;A <B7 <W] jB:;Aa= <B:;A M 7 f
8�U)8;A <B7 UWR <B7�j+8 L�M ?F<B7�^ M ?�8�A ^ M N�< ? C

6�7 T5M ?@8;A <B7 pOD ? M T 8�U)8 M 8 L�M UWR jB<B:;A 8 L�S <W] T >�?E? M[T;T A ^ M T 8;: M 7�jW8 L�M 7�A 7�j <B:;A M 7 f
8�U)8;A <B7\]k<B:	UW7 UW:;Q�A 8;:�UW:;`mjB:;Aa= ? A 8 L <B>38	7 MM? A 7�7 M :	7�<3= M[T UB=�=3A 8;A <B7 UW7�= ? A 8 L <B>38
7�<�= M ?F<�<B:�=3A 7�U)8 M[TmS <3=3A h%?EU)8;A <B7�C"6�7 T5M ?@8;A <B7 i D 8 L A T UWR jB<B:;A 8 L�S A T A R R > T 8;:�U)8 M =
? A 8 L UW7 M Z�U SVO R M <W] jB:;Aa= TK? A 8 L >�7�A ]k<B: S UW:;:�UW7�j MESVM 798 <W] 7�<�= M[TMD Q�>38 S <B: M UW7�=
S <B: M <B:;A M 7B8 M = UWR <B7�j
8 L�M N�< ? U)8 8 L�M M Z O%M 7�? M <W]n? L UW7�jBA 7�j T 8 M 7�?FA R%8;< O <BR <BjB`V<W]
=3A N M : M 7�? M
T ? L�MESVM C

6�7 T5M ?@8;A <B7md D	?"M	T >�jBj M[T 8 8 L�M	SVM 8 L <3=V<W]�?F<B7 T 8;:;>�?@8;A <B7m<W] A 79^ M : T5MFfgS <B7�<W8;<B7 M
T5M ?F<B7�= f <B:�= M :�h�7�A 8 MFf =3A N M : M 7�? MmT ? L�MESVM C J(L�M ?F< S Q�A 7�U)8;A <B7 <W] 8 L�M[T5MVO :;< O%M :58;A M[T
A T > T >�UWR R ` : M UB? L�M = Q�` T5O%M ?FAaUWR S U)8�? L A 7�jo<W] 8 L�M N�< ? =3A : M ?@8;A <B7 UW7�= 8 L�M UW: f
:�UW7�j MESVM 7980<W] jB:;Aa= 7�<3= M[T C J�>�? L D ]k<B: M Z�U SVO R M	D A T e":�UW7<@ f�� A @B<BR T <B7 T ? L�MESVM ]k<B:
?F<B7�^ M ?@8;A ^ M 8 M : S U O�O :;<[Z3A S U)8;Aa<B7 ? A 8 L 8 L�M UW:;:�UW7�j MESVM 798�<W]38 ? <	7�<3= M[T UWR <B7�j�8 L�M
N�< ? A 7 8 L�M ? L UW:�UB?�8 M :;A ?�8�Aa? SVM 8 L <3= C J(L�M > T5M <W]�8 L�M
T 8;: M 7�jW8 L�M 7�A 7�j <B:;A M 798�U)8;A <B7
UWR jB<B:;A 8 L�S O :;<c^3Aa= MET 8 L A T < O�O <B:58;>�7�A 8&` ]k<B:
UW:;Q�A 8;:�UW:;`_UW:;:�UW7�j MESVM 798 <W] 8 L�M jB:;Aa=
7�<�= M[T C
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� M 8V> T A 798;:;<3=3>�? M�� >�?FR Aa= M UW7�=3A T 8�UW7�? M |z − z′| = ((x − x′)2 + (y − y′)2)1/2Q M 8 ? MEM 7 8 ? < O <BA 798 T
z = (x, y)

UW7�=
z′ = (x′, y′)

A 7
R2 C�� M 8 Ω = {z = (x, y) :

0 < x < 1, 0 < y < 1} Q M < O%M 7 M = >�7�A 8 T b9>�UW: M ? A 8 L Q%<B>�7�=�UW:;` Γ C M
T5L UWR R > T5M 7�<W8�U)8;A <B7
Ck(D̄)

Aa7\UW7 UW:;Q�A 8;:�UW:;` T >3Q =3< S UWA 7
D ⊂ Ω

]k<B:(8 L�M
?FRaU T;T <W](]k>�7�?@8;A <B7 T
L Uc^�A 7�j_?F<B7B8;A 7�>�<B> T

k
f 8 L O UW:58;AaUWR"= M :;A ^WU)8;A ^ M[T <B7 ?FR < T >�: M

D̄? A 8 L 8 L�M 7�<B: S

‖u‖k,D̄ = max
α1+α2≤k

max
D̄

∣

∣

∣

∣

∂α1+α2u

∂xα1∂yα2

∣

∣

∣

∣

?lL�M : M
α1, α2

UW: M 7�<B7 f 7 M j9U)8;A ^ M A 798 M j M : T C F T;T > SVM 8 L U)8
C0(D̄) = C(D̄)

C
e"<B7 T Aa= M :(8 L�M O :;<BQ�R MES

−ε∆u+ b1
∂u

∂x
+ b2

∂u

∂y
= f

A 7
Ω,

P&I C I R

u = g
<B7

Γ,
P&I C G	R
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?lL�M : M
ε¿ 1

A T U T5S UWR R O < T A 8;A ^ M O UW:�U SVM 8 M :��9]k>�7�?@8;A <B7 T
b1, b2 ∈ C(Ω)

UW7�= 8 L�M
:;A j L 8 fgL UW7�= T Aa= M[T

f ∈ C(Ω), g ∈ C(Γ )
UW: M @�7�< ? 7�C J(L > TMD�? M
L Uc^ M U T <BR ^WUWQ�R M

Q�<B>�7�=�UW:;`m^WUWR > M O :;<BQ�R MES ]k<B:(8 L�MPM R R A O 8;Aa? T5M ?F<B7�= f <B:�= M : M b9>�U)8;A <B7
[4]
C

6�7mU T >�Q�=3< S UWA 7 D�?lL�M : M 8 L�M�T5M ?F<B7�= = M :;A ^)U)8;A ^ M[T UW: M R A S A 8 M = D 8 L�M A : A 7ON�> M 7�? M
A T R < ? =3> M 8;<�8 L�M"T5S UWR R O UW:�U SVM 8 M :

ε
C J(L�M : M ]k<B: M 8 L�M M b9>�UWR A 8&` P&I C I R ?F< SVM[T 8;<l8 L�M

M b9>�U)8;A <B7_<W] h�: T 80<B:�= M : D�?lL Aa? L ? L UW:�UB?@8 M :;Aa?@8;Aa? T ` T 8 MES <W] <B:�=3A 7�UW:;`\=3A N M : M 798;AaUWR
M b9>�U)8;A <B7 T ?F<B:;: M[T5O <B7�= T

dx

b1(x, y)
=

dy

b2(x, y)
=

du

f(x, y)
.

P&I C X R

6g8 TPT <BR >38;A <B7 A T 8 L�MmT5M 8P<W](? L UW:�UB?@8 M :;A T 8�Aa?+?F>�:;^ M[T <B: T A SVO R ` 8 L�M ? L UW:�UB?@8 M :;A T 8;Aa?WC
6�7 M UB? L O <BA 798 T

z = (x, y) ∈ Ω
8 L�M ^ M ?@8;<B:

t(z) = (b1(z), b2(z))
8;<B>�? L�M[T 8 L�M

? L UW:�UB?@8 M :;A T 8;Aa? O U T;T A 7�jP8 L :;<B>�j L 8 L A T"O <BA 7B8[C J(L�M : M ]k<B: M	D	? M ?EUWR R%A 8lU T ? L UW:�UB?@8 M : f
A T 8;Aa? ^ M ?@8;<B: D�?lL A R M 8 L�M < O�O < T A 8 M ^ M ?@8;<B:�U T UW7B8;Aa? L UW:�UB?@8 M :;A T 8;Aa?	<B7 M C� M U T;T > SVM
8 L U)80U =3A : M ?@8;A <B7\A T Um?F<B:;: M[T5O <B7�=3A 7�jV^ M ?@8;<B:�<W] >�7�A 8	R M 7�jW8 L C�6�7 O UW:58;Aa?F>�RaUW: D 8 L�M
=3A : M ?@8;A <B7

(b21 + b22)
−1/2(b1, b2)

? A 8 L
b21 + b22 6= 0

A 7 O <BA 7B8
(x, y)

A T ?EUWR R M = U T
? L UW:�UB?@8 M :;A T 8;Aa? =3A : M ?@8;A <B7 D�?lL A R M UW79` <W8 L�M :V=3A : M ?@8;A <B7 D 8 L U)8m=3< M[T 7�<W8V?F<BA 7�?FAa= M
? A 8 L A 8�<B: ? A 8 L 8 L�M < O�O < T A 8 M <B7 M A T ?EUWR R M =\U T =3A : M ?@8;A <B7 8 L U)8 T 8;:�UW7 T ^ M : T UWR T 8;<
? L UW:�UB?@8 M :;A T 8;Aa?	<B7 M C

� � �����	��
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�"� � � � ��.0��$3� � ��� $3��� � ���(*	/ � �!�B$3���	� �5/

e"<B7 T Aa= M :(8 L�M 8;:;AaUW7�jBR M ? A 8 L ^ M :58;Aa? M[T

zt = (xt, yt), zs = (xs, ys), zr = (xr, yr),

x′

zr

zs

zt

y′
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U)8 U�=3A T 8�UW7�? M 7�<W8 jB: M U)8 M : 8 L U)8
h
]k:;< S M UB? L <W8 L�M :\UW7�= 7�<W8\R `�A 7�j�<B7 <B7 M
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T 8;:�UWA j L 8+R A 7 M C�6g8 A T+T > O�O < T5M 8 L U)8
b21(zt) + b22(zt) 6= 0

UW7�= UW798;Aa? L UW:�UB?@8 M :;A T 8�Aa?
^ M ?@8;<B: − t(zt)

R A M[T A 7 UW7�jBR M
∠zsztzr

P T5MEM HnA j�C I R@C
� M 8 ?F<B7 T 8;:;>�?@8�8 L�M ]k<BR R < ? A 7�j0U O�O :;<cZ3A S U)8;A <B7 ]k<B:�8 L A T 8;: MEMFfgO <BA 7B8 T 8 M 7�?@AaR ? A 8 L

8 L�MPL�M R O <W] A 7�= M h�7�A 8 M ?F< M�� ?FA M 798 SVM 8 L <3=
[12] �

b1
∂u

∂x
+ b2

∂u

∂y
≈ αu(zt) + βu(zs) + γu(zr)

P G3C I R

A 7P7�<3= M
zt
C J�> O�O < T5M 8 L U)8

u
Q M R <B7�j T 8;<

C3(B(zt, h))
A 708 L�M ?FR < T5M =0Q�UWR R

B(zt, h) =
{z : |z − zt| ≤ h} CJ < T A SVO R A ]k`\8 L�M+O :;<BQ�R MES D�?"M A 798;:;<3=3>�? M 7 MM? R <3?EUWR e UW:58 M[T AaUW7 ?F<3<B:�=3A 7�U)8 M[T
(x′, y′)

? A 8 L 8 L�M <B:;A jBA 7 A 7
zt
UW7�= ? A 8 L U)Z3A T

Ox′
UWR <B7�j −t(zt)

P T5MEM HnA j�C I R@C
J(L�M ^ M ?@8;<B:

b = (b1, b2)
A 727 MM? ?F<�<B:�=3A 7�U)8 M[T ?F< SVM[T 8;<

b′ = (b′1, b
′
2)
? A 8 L

?F<3<B:�=3A 7�U)8 M[T
b′1 = (b21+b

2
2)

1/2, b′2 = 0
C�� <BA 798 T

zs = (xs, ys), zr = (xr, yr), zt =
(xt, yt)

?F< SVM[T 8;<
z′s = (x′s, y

′
s), z

′
r = (x′r, y

′
r), z

′
t = (0, 0)

D UW7�=\]k>�7�?@8;A <B7
u(z)=3< M[T A 7

ũ(z′)
: M[T5O�M ?@8;A ^ M R `9C J(L�M A 8 MES A 7 8 L�M :;A j L 8 fgL UW7�= T Aa= M#P G3C I R ?F< SVM[T 8;<

( b21 + b22 )
1/2 ∂ũ/∂x′.

� M 8 8�U�@ MVJ Uc`�R <B: T5M :;A M[T ? A 8 L : M[T5O%M ?@8	8;<
z′t = (0, 0)

]k<B:
]k>�7�?@8;A <B7

ũ(z′)
D�T > SVS U)8 M 8 L3MES UW7�=

ũ(z′t)
? A 8 L A 7�= M h�7�A 8 MB? M A j L 8 T

α, β, γ �

αu(zt) + βu(zs) + γu(zr) = (α + β + γ) ũ(z′t)

+ βx′s + γx′r)
∂ũ

∂x
(z′t) + (βy′s + γy′r)

∂ũ

∂y
(z′t)

+ c′1
∂2ũ

∂x2
(z′t) + c′2

∂2ũ

∂x∂y
(z′t) + c′3

∂2ũ

∂y2
(z′t) + O(h3)

P G3C G	R

?lL�M : M

c′1 =
1

2
β x′s

2
+

1

2
γ x′r

2
,

c′2 = β x′sy
′
s + γ x′ry

′
r,

c′3 =
1

2
β y′s

2
+

1

2
γ y′r

2
.

P G3C X R

� M : M	D5?"M ?EUW7 =3A T 8;A 7�?@8;R ` T5MEM 8 L�M ?F< SVO >38�U)8;A <B7�UWR"=3A N�> T A <B7
c′1 ∂

2ũ/∂x′
2 UWR <B7�j

8 L�M ? L UW:�UB?@8 M :;A T 8;Aa?lR A 7 M	D =3A N�> T A <B7
c′3 ∂

2ũ/∂y′
2 A 7 O%M : O%M 7�=3Aa?F>�RaUW: =3A : M ?@8;A <B7 D UW7�=

=3A N�> T A <B7
c′2 ∂

2ũ/∂x′∂y′
A 7 T < SVM A 7B8 M : SVM =3AaU)8 M =3A : M ?@8;A <B7 T C

J�A 7�? M
h
A T T5S UWR R M 7�<B>�j L D A 7m<B:�= M : 8;<Pj M 8"U)8"R M U T 8 8 L3M h�: T 8 <B:�= M : <W] U O�O :;<cZ f

A S U)8;A <B7 D<?"M 7 MEM = 8 L�M ]k<BR R < ? A 7�j M b9>�UWR A 8;A M[T
�

α+ β + γ = 0,

β x′s + γ x′r = b′1,

β y′s + γ y′r = 0.

P G3C d�R
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J(L�M S U)8;:;A Z�� T = M 8 M : S A 7�UW798 <W](8 L A T T ` T 8 MES M b9>�UWR T =3<B>�Q�R M T b9>�UW: M <W](8;:;AaUW7�jBR M
4ztzszr

D�?lL Aa? L A T = M 7�<W8 M = U T
S
COJ�A 7�? M 8 L�M 8;:;AaUW7�jBR M =3< M[T 7�<W8l= M j M 7 M :�U)8 M A 798;<

U R A 7 M <B:0U O <BA 7B8 D 8 L�M = M 8 M : S A 7�UW7B8 A T 7�<W8 M b9>�UWR�8;< I M :;< UW7�= 8 L�M T ` T 8 MES L U T
8 L�M >�7�Aab9> M
T <BR >38;A <B7

α = (b2(xr − xs)− b1(yr − ys))/S,

β = (b1(yr − yt)− b2(xr − xt))/S,

γ = (b2(xs − xt)− b1(ys − yt))/S,

P G3C p R

?lL�M : M
S = (yr − yt)(xs − xt)− (xr − xt)(ys − yt) = y′rx

′
s − x′ry

′
s

C
� T A 7�j

β
UW7�=

γ
A 7 P G3C X R DO? M <BQ38�UWA 7

�

c′1 =
y′rx

′2
s − y′sx

′2
r

y′rx
′
s − x′ry

′
s

,

c′2 =
y′sy

′
r

y′rx
′
s − x′ry

′
s

(x′s − x′r),

c′3 =
y′sy

′
r

y′rx
′
s − x′ry

′
s

(y′s − y′r).

P G3C i R

� M 7�? M	D 8;< = M ?F: M U T5M 8 L�M ?F< M�� ?FA M 7B8 T
c′2
UW7�=

c′3
D�? M 7 MEM = 8;< S A 7�A S A I M 8 L�M ]k<BR f

R < ? A 7�jV^)UWR > M

Kr(zt) = y′sy
′
r/S

P G3C ��R
?lL Aa? L A T ?EUWR R M =����	��

����������������
������! �#" $%����
��&�#�'����
����

∆ztzzzr


�)(	��

�#�

zt
C

6g8 T5L <B>�Ra= Q M 7�<W8 M = 8 L U)8 A ]
y′s

<B:
y′r

A T I M :;< D 8 L�M 7 8 L�M U O�O :;<cZ3A S U)8;A 7�j
8;:�UW7 T ^ M : T UWR+=3A N�> T A <B7 M b9>�UWR T I M :;<�C J(L U)8 A T 8 L�M ?EU T5M	D ]k<B: M Z�U SVO R M	D A 7 8 L�M
SVM 8 L <�= <W] ? L UW:�UB?@8 M :;A T 8;Aa? T C

* + �"�0�B$3��*	�%$��&�"� � � �5�"#"�����9��')� � ��� $3�"�����9�����"�	�('c� �������
, �	��$3��')�	��

�������	���������������

J < ?F<B7 T 8;:;>�?@8 8 L�M =3A N M : M 7�? M0T ? L�MESVM	D ? M h�: T 8 A 7B8;:;<�=3>�? M 8 L�M =3A T ?F: M 8 M	T5M 8
Ωh

<W]
7�<�= M[T A 7

Ω
UW7�=08 L�M =�A T ?@: M 8 M"T5M 8

Γh
<W]37�<�= M[T <B7

Γ
C F T;T > SVM 8 L U)8

Ω̄h = Ωh∪Γh
C

H�<B: M UB? L 7�<3= M
z ∈ Ωh

? M ]k<B: S 8 L�M T >�Q T5M 8
Nz

<W] T < SVM 7 M UW: M :�7�<�= M[T <W]
Ω̄h

C
- M 7�<W8 M Q�`

hz
8 L�M R <�?EUWR�:�UB=3A > T <W]n8 L A TlT >�Q T5M 8

�

hz = max
z′∈Nz

|z − z′| ∼ h.

� M 8�> T 8�U�@ M UW7 UW:;Q�A 8;:�UW:;`mA 7�7 M :�7�<3= M
z̄ ∈ Ωh

UW7�= A 7B8;:;<�=3>�? M R <�?EUWR <B:58 L <Bj f
<B7�UWR ?F<3<B:�=3A 7�U)8 M[T

ξ, η
? A 8 L <B:;A jBA 7 A 7

z̄
D�? A 8 L U)Z3A T

Oξ
UWR <B7�j

t(z̄)
UW7�= U)Z3A T

Oη
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 �

η

ξξ0 = (0, 0) ξ

ζ1 = (ξ1, η1)

ζ2 = (ξ2, η2)

	�
 ��
�� � ����� " /0(1��"�('/0/��3*4� ���#���'$
(ξ, η)

����* ����� �#���3���� ���� �'�0��/�� ��/2*4�'$
ζ0, ζ1, ζ2

5

8;<\8 L�M R M ] 8+<W]
t(z̄)

P T5MEM HnA j�C G	R@C�6�7 8 L A T ?F<3<B:�=3A 7�U)8 M[T0M b9>�U)8;A <B7 P G3C I R ?F< SVM[T 8;<
UW7�<W8 L�M :l<B7 M

�

−ε∆̃ũ− d
∂ũ

∂ξ
+ σ

∂ũ

∂η
= f̃

P X�C I R

A 7 8 L�M
hz
f ^�Aa?FA 7�A 8&` <W] 7�<3= M

z
C � M : M ]k<B:�UW7�`m]k>�7�?@8;A <B7

w(x, y)
?"MPO >38

w̃(ξ, η) = w(x(ξ, η), y(ξ, η))
P X�C G	R

UW7�= A 7B8;:;<�=3>�? M 7 MM? ]k>�7�?@8;A <B7 T

d(ξ, η) =
b1(z̄)b̃1(ξ, η) + b̃2(z̄)b2(ξ, η)

|t(z̃)| ,

ζ(ξ, η) =
b2(z̄)b̃1(ξ, η)− b1(z̄)b̃2(ξ, η)

|t(z̃)| ;

< O�M :�U)8;<B:
∆̃ = ∂2/∂ξ2 + ∂2/∂η2

L U T 8 L�M
T U SVM ]k<B: S Q�>38�A 7\7 MM? ?F<3<B:�=3A 7�U)8 M[T C
H�>�:58 L�M : ? M T 8;>�=3`_8 ? < T A 8;>�U)8;A <B7 TPT5MEO UW:�U)8 M R `

� ε ≤ c−20 h2z̄
UW7�=

c−21 h2z̄ < ε? A 8 L T < SVM ?F<B7 T 8�UW7B8 T
c0, c1

A 7�= MEO%M 7�= M 798(<W]
ε, hz̄

C � M 8 T 8�UW:58 ? A 8 L 8 L�M h�: T 8"<B7 M C
X�C I C ��UW:;j M

hz̄
C J : MEMFfgO <BA 798 T 8 M 7�?FA R C

HnA : T 8 T A 8;>�U)8;A <B7 SVM UW7 T 8 L U)8

hz̄ ≥ c0
√
ε.

P X�C X R
J�> O�O < T5M 8 L U)8

u
Q M R <B7�j T 8;<

C3(B(z̄, hz̄))
A 7_8 L3M ?FR < T5M =_Q�UWR R

B(z̄, hz̄) = {z :
|z − z̄| ≤ hz̄}

UW7�= L U T Q%<B>�7�= M = 7�<B: S

‖ũ‖3,B(0,hz̄) = ‖u‖3,B(z̄,hz̄) ≤ c2
P X�C d�R

? A 8 L ?F<B7 T 8�UW798
c2
A 7�= MEO%M 7�= M 798	<W]

hz̄
UW7�=

ε
C

� >�:ljB<9UWR�A T 8;<m= M :;A ^ M UW7 M b9>�UWR A 8&`
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α0ũ(ζ0)+α1ũ(ζ1)+α2ũ(ζ2) = f̃(ζ0)+β1
∂f̃

∂ξ
(ζ0)+β2

∂f̃

∂η
(ζ0)+O(h2z̄).

P X�C p R

 M ?F<B7 T A = M : T5O�M ?FAaUWR UW:;:�UW7�j MESVM 798	<W]"7�<�= M[T C%6g8 A T T > O�O < T5M =\8 L U)8
ζ0 = (0, 0);7�<�= M

ζ1
R A M[T A 7mh�: T 8(b9>�UB=3:�UW798

� ξ1 > 0, η1 ≥ 0;
UW7�=V7�<�= M

ζ2
R A M[T A 7m]k<B>�:58 L <B7 M

�

ξ2 > 0, η2 ≤ 0.
� M 80> T 8�U�@ M J U[`�R <B: T5M :;A M[T A 7 7�<3= M[T

ζ1, ζ2
? A 8 L : M[T5O%M ?@8	8;<

ζ0]k<B:(]k>�7�?@8;A <B7
ũ
D
f̃ �

ũ(ζi) = ũ(ζ0) + ξi
∂ũ

∂ξ
(ζ0) + η

∂ũ

∂η
(ζ0) +

ξ2i
2

∂2ũ

∂ξ2
(ζ0)

+ ξiηi
∂2ũ

∂ξ∂η
(ζ0) +

η2i
2

∂2ũ

∂η2
(ζ0) +O(h3z̄)

P X�C i R

UW7�=

f̃(ζ0) = −d(ζ0)
∂ũ

∂ξ
(ζ0) +O(h2z),

P X�C ��R

∂f̃

∂ξ
(ζ0) = −

∂d

∂ξ
(ζ0)

∂ũ

∂ξ
(ζ0)−d(ζ0)

∂2ũ

∂ξ2
(ζ0)+

∂2σ

∂ξ
(ζ0)

∂ũ

∂η
(ζ0)+O(hz̄),

P X�C � R

∂f̃

∂η
(ζ0) = −

∂d

∂η
(ζ0)

∂ũ

∂ξ
(ζ0)−d(ζ0)

∂2ũ

∂ξ∂η
(ζ0)+

∂2σ

∂η
(ζ0)

∂ũ

∂η
(ζ0)+O(hz̄).

P X�C � R

� < ? > T5M 8 L�M[T5M = M ?F< SVO < T A 8;A <B7 T A 7 Q%<W8 L T Aa= M[T <W] P X�C p R@CB6�7 <B:�= M : 8;<
j M 8 U)8"R M U T 8
h�: T 8�<B:�= M :(<W] U O3O :;<cZ3A S U)8;A <B7 D�? M 7 MEM = 8;< ?EUW7�? M R�8 M : SmT

ũ, ∂ũ/∂ξ, ∂ũ/∂η �

α0 + α1 + α2 = 0,
P X�C I�� R

α1ξ1 + α2ξ2 = −d(ζ0)− β1
∂d

∂ξ
(ζ0)− β2

∂d

∂η
(ζ0),

P X�C IBI R

α1η1 + α2η2 = β1
∂σ

∂ξ
(ζ0) + β2

∂σ

∂η
(ζ0).

P X�C I G	R

J�? < S <B: M M b9>�UWR A 8;A M[T ]k<BR R < ? ]k:;< S M R A S A 7�U)8;A <B7\<W]
∂2ũ/∂ξ2, ∂2ũ/∂ξ∂η �

1

2
(α1ξ

2
1 + α2ξ

2
2) = −d(ζ0)β1,

P X�C I X R

α1ξ1η1 + α2ξ2η2 = −d(ζ0)β2.
P X�C I d�R

6�7 O :;A 7�?FA O R M	D ? M j M 8 p R A 7 M UW: M b9>�U)8;A <B7 T ]k<B: p >�7<@�7�< ? 7 T C���U)8 M : ? MmT5L UWR R T5MEM
8 L U)8 |β1|, |β2|

UW: MPT5S UWR R M 7�<B>�j L UW7�=

ζ̃ = (β1, β2) ∈ ∆ζ0ζ2ζ1.
P X�C Icp R
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6g8	jBA ^ M[T > T U O < T;T A Q�A R A 8&` 8;< ? L UW7�j M 8 L�M :;A j L 8 fgL UW7�= T Aa= M A 7 P X�C IBI R UW7�= −d(ζ0)A 7 P X�C I X R D P X�C I d�R Q�` −d(ζ̃) ? A 8 L <B>38l^�A <BRaU)8;A <B7 <W]�8 L�MPT5M ?F<B7�= <B:�= M : <W] U O�O :;<[Z3A fS U)8;A <B7
�

α1ξ1 + α2ξ2 = −d(ζ̃), P X�C I i R

1

2
(α1ξ

2
1 + α2ξ

2
2) = −d(ζ̃)β1,

P X�C I ��R

α1ξ1η1 + α2ξ2η2 = −d(ζ̃)β2.
P X�C I�� R

J�A 7�? M
σ(ζ0) = 0,

8 L�M T U SVM S <�=3A h%?EU)8;A <B7 S Uc`!Q M =3<B7 M A 7 P X�C I G	R ? A 8 L <B>38
^�A <BRaU)8;A <B7 <W]n8 L�M
T5M ?@<B7�= <B:�= M :l<W] U O�O :;<cZ3A S U)8;A <B7

�

α1η1 + α2η2 = σ(ζ̃).
P X�C I � R

� b9>�UWR A 8;A M[T P X�C I�� R D P X�C I i R D P X�C I � RVjBA ^ M 8 L�M T ` T 8 MES ? A 8 L : M[T5O%M ?@8 8;<
αi
? A 8 L

>�7�Aab9> M
T <BR >38;A <B7

α0 = ((η1 − η2)d(ζ̃) + (ξ1 − ξ2)σ(ζ̃))/(2s21),

α1 = (η2d(ζ̃) + ξ2σ(ζ̃))/(2s21),
P X�C G � R

α2 = (η1d(ζ̃)− ξ1σ(ζ̃))/(2s21),
P X�C G I R

?lL�M : M
s21 = (ξ2η1 − ξ1η2)/2

A T 8 L�M UW: M Um<W] 8;:;AaUW7�jBR M
∆ζ0ζ2ζ1

C�-	> M 8;< P X�C Icp R
UW7�= M b9>�UWR A 8�`

σ(ζ0) = 0,
8 L�M A 7 M b9>�UWR A 8;A M[T

|σ(ζ̃)| ≤ chz̄ ¿ d(ζ̃)
P X�C GBG	R

L <BRa= C J(L�M : M ]k<B: M ?lL�M 7
η1
A T ?F< SVO UW:�UWQ�R M ? A 8 L

ξ1
D A C M C D

η1 ∼ ξ1
DO? M j M 8

α2 ≤ 0;
P X�C GWX R

UW7�UWR <BjB<B> T R `V] :;< S ?F< SVO UW:�UWQ�A R A 8�` <W] |η2|
? A 8 L

ξ2
A 8l]k<BR R < ?�T 8 L U)8

α1 ≤ 0.
P X�C G)d�R

� <W8 L\O : M ^�A <B> T A 7 M b9>�UWR A 8;A M[T A 79^B<BR ^ M

α0 ≤ 0.
P X�C G p R

6g8 ? <B>�Ra= jBA ^ M��\fgO :;< O%M :58&` <W]�8 L�M =3A N M : M 7�? M < O%M :�U)8;<B:(A 7 8 L�M R M ] 8 fgL UW7�= T Aa= M <W]
P d�C p R@C

� < ? R M 8�> T > T5M P X�C G � R"A 7 P X�C I ��R"UW7�= P X�C I�� R
�

β1 =
1

4s21
((η1ξ

2
2 − η2ξ

2
1) + ξ1ξ2(ξ2 − ξ1)σ(ζ̃)/d(ζ̃)),

P X�C GWi R
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β2 =
1

2s21
((ξ2 − ξ1)η1η2 + ξ1ξ2(η2 − η1)σ(ζ̃)/d(ζ̃)).

P X�C G ��R
H�:;< S UW:;:�UW7�j MESVM 798(<W]

ζi
A 8l]k<BR R < ?�T 8 L U)8

0 ≤ β1 ≤
1

2
max{ξ1, ξ2} ≤ hz̄/2,

P X�C G � R

η2 ≤ β2 ≤ η1, |β2| ≤ hz̄.
P X�C G � R

J�< D `B<B> T5MEM 8 L U)8
β1, β2

UW: M+T5S UWR R M 7�<B>�j L UW7�= ? U T ]k<B>�7�= Q9`\>�7�Aab9> MQ? Uc`
? A 8 L P X�C GWi R D5P X�C G ��R@C F ] 8 M :l8 L U)8	<B7 M ?EUW7 h�7�=

αi
]k:;< S P X�C G � R ? A 8 L 8 L�MPL�M R O <W]

M b9>�UWR A 8&`
d(ζ̃) = d(β1, β2).

HnA 7�UWR R ` D A 7 <B:�= M :08;<\j M 8 T5M ?F<B7�= <B:�= M : <W]lU O�O :;<cZ3A S U)8;A <B7 ? M 7 MEM = ?F< M�� ?FA M 798
A22

Q M ]k<B: M
∂2ũ/∂η2

A 7 P X�C i R 8;<VQ MPT5S UWR R M 7�<B>�j L
�

|A22| =
∣

∣

∣

∣

α1
η21
2

+ α2
η22
2

∣

∣

∣

∣

≤ c3h
2
z̄.

P X�C X � R

J�A 7�? M
A22

A TlO < T A 8;A ^ M	DO? M 7 MEM = <B7�R `

A22 = −η1η2(η1 − η2)d(ζ̃)/(4s21) ≤ c3h
2
z̄.

P X�C X I R
� M 8

ζ̃
A T ?F:;< T;T&fgO <BA 7B8l<W] M =3j M

ζ1, ζ2
? A 8 L U)Z3A T

Oξ
D 8 L�M 7

s21 =
1

2
(η1 − η2)ξ̃.

P X�C X9G	R

e"< S Q�A 7�A 7�jVA 8 ? A 8 L
P X�C X I R ? M j M 8

−η1η2
2ξ̃

d(ζ̃) ≤ c3h
2
z̄.

P X�C XBX R

6�7 O :;A 7�?FA O R M	D
ξ̃ ∼ hz̄

C J(L�M : M ]k<B: M ?"M 7 MEM =

−η1η2 ∼ c4h
3
z̄.

P X�C XWd�R
H�:;< S 8 L�M h�: T 8 T A j L 8 A 8 T5MEMESmT 8;<�Q M >�79> T >�UWR T A 7�? M 8 L�M R M ] 8 fgL UW7�= T Aa= M_L U T
<B7�R ` T5M ?F<B7�= <B:�= M :+<W] T5S UWR R 7 M[T;T C � >38VA 7 8 L�M 7 M Z�8 T5M ?@8;A <B7 ? M T5L UWR R = M[T ?F:;A Q M
UW7\UWR jB<B:;A 8 L�S <W]njB:;Aa=m: M <B:;A M 798�U)8;A <B7 ?lL Aa? L jBA ^ M[T 8 L A T A 7 M b9>�UWR A 8&` UW7�= P X�C X I R Q�`
: M jB>�RaUW: ? Uc`BC J(L�M : M ]k<B: M ? M ?F<B7 T Aa= M :lA 7 M b9>�UWR A 8&` P X�C X I R 8;<VQ M ^WUWR Aa= C

X�C G3C�J S UWR R
hz̄
C�HnA ^ MFfgO <BA 798 T 8 M 7�?FA R C

J M ?F<B7�= T A 8;>�U)8;A <B7 SVM UW7 T 8 L U)8

c1hz̄ <
√
ε.

P X�C X p R
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� M 8"> T UWj9UWA 7 8;:;`
8;<
j M 8 P d�C p R@C � >38 8 L A T 8;A SVM ? M 7 MEM = 8;<B@ MEMEO Aa7 ?F<B7 T Aa= M :�U)8�A <B7
S <B: M 8 M : SmT Q M ?EUW> T5M

ε
A T 7�<W8

O(h2z̄)
7�< ? C J(L�M : M ]k<B: M A 7 T 8 M UB= <W] P d�C ��R ?"M L Uc^ M

f̃(ζ0) = −d(ζ0)
∂ũ

∂ξ
(ζ0)− ε

∂2ũ

∂ξ2
(ζ0)− ε

∂2ũ

∂η2
(ζ0).

P X�C XBi R

6g8"jBA ^ M[T P X�C I�� R D<P X�C IBI R D�P X�C I G	R D�P X�C I d�R�8;<PQ M 8 L�M	T U SVM	D UW7�= P X�C I X Rn?F< SVM[T 8;<P8 L�M
]k<BR R < ? A 7�j

�
1

2
(α1ξ

2
1 + α2ξ

2
2) = −d(ζ0)β1 − ε.

P X�C X���R
� M 8
> T : MEO%M U)8+?F<B7 T Aa= M :�U)8;A <B7 TUP X�C Icp R

�

P X�C G ��R@C� M <BQ38�UWA 7 8 L�M T U SVM
αi

]k:;< S
P X�C G � R UW7�=

β2
] :;< S P X�C G ��R@C � >38 ?"M j M 8�UW7�<W8 L�M :

β1
UW7�=

A22 :

β1 =
1

8s21
(η1ξ

2
2 − η2ξ

2
1)− ε/d(ζ0),

P X�C X � R

A22 = −η1η2(η1 − η2)d(ζ̃)/(8s21)− ε.
P X�C X � R

H�:;< S UW:;:�UW7�j MESVM 798(<W]
ζi
A 8l]k<BR R < ?�T 8 L U)8

−ε/d(ζ0) ≤ β1 ≤
1

2
max{ξ1, ξ2} − ε/d(ζ0).

P X�C d � R

-	> M 8;< P X�C X p R
|β1| ≤ hz̄/d(ζ0).

P X�C d I R
J�< D

β1, β2
UW: M <W] <B:�= M :

O(hz̄)
UW7�=!UW: M ]k<B>�7�= Q�`�>�73A b9> M/? Uc` ]k:;< S P X�C G ��R D

P X�C X � R@C F ] 8 M :V8 L U)8 D <B7 M ?EUW7oh�7�=
αi

]k:;< S P X�C G � R ? A 8 L 8 L�M\L�M R O <W] M b9>�UWR A 8�`
d(ζ̃) = d(β1, β2).

F T U : M[T >�R 8 DO? M <BQ38�UWA 7

α0ũ(ζ0) + α1ũ(ζ1) + α2ũ(ζ2) = f̃(ζ0) + β1
∂f̃

∂ξ
(ζ0)

+ β2
∂f̃

∂η
(ζ0) +A22

∂2ũ

∂η2
(ζ0) +O(h2z̄).

P X�C d�G	R

6�7 O :;A 7�?FA O R M	D ? M ?EUW7 S U�@ M h�: T 8 A 8 MES A 7 8 L�M :;A j L 8 fgL UW7�= T Aa= M <W] P X�C X � Rl8;<\Q M
T5S UWR R M 7�<B>�j L =3> M 8;<
UWR jB<B:;A 8 L�S <W] : M <B:;A M 7B8�U)8;A <B7�C	H�<B: M Z�U SVO R M	D R M 8"> T = MES UW7�=
8 L U)8

−η1η2(η1 − η2)d(ζ̃)/(8s21) ≤ ε.
P X�C d9X R

6g8�A SVO R A M[T
−ε ≤ A22 ≤ 0.

P X�C dBd�R
6�7_<B:�= M :(8;< ?EUW7�? M R�A 8 MES

A22∂
2ũ/∂η2

A 7 8 L�M :;A j L 8 fgL UW7�= T Aa= M <W] P X�C d�G	R D R M 8	> T
A 798;:;<3=3>�? M <B7 MPS <B: M 8;:;AaUW7�jBR M ? A 8 L ^ M :58;Aa? M[T

ζ0, ζ3, ζ4
P T5MEM ]k<B: HnA j�C%X R1��7�<3= M

ζ3
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R A M[T A 7 8 L A :�= b9>�UB=3:�UW798
� ζ3 < 0, η3 ≤ 0

� 7�<3= M
ζ4

R A M[T A 7 T5M ?F<B7�=�<B7 M
� ζ4 <

0, η4 ≥ 0
C�e"<B7 T Aa= M :�U)8;A <B7 R A @ M P X�C XBi R

�

P X�C d�G	R"jBA ^ M[T <B7 MPS <B: M0M b9>�UWR A 8�`

α′0ũ(ζ0) + α′4ũ(ζ4) + α′3ũ(ζ3) = f̃(ζ0) + β′1
∂f̃

∂ξ
(ζ0)

+ β′2
∂f̃

∂η
(ζ0) +A′22

∂2ũ

∂η2
(ζ0) +O(h2z̄)

P X�C d p R

? A 8 L ?F< M�� ?FA M 7B8 T

α′0 = −(η4 − η3)d(ζ̃
′)/(4s43),

P X�C d9i R
α′4 = −η3d(ζ̃ ′)/(4s43),

P X�C d ��R
α′3 = η4d(ζ̃

′)/(4s43),
P X�C d � R

β′1 = −(η4ξ23 − η3ξ
2
4)− εd(ζ0)/(8s43),

P X�C d � R
β′2 = −η4η3(ξ3 − ξ4)/(4s43),

P X�C p � R
A′22 = η4η3(η4 − η3)d(ζ̃

′)/(8s43)− ε,
P X�C p3I R

η

ξξ

ξ0 = (0, 0)

ζ1 = (ξ1, η1)

ζ2 = (ξ2, η2)ζ3 = (ξ3, η3)

ζ4 = (ξ4, η4)

	�
 ��
�� � ����� " /0(1��"�('/0/��3*4� ���#���'$
(ξ, η)

����*+����� �#���3���� ���� �'�0��/�� ��/2*4�'$
ζ0, ..., ζ4

5

?lL�M : M
s43 = (η3ξ4 − η4ξ3)/2

A T 8 L�M UW: M U <W]08;:;AaUW7�jBR M
∆η0η4η3

C J(L A T 8;A SVM	D
?F< M�� ?FA M 7B8

A′22
?F<B7 T A T 8 T <W]�8 ? <V7 M j9U)8;A ^ M A 8 MESmT UW7�=

A′22 ≤ −ε
P X�C p G	R

=3> M 8;< UW:;:�UW7�j MESVM 798	<W] 7�<3= M[T
ζ4, ζ3

C	� M 80> T ?F< S Q�A 7 M P X�C d�G	RlUW7�= P X�C d p R ? A 8 L
? M A j L 8 T

δ1, δ2
A 7\<B:�= M : 8;<m?EUW7�? M R 8 M : S

∂2ũ/∂η2(ζ0) �

δ1A22 + δ2A
′
22 = 0.

P X�C p X R
H�<B: T ?EUWR A 7�j ? M 8�U�@ M UWR T <

δ1 + δ2 = 1.
P X�C p d�R
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 I X

J(L A T�T ` T 8 MES jBA ^ M[T >�7�Aab9> M
T <BR >38;A <B7

δ1 = A′22/(A
′
22 −A22) > 0,

δ2 = −A22/(A
′
22 −A22) ≤ 0,

P X�C pBp R
?lL�M 7

A′22 6= A22.
P X�C p i R

J(L�M RaU T 8lA T jB>�UW:�UW7B8 MEM = ?lL�M 7 D ]k<B: M Z�U SVO R M	D

η3η4 6= 0
<B:

η1η2 6= 0.
P X�C p ��R

-	> M 8;< P X�C p G	R D P X�C p d�R ?"M j M 8

4
∑

i=0

α′′i ũ(ζi) = f̃(ζ0) + β′′1
∂f̃

∂ξ
(ζ0) + β′′2

∂f̃

∂η
(ζ0) +O(h2z̄)

P X�C p � R

?lL�M : M

α′′0 = δ1α0 + δ2α
′
0 > 0, α′′1 = δ1α1 ≤ 0,

α′′2 = δ1α2 ≤ 0, α′′3 = δ2α
′
3 ≤ 0, α′′4 = δ2α

′
4 ≤ 0,

P X�C p � R
β′′1 = δ1β1 + δ2β

′
1, β

′′
2 = δ1β2 + δ2β

′
2.

J(L�MVT A jB7 T <W]
α′′i

O :;<c^�Aa= M 8 L�M A 7�^ M : T5M+S <B7�<W8;<B7�Aa?FA 8&` <W] =3A N M : M 7�? M < O�M :�U)8;<B:	A 7
8 L�M R M ] 8 fgL UW7�= T Aa= M <W] P X�C p � R@C

� � ��� � /&4 � ����$��	�Y��� � $����2� ���&���"$��n$��&�"� �B$3������4 $������	�5��4�� �
$������	��

�������	���24 ���5�

� M 8 > T ?F<B7 T Aa= M :nUW7
UW:;Q�A 8;:�UW:;`	< O�M 7 M = R A S A 8 M = D UW7�=
?F<B7�7 M ?@8 M = O <BR `�jB<B7
Ω ∈ R2 C

 M ?F<B7 T 8;:;>�?@8+A 8 T 8;:;AaUW7�jB>�RaU)8;A <B7 J D A C M C D5? M ?F>38
8 L A T+O <BR `�jB<B7 A 798;< 8 L�M h�7�A 8 M7�> S Q M :P<W] < O%M 7 M =_8;:;AaUW7�jBR M[T
Ti
D
i = 1, ...,m

D�T < 8 L U)8P8 L�M A :
?FR < T >�: M
T i

?F<)^ M :
Ω �

Ω =
m
∪
i=1

T i.
P d�C I R

J(L A T 8;:;AaUW7�jB>�RaU)8;A <B7 T5L <B>�Ra=!Q M ?F<B7 T A T 8 M 798 D A C M C D UW7�`o8 ? <�=�A N M : M 798\?FR < T5M =
8;:;AaUW7�jBR M[T

Ti
UW7�=

Tj
]k:;< S J D i 6= j

D�M A 8 L�M : L Uc^ M 7�< ?F< SVS <B7 O <BA 798 TMD <B:0<B7�R `
<B7 M ?F< SVS <B7 ^ M :58 M Z D <B: L Uc^ M 8 L�MB?lL <BR M ?F< SVS <B7 T Aa= M C

� M 8 > T = M 7�<W8 M Q�`
Ωh

U T5M 8 <W] UWR R�^ M :58;Aa? M[T <W]%8;:;AaUW7�jB>�RaU)8;A <B7+8;:;AaUW7�jBR M[TMD�?lL Aa? L
UW: M ?EUWR R M = Q�` 73<�= M[T C�J�> O�O < T5M 8 L U)8

Ωh = Ωh ∩Ω, Γh = Ωh ∩ Γ.
P d�C G	R
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� >�: jB<9UWR3A T 8;<+= M[T ?F:;A Q M 8 L�M UWR jB<B:;A 8 L�S <W]%8;:;AaUW7�jBR M[T : M ?F<B7 T 8;:;>�?@8;A <B7VA 7V<B:�= M :
8;< = M ?F: M U T5M 8 L�M ?F< SVO >38�U)8;A <B7�UWR�=3A N�> T A <B7_UB?F:;< T;T ? L UW:�UB?@8 M :;A T 8;Aa?0R A 7 M[T <W] =3A N M : f
M 7�? M UW7�UWR <BjB> M 8;<V7 M ? M[T;T UW:;`VR A S A 8 T C36�7 T5M ?@8;A <B7\X D�? M A 798;:;<3=3>�? M U T5O%M ?FAaUWR R <3?EUWR
^WUWR > M 8;<m?F<B798;:;<BR A 8[C

J(L�M : M UW: M S UW7�` ? U[` T <W] jB:;Aa= ?F<B7 T 8;:;>�?@8;A <B7 <W](=3A N M : M 7B8+?F< SVO R M Z3A 8�`BC J(L�M
jB:;Aa=�UW: M ?F<B7�= M 7 T A 7�j A 7�8 L�M : M b9>�A : M = T >�Q�=3< S UWA 7 T <B: <B:;A M 7B8 M = ? A 8 L T < SVM
SVM 8 L <�= C � >38 UWR Rl<W]08 L�MES UW: M ?F<B7�7 M ?@8 M = M A 8 L�M : ? A 8 L 8 L�M 7 MM? 7�<3= M[T UB=�=3A f
8;A <B7 D <B: ? A 8 L 8 L�M A 7�7 M :l7�<�= M[T ?F<�<B:�=3A 7�U)8 M[T S <3=3A h%?EU)8;A <B7�C

 MmO :;< O < T5M 8 L�M UWR jB<B:;A 8 L�S 8 L U)8+=3< M[T 7�<W8+? L UW7�j M 8 L�M ?F<3<B:�=3A 7�U)8 M[T <W](A 7 f
7 M :P7�<�= M[TMD Q�>38
A 8 S U�@ M[T Q M 858 M :P8 L�M = M[T A : M = b9>�UWR A 8&`_<W]"8;:;AaUW7�jB>�RaU)8;A <B7 =�> M 8;<
: M ?F<B7�7 M ?@8;A <B7 <W]�8 L�M 7�<�= M[T U S <B7�j+8 L�MESmT5M R ^ M[T C

� < ?BD�?"M ?@<B7 T Aa= M : 8 L�M A 7�A 8;AaUWR
?F<B7 T A T 8 M 7B8 8;:;AaUW7�jB>�RaU)8;A <B7 J ′ C � 7 M <W]+8 L�MUWR jB<B:;A 8 L�S ?F`3?FR M[T ?F<B7 T A T 8 T <W] T 8 MEO3f Q�` f�T 8 MEO�T <B:58;A 7�j_<B>38 <W]�A 7�7 M :VU O%M Z M[T
zi ∈

J ′ ∩ Ω D i = 1, ..., n
D Q9` SVM UW7 T <W] O < T;T A Q�R M 8;:;A UW73jBR MET : M ?F<B7 T 8;:;>�?@8;A <B7�C�� M 8+> T

= M[T ?F:;A Q M <B7 MPT 8 MEO <W]�8 L A T UWR jB<B:;A 8 L�S C
� M 8

i
Q M A 7�7 M :�7�<3= M

zi = (xi, yi)
<W]n8 L�M ?F<B7 T A T 8 M 798l8;:;AaUW7�jB>�RaU)8;A <B7 J ′ ? A 8 LUW798;Aa? L UW:�UB?@8 M :;A T 8;Aa? ^ M ?@8;<B: −t(zi)

DK?lL Aa? L ?"M : M ?F<B7 T 8;:;>�?@8 8;< O%M :5]k<B: S 8 L�M A 7 f
M b9>�UWR A 8&`

max
zi∈J ′∩Ω

Kr(zi) ≤ δ
P d�C X R

? A 8 L T < SVM ?F<B7 T 8�UW798
δ
C

zi

zHΓ

	�
 ��
��������4� ���0��� (3���#�3��(-���-��� $&��� ( *4� ���'(-��� /�� (-��/�$�$�� �� ��������/�!���*��#���05

I C)6g]%8 L A T ^ M ?@8;<B: A T =3A : M ?@8 M = UWR <B7�j0<B7 M <W]%8 L�M 8;:;AaUW7�jBR MlT Aa= M[TMD�? A 8 L 8 L�M <B:;A jBA 7
A 7V8 L A T ^ M :58 M Z D 8 L�M 7mR <9?EUWR�?F:;A 8 M :;A <B7

(Kr(zi) = 0)
A T ?F<B7 T Aa= M : M =
8;<PQ M ^)UWR Aa=VUW7�=

? M ?F< SVO R M 8 M 8 L�M	T 8 MEO ? A 8 L <B>38 ? L UW7�jBA 7�j 8 L�M 8;:;AaUW7�jB>�RaU)8;A <B7 D A C M C D 8 L�M : M[T >�R 8 J ′′<W]n8 L A T�T 8 MEO ?@<BAa7�?FAa= M[T ? A 8 L J ′ CG3C�6g] 8 L A T ?F<BA 7�?FAa= M 7�? M P�?lL Aa? L A T >�7�R A @ M R `\A 7 : M UWR O :;<BQ�R MESmT Rl=3< M[T 7�<W8�8�U�@ M
O RaUB? M	D 8 L�M 7V8 L�M : M A T 8;:;AaUW7�jBR M

Tk ∈ J ′
? A 8 L ^ M :58 M Z

zi
D ]k<B: ?lL Aa? L ^ M ?@8;<B: −t(zi)A T M 7�?FR < T5M =VQ M 8 ? MEM 7 A 8 T T Aa= M[T C � M 8l?F<B7 T 8;:;>�?@8 U
:�Uc` A 7 8 L A T =3A : M ?@8;A <B7m8;<V?F:;< T;T U

T Aa= M <W]�8 L A T 8;:;AaUW7�jBR M	DO?lL Aa? L A T < O�O < T A 8 M 8;<m^ M :58 M Z
zi
C
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 Icp

H�>38 L�M : D 8 L�M : M UW: M 8 ? <m^)UW:;AaUW798 T C
G3C I R J(L�M 8;:;AaUW7�jBR MmT Aa= M ?F:;< T;T5M = R A M[T <B7 8 L�M Q%<B>�7�=�UW:;`

Γ
P HnA j�C�d�R@C�6�7 8 L A T

?EU T5MU? M UB=�= U 7 MM? 7�<3= M
zH

8;<
Γh
D ?lL Aa? L A T 8 L�M A 798 M : T5M ?@8;A <B7 O <BA 798P<W] 8 L�M

?F<B7 T 8;:;>�?@8 M =m:�Uc`VUW7�=mQ%<B>�7�=�UW:;`
Γ
C96�7 8 L A T ?EU T5M ?"M <BQ38�UWA 7m8 L�M Aa= M UWR T A 8;>�U)8;A <B7 D

Kr(zi) = 0
C

G3C G	R J(L�M 8�:;AaUW7�jBR M	T Aa= M ?@:;< T;T A T 8 L�M A 7�7 M : <B7 M P HnA j�C p R@C<J9Aa7�? M 8;:;AaUW7�jB>�RaU)8;A <B7
A T ?F<B7 T A T 8 M 7B8 D 8 L�M : M M Z3A T 8 T <B7 M S <B: M 8;:;AaUW7�jBR M ? A 8 L 8 L�M
T U SVMPT Aa= M C

zi

a)

zi

b)
	�
 ��
�� � ����� ���0��� (3���#�3��(-���-��� $&��� (�*4� ���'(-��� /�� (-��/�$�$�� �� ���4� � �����-��$�� *4��5

H�>�:58 L�M : D 8 L�M : M UW: M 8 ? <V^WUW:;AaUW7B8�U T�?"M R R C
G3C G3C I R J(L�M <BQ38�UWA 7 M = b9>�UB=3:�UW7�jBR M A T ?@<B7�^ M Z P HnA j�C p C U R@COH�:;< S 8 ? <VUc^)UWA RaUWQ�R M

^WUW:;AaUW7B8 TS?"M ? L <�< T5M T >�? L 8 L U)8ljBA ^ M[T ?F:;A 8 M :;A <B7
Kr(zi)

8;<mQ M
T5S UWR R M :[C
G3C G3C G	R J(L�M <BQ38�UWA 7 M =\b9>�UB=3:�UW7�jBR M A T 7�<W80?F<B79^ M Z P HnA j�C p C Q�R@C J(L�M 7 ?"M ?F< S f

O R M 8 M 8 L�M
T 8 MEO ? A 8 L <B>38	? L UW7�jBA 7�j+8 L�M 8;:;AaUW7�jB>�RaU)8;A <B7�C
6�7 8 L A T�? Uc` D 8 L�M O :;<3? M[T;T A T
O%M :;A <�=3Aa?EUWR R ` : MEO%M U)8 M = ]k<B: UWR R"7�<�= M[T

z
<W]

Ωh?lL�M : M
Kr(z) > δ

CE6g8 T5L <B>�Ra=0Q M O <BA 798 M = <B>38 8 L U)8�8 L�M M N M ?@8;A ^ M 7 M[T;T <W]�UWR jB<B:;A 8 L�S
? A R R Q M Q M 858 M : D A ] ? M S <c^ M ]k<B: ? UW:�= Q9`\]k:;<B79808 L :;<B>�j L A 7�7 M : 7�<3= M[T UWR <B7�j 8 L�M
?F<B7�^ M ?@8;A ^ M N�< ? C

� � ����� *	�������5�	� /+� �l,P�����5�����"$

H�<B: 8 L�M 7�> SVM :;Aa?EUWR M Z O�M :;A SVM 7B8 ?"M ?F<B7 T Aa= M : M = O :;<BQ�R MES
(2.1) − (2.2)

? A 8 L
?F< M�� ?FA M 7B8 T

b1 = −1, b2 = 0.7.
J(L�M ]k>�7�?@8;A <B7

g
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Γ2 = {(x, y) : x = 1, y ∈ [1/40, 5/40]}
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