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3a ucxmouenueM rpynn B36u-Mouctp B, Mouctp M, rpynnst Maknaduiuna McL u
rpynn Matse M), M2>, M3 B xaxnoit xoHeuHo# npocToii ciopanueckoif rpynine ykasaHsl
MOPOXKJAIOIKME €€ TPH HHBOMIOLMH, JBE H3 KOTOPHIX nepecraHoBoYHbl. Ecnu G — oxHa U3
rpynn My, My, HS, Jy, Jo, J3, TO HaiileHN BCce TakHe maphl YHCEN p, ¢, p < ¢, 9TO
D = lik|, g = | jk| ana HexoTOpHIX MOpOXAaOMX rpynny G MHBOMOUMH i, j, k ¢ ycnoBHeM
lijl=2.

VkazanHbIC BhIIE TPOHKHM WHBOMIONHI OOHAPYAKEHB! C IOMOLIBIO CHCTEMBI KOMIIBIOTED-
Hoil anre6pui GAP. HanoMHHM, 49TO B TPO#ike HHBOJIOLHH, KOTOPhIE MOPOXAAIOT ORHY H3
rpynn McL, My, M3, M3, moGblc n1Be HHBOMIOUMH HE NEPECTAHOBOYHLI.

Pa6ora BeinonHeHa npH noaaepxke Poccuiickoro ¢onna GyHaaMeHTaIBHEIX HCCIENO-
BauHi, npoext 02-01-00078.

1. Beenesnne

HamomunM [1], 4T0 K HacToAIeMy BpeMEHM BCe KOHEYHBIE MPOCThIE IPYINIB omHcaHnl. OHM
pasfeneHsl Ha GECKOHEYHBIE CEPHH 3HAKOIIEPEMEHHBIX IPYTIN M TPYIII JIHEBa THIIA, a TaKKe Ha
cepuio U3 26 HCKIIIOYHTENBHBIX (CHIOpaJHYecKuX) rpynn. BonsIHHCTBO ciopaguyecKux rpynmn
OTKPHITO CPAaBHHTENILHO HeAaBHO (mocne 1964 r.) u TpeGyeT 00bAcHEHHA CBOEH HCKIIOIHTENb-
HOCTH. BecnpeneneHTHOCTS 06beMa TeKcTa KiacCHHKAIHMOHHOTO AoKasatenbcrsa (o 20 000
XypHaNbHBIX CTPaHMII) BEIABHTaeT Ha MEpBBIH IUIAH MOHCK HOBOTO HOKA3aTeNIbCTBA, 8 TAKKE
U3y4YeHHe CaMHX KOHEYHBIX MpoCThIX rpymm. B wacTHOCTH, ¢ 1980 r. B KoypoBckoii Terpamu [2]
crout npo6nema B. . Masyposa (npobnema 7.30):

Kakue KOHEYHBbIE€ NPOCTHIEC IPYMIB MOPOXKAAIOTCA TpeMA HHBONIOLIMAMH, IBE W3
KOTOPbIX HepeCTaHOBOYHbI?

JIna GeckoHEYHBIX cepHit IPOCTHIX KOHEYHBIX IPYNN OTBET Ha 3T0T Bonpoc Hauien 5. H. Hy-
WuH B IuKne pabot (cM. [3] u 6ubmuorpadumio B Heii). OTBET OKa3aiCA OTPUIIATENHHBIM TOJIHKO
IUIA 3HAKOIIEpEMEHHBIX rpymn Ag, A7, Ag M pAna NHHEHHBIX IPYIN PasMEPHOCTEH, MEHBIINX
5. B caydasx monoxuTeNbHOrO OTBETa HCKOMBbIC HHBOJIOLMH yKalaHbl B aBHOM Buae. Kpome
toro, 5. H. HyxuH nocrasun Gonee o6uuit Borpoc:

KaKHE KOHEYHEIE MPOCThie IPYMIbl ABIAIOTCA FOMOMOpGHEIME 06pa3zaMH rpynmbI
Koxkcrepa
gr(a, b, c| a?, b2, ¢?, acac, (ab)?, (bc)?)

npH (HKCUPOBAHHBIX MOKA3aTeNAX p M g, ocobeHHo mma p, g < 67
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UsBecTHo, 4To Ipobremoii B. JI. Masyposa 14 criopaamdecKux rpyrmm 3aHumancs b. JI. AGa-
mees [2]. OH Kokasan cymecTBoBaHHe TpeGyeMBIX HHBOMIOIMA B KaXIOH CIIOpaIMYecKod

rpymne 3a HCKIIOYCHMEM IpyII

My, M»n, My, McL 4))

u rpyrmsl Monetp M. 14 nocneHei rpyrmisl MonoxXHTeNbHOe penrerne npotnemst B. JI. Ma-
syposa Hawen C. Hopron [2]. Pesynsratn B. JI. AGaweepa u C. Hoprona He omy6GnMKOBaHEL,
a u3 coobmenmit B [2] crmexyet, 4To CylECTBOBaHHME B IpYINC NOPOXKAAIOMIMX €€ TPEX HH-
BOJIOLMH, JBE U3 KOTOPHIX IT€PECTAHOBOMHEI, JOKa3aHO HMH 0e3 ABHOIO IOCTPOCHHA CaMEX
HHBOIOLHH.

B pabote [4] aBTOpa AOKA3aHO, YTO B TPOHKE WHBOMIOIMH, KOTOPHIE NOPOXIAIOT IPYIITY
cnucka (1), moOble gBa 3neMeHTa He HepecTaHOBOYHLL. A Ana 14 cropamdecKHX rpyrm Tam
ABHO YKa3aHbl NOPOXAAIOUME NX TPOHKH HHBONIONUH, ABE H3 KOTOPHIX KOMMYTHPYIOT.

B HacTosuieii paboTe aHamOrHYHBIA pe3yNbTaT MONYYEH €l A LIECTH CIOPaIHYECKHX

rpymm

Js, Coy, Fi,, HN, Th, Ly. 2

Kak u B [4], nmopoxkaaroiie TPOHKH HHBONIOLHA CTPOSTCA C NMOMOIIBIO CHCTEMBbI KOMIIBIO-
TepHO# anre6ps1 GAP (cM. http://www-gap.dcs.st-and. ac.uk/~gap). OnHako Bhi-
COKas CTelleHb IIOJCTAHOBOYHOIO JIHG0 MAaTPHUHOrO IpeACTaBICHHA KaXKIO# M3 3THX Ipynm
noTpeGoBana CO34aHMA HOBBIX aITOPHIMOB IOMCKAa HHBoMIoumMi. HekoTopble H3 HHX aHOHCH-
poBaHH B |5, 6].

Taxkum 00pasoMm, BOIPOC O ABHOM YKa3aHHM HYKHBIX HHBOJIOLMIH OCTA€TCA OTKPBHITHIM
TONBKO A caMbIX GoNbHIMX (M MO KOMMYECTBY JIEMEHTOB M IO CTENEHH NpPEACTABIICHHUS)
crnopaguyecKuX rpymm-MoHcTpoB B n M. KoMnsioTepHsie BHIUHCIEeHHS Naxe B rpymmne Babu-
Monuctp B ymmpaiorca B 3HaYMTECHBHEIE 3aTPaThi BDEMEHH.

Teopema 1. 3a uckmouenuem epynn 536u-Moncmp B, Moucmp M, epynnor Maxnagpnuna McL
u zpynn Mamve My, M2, M3 8 kadicOoti KoneuHou npocmoi cnopaduseckou zpynne yka3ansl
nopoxcoawue ee mpu UHBONOYUY, 08e U3 KOMOPbIX nepecmanogounsl. bonee mozo, echu G
— OOHa u3 zpynn

My, My, HS, N, S, U, (3)

mo Halidenvl éce napet (p, q) wucen p, q, p < q, makue, umo p = |ik|, g = | jk| onn nexomopuix
nopoxcoaiowux epynny G unsomoyuti i, j, k c ycnosuem lij} = 2.

OTMeTHM TaKXKe, YTO HHTEpeC K MOPOXAAIOIINAM TPOHKaM HHBONIOUHMH B KOHEUHBIX IPOC-
THIX TPYINax BBI3BaH M 3aMpocaMy NpuwiokeHuii. OMHUM U3 HUX ABNAETCA [IOCTPOCHME Of-
HOpORHBIX IpadoB (B KOTODEIX JMIOObIC JBE BEPIIHMHBI HHIMACHTHBI paBHOMY 4HCIy pebep).
VkasaHHble B Te€OpeMe WHBOJIOLMH IIOMEIICHB! B BHJC NMONCTAHOBOK M MATpHIl Ha caiite
http://icm.krasn.ru 22 asrycra 2000 r. kak daiin crangapraoro GAP-dopmara.
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2. Cxema X0Ka3aTejibCTBA TEOPEMbI

BymeM mons30BaThCa TEPMUHONIOTHEH 1 0603HaueHHAMH 13 [7].

ABTOp HCKall HyXHbBIE A5 TEOPEMbl HHBOIIOLMH ¢ NMOMOIBIO CHCTEMBI KOMIIBLIOTEPHOM ai-
rebpsl GAP. OTcyIcTBylOIIHE B J3TOH CHCTEME CIIOPAAMYECKHE TPYNNBE MOXHO HaHTH
B JEKTpOHHOM ariace BuncoHa mnpencrasBlieHuii KomewHHIX rpymnm (cM. Wilson R,
http://www.mat .bham.ac.uk/atlas/).

Jna kaxnoit rpyrmmsl G onpeneaM MHOXECTBO

C2(G) = {(lacl, leb)) | G = gr(a, b, ¢), la| = |b| = |c| = |ab] = 2, lac| < |cb]}.
Hanpumep, mna rpymisi G cmmcka (1) MHOXkecTBo C2(G) mycroe, a eclH

(p.q9) €{(3.3),(3,4),(3,6), 4. 4)}, (p.9) € C2(G),

T0 rpymma G He ABIACTCA NPOCTOM.

Jia mokasarenbCcTBa TEOPEMBI HOCTATOYHO MOCTPOMTH ik KaKKoH rpymimsl G w3 (3) MHO-
xkectBo C2(G) U HaiiTh B 20 cnopaguyecKuX HPOCTHIX KOHEYHBIX TPYIIIaxX NOPOXKAAIONIHE
X TPOHKH HHBOIIOLMIL, JBe M3 KOTOPHIX MepecTaHoBOYHBI. ITockonbKy 3TH Tpolku pacno-
noXeHHl Ha YIIOMHHaBLIeMCsA Bbillie caiite KpacHosipckoro anreGpawdeckoro cemuHapa (cm.
http://icm.krasn.ru/seminar/seminar.html), ocraercs mpoBepHTH NEPECTAHO~
BOYHOCTh JBYX HHBOMIOLMI B KaXZJOW M3 3THX TPOEK M BBIACHHMTBH, OyReT nM Takasd Tpo¥ka
HMHBORIOLMH HOPOXaTh COOTBETCTBYIOUIYIO FPYINTY.

JoKka3arenbCTBO TeopeMbl (PAKTMUECKH BEJETCA OTHACHBHO U1 KKHOH criopamuMieckoi
rpynnei. C ApyTO# CTOPOHBI, YAaoch 060HTHCH NO-CYIEeCTBY TpeMs anropurMamy. Pasobrem
2() Hy)KHBIX HaM rpyIII TEOPEMBI Ha TPH NOAMHOXECTBA H JUIA KXKAO0T0 IIOAMHOXECTBA OIMILEM
aNrOPHTM TMOMCKA MOPONIAOIIMX FPYNITY TPOEK WHBOMIONMIA.

IlepBOEC MOAMHOXKECTBO COCTOMT M3 IPYyII

{M12, Maa, HS, J1, J5, J3}.

JUts kaxkmoi Takoii rpymiisl G CTPOHM BCe KIIAcChl €€ CONMPDKEHHBIX WHBOMonuii. B rpynme

G ux ne 6onee AByX. 3aTeM C TOYHOCTBHIO N0 COMPSDKEHHOCTH MepebupaeM Bce TPOHKHM MHBO-

JIOINH, COXpaHAA Te M3 HMX, KOTOPBble HOPOXKAAIOT HCCIEAYEMYO IPYINTy U Aai0T HOBHIC Naphl

uia MaoxectBa C2(G). YBETHUECHHIO CKOPOCTH BBIMHCICHWH CHYXHT OTKa3 OT MOMNAalomuX

B MaKCHMaJIbHYIO IOATpyNy Tpoek uHBomouuii. Taxum nepebopom 6110 BeACHeHO {4], uTO

rpymmsl crHcka (1) He MOPOXAAtoTCA TPEMS HHBONIOIHAMM, JBE W3 KOTOPHIX IePeCTAHOBOYHBL.
Bropoe nmomMHOXeECTBO COCTOHT M3 Ipymn

{ON, Fiy3, Fi’24, HN, Cos, He, Ru, Suz, Coy, Coy, F23}

(8 mocTpoenmn MHOoxecTBa AN npummuman ydactme A. M. Maxocmii, a mMuoxkectBa Ry —
E. U. Kysuenos).

B xaxnoii rpynne G w3 JaHHOTO MHOXKECTBA MHBOJIOIHMH HAXOZATCH C IOMOIIBIO CIY-
yaiinoro BeIfopa B Kiacce CONpPMKEHHBIX HHBOMIOLMI 1M60 rpyrmel, ubo ee MaKCHMAaILHOI
noArpynms: HeGonsuwroro nopaaxa. Iposepka Ha nopoxaaemMocTs rpymisl G HalileHHOHA Tpoi-
KO MHBOJIOIMI [IPOMCXOIUT €3 y4acTHs TEOPETHKO-BEPOATHOCTHBIX aJIrOPUTMOB.

Tperbe MHOXECTBO COCTOMT M3 TPYII

{Ja, Ly, Th}.
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B 3THX rpynnax HanpsAMYIO HE yAaeTcs POBEPHTH, [IOPOKAAIOT JTH TPH HAHICHHEIC HHBOIOLMH
COOTBETCTBYIOINYIO ciopamu4ecKyio rpymry G. Ilpuxoaurca omuparscsa Ha ONMCaHHE €€ Mak-
CHAMaNbHBIX oArpyrm. B omHO# M3 HAX Tak BHIOHpaloTCA MHBONIOLMH i, j, YTO B MAKCHMAJIb-
HBIX DOATpyrmax rpymnsl G, cofepKallMxX 3eMeHTh IOpAAKa |ij| HeT 3IeMEHTOB HEKOTOPOro
nopsAzka n. Toraa MileM Takylo HHBOMIOLMIO k, yto rpymma gr{i, j, k) obnagaer aneMeHTOM
mopaaka n. CiegoBatensHo, gr(i, j, k) = G,nm ecu ki = ik wm jk = kj, 10 i, j, kK — nckoman
TpoO#ika HHBOJIOIMIA,

Tt rpymm

M3, My, HS, J), J2, Coj, Cos, Fiyy, Fizs, Ru, ON, He, Suz )

TeopeMa jAoxa3aHa B [4].

ITocne myGnuxaumy [4] crMCOK cIOPagMYECcKHX TPy, B KOTOPHIX YKa3aHbl TPH HOPOXAA-
IOI[He MX HHBOMIOLMH, NONONHEH rpyrmamu (2), No3ToMy MMEHHO IS HMX NEpeYHCIICHHBIC
BEIILE aJIFTOPHTMBI H GyayT onmcass! noapobHee.

Jlokas3aTenscTBO TeOpeMbl HAYHEM C rpyImisl J3.

3. Tperbs rpynna SIako J;

Hopoxaatoiue rpymmy J3 NOACTaHOBKH a, b GepeM K3 anexTpoHHOTO ariaca Buicona. B suge
rpyNIOBEIX cl0B andaBuTa {a, b} 3TOT amIac COAEPXHT MOPOKAAIOLIME HNEMEHTH MAKCHMATb-
HO# B J3 moarpymmsl Hj. CtpouM MHOXeCTBO B Bcex mHBOmoOIMH rpymmel Hy. Oxasanocs,
uro |B| = 323. [Tockonrky BCe MHBOMIONMM rpynmsl J3 conmpsokeHsl H |a| = 2, MBOoxecTBO C
BCEX MHBOJIOIMi rpymmsl J; MONydaeM H3 Kiacca a’3 ee conpsxeHHsIX HEBomomuii. ITepe-
CTaBHM 371EMEeHTHI MHOecTBa C Tak, YToGBI epBbie ee 323 aneMeHTa COCTaBIAIM MHOXECTBO
B. Teneps ¢uxcupyeM nepByio B C uHBOMOLMIO i. Bropas, 0603HauuM ee yepes j, mpobe-
raer Bce HHBOMMOIMHK 13 C, HaYHHAA CO BTOPO#i M 3aKaHUMBas mpeamocnemHei. Jina xaxmoi
TaKod MHBONIOLMH j HAXOIHM IOPAIOK [ij| M BHIOOp TpeThel MHBONIOIMH kK OCYIIECTBAACM
Tak. CHavaya OepeM B KadecTBe kK clienylouryio 3a j unBomoumio B C, a ecmm j € B, 10 k
— 324-s unBOMIOLMA cmMcka B. 3areM HaxoauM mopsmkH |ik|, |jk|. Ecmn oba aTH umcna u
qHcHo |ij| oTMYHBI OT JABOHKH, TO B KadecTBe k GepeM ciemyromyio B ciHcke C HHBOJNIO-
muro. Eciii Bo¥ika BCTpedyaeTcs, TO COCTABMsAEM Maphl NOPSIKOB MPOM3BEACHHN — KaHAHIATH
IUIA TIonafaHua B MHoxecTBo C3(J3). HakoHew, eciM CpefH 3THX KaHAMAATOB XOTA Obl OfuH
eute He Obln 0GHapyXeH, TO MPOBepAeM CIPaBeUIMBOCTh paBeHCTBa | gr(i, j, k)] = |J3|. Ecim
OTBET MOJOXHUTENbHEIH, TO i, j, kK — HCKOMbIE HHBONIODMH, 2 B MHOXecTBe C2(J3) yKa3zaHH
HEH3BECTHBIE JIEMEHTHI (OUH, JBa WIH TpH). OKa3aaock, 4To

C(3) ={(3,10), (3,12), (3,15), (3.17), 4.9), 4,10), 4,15),
(5,6), (5.8), (5,9, (5,10), (5,12), (5.15), (5,17),
6,6), (6,8), (6,9), (6,10), (6,12), (6,15), (6,17),
8,9). (8,10), (8,12), (8,15), (8,17),
9,9, 9,10, 9,12), 9.15), .17,
(10, 10), (10,12), (10,15), (10,17),
(12,12), (12,15), (12,17), (15,15), (15,17), (17,17)}.
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4. YerBepras rpynna SIuko J;

Kak msBectHO (CM., HampuMep, 3NEKTPOHHHIHA arTiac Buicona), B rpymme J4 IpefacTaBHTEN®:
TOJIBKO OJJHOTO KJIaCCa CONPSDKSHHBIX MaKCHMANIbHEIX MOArpYIN 06nafaeT 31eMEHTOM MOpAIKa
43. On semsgercs rpymmoii Opobermuyca Hiz = (e) X (f), npuuem |e] = 43, |f| = 14. B
ee QEAApaNbHOH moATpymme gr(e, f7) 6epem unBomomm i = f7 u j = ei. IonsamHo, 4To
lij| = 43, 1 eciu B uexTpanusarope C, (i) B3ATh HHBOMIOMMIO k, k # i, T0 gr(i, j, k) = Ja.
Hrak, Aoka3aHO CYIIECTBOBaHME B Ipyrmie J4 TpeX NMOPOXKIAIOIHX €€ HHBOJNIOIMH, ABE H3
KOTOPHIX MEPECTaHOBOYHBL.

OnyureM Teneps aJNTOPHTM NOCTPOCHHUA 3NMEMERTOB [, j, k. Byaem npumenars o6o3naveHHs
U3 ariaca Buncona, rae MaTpHis a u b pasmepHoctd 112 x 112 Han nmonem G F(2) Ha3BaHbI
CTaHZAPTHHIMHA NOPOXKIAIOIMMY Ipynms! Js. TaM ke HaxoIHM NOpOXAArOWIME €€ MAKCHMAb-
Hyo noarpymay Hj; snemeHTs! b ¥ hy B Bue rpymmoBkIX cioB B andasure {a, b}. Teneps
MOAKJIIOYAEM CHCTEMY KOMITbIoTepHO#H anredps1 GAP. OkasriBaercd, uto |hihy| = 14, [h] = 2.
BosbMeM i = (hohy)’, j = hi M IpOBepHM CIIpaBEITHBOCTh PaBEHCTBA [ij| = 43.

Crpouts nenrpanusarop Cj, (i) — 3ama4a HENOXBEMHAN V1A JOCTYTIHBIX aBTOPY KOMIIbIOTE-
poB. ITo3TOMy HAXOJUM BCE MHBOJIIOIHK B Kakoi-HMOYIp HeOOMBIIOH MOArpyIIIE H NPOBEpsEM,
HeT JIM CPeIH HMX NEePECTaHOBOYHBIX ¢ MHBOMOIMeH i. B kadecTBe HEGONBILION MOATPYIINEI B
amnace Buncona GepeM mecaTyio B nopsaxe yObIBaHHS NMOPARKOB MAKCHMANIBHYIO MOATPYIITY
Hyo rpymnsi Jy. Tomrpynma Hjo 3ajasa TaM CBOHMH TIOPOXNAIOIMMHE CNIOBaMH h H h, B
andasute {a, b}, To ectb MaTpuuamu. IlonbiTaeMca ¢ nomompio cucreMt GAP Haiitu B Hyg
BCE NIEPECTAHOBOYHBIE C { HHBOJIOLMH.

TMockonsky Hjp ~ PSU3(9), yno6HO 1onp30BaThCa TOUYHEIM MOACTAHOBOYHBIM MPEICTABIIE-
HueM 28-ii crenenu rpymmst PSU3(9). Ono tpebyet 3HAUMTENEHO MEHBIIHMX PECYPCOB MALIHHEI,
yeM 112-MepHoe nHHeiHOE npeAcTaBieHne. CTAHOBUTCA BO3MOXHBIM VIS KaXKA0H HHBOIIOLHH
ko m3 Hyo HaiiTH ee 3aIHCh IPYTIIOBLIM CIOBOM B andasute (h',, h';}. Tounee, Ha Gase mox-
CTaHOBOYHOro mpejcTaBneHHd 28-i cremenu rpymmsl Hyg cactema GAP cTpoHT eme omHo
npexcraeicane rpymmsl Hio. KoMimosuimis BYX 3THX TOYHBIX NpEACTaBICHHH oToGpaxkaeT
MaTpHIsl by M h, B aGCTpaKTHBIE CHMBOJIBI X| H X2, 3 KaXIYI0 HHBOMIOIMIO k1o M3 Cpy, (i)
— B rpymmosoe cioBo B aidasute {x|,x2}. Temepp cuMBonaM Xx; M x; MPHCBaUBaEéM MaT-
pu4Hble 3HAYCHHA h’lo " h’l’0 COOTBETCTBEHHO, a CUHMTAaHHAd 3aHOBO 3alHCh HHBOMIOIMH Ko
TIPOM3BEACHHEM 3NIEMEHTOB X| H X2 ZaeT Kjo B BaAe 112-MepHoii MaTpuiIm.

BerycnnM nopsgok |ikjol. Okasanoch, 4T0 BCE TakMe NMOPANKH YETHbIE, HO HH OMH H3
HHX He papeH 2. OmHako, kaxmas uuBomomus (ik1o)!*101/2 oGosmaunmm ee mocpencTsoM k,
nepecTaHoBOYHA C i M oTIHYHA oT i. Ilopoxaatomas rpynny Js Tpoiika (i, j, k) HHBOMIOIMIA,
IBe u3 KOTOpHIX (I M k) mepecTaHOBOYHEI, IIOCTPOESHA.

I'pomMo3aKOCTH MaTpHIL i, j, k HEe I03BONAET MPHUBECTH HX 3A4¢Ch. OHM MOTYT ObITh HaHAEHBI
Ha ynmoMuHaBmemcs caitte Kpacnospckoro anrebpanveckoro cemunapa. C Apyrod cCTOpoOHBI,
HHBONIOLMH i, j, k TpeACTaBJieHbl HIDKe NMPOH3BEACHHAMH MOPOXKAAIOUMX Ipymmy J4 CTaH-
JApTHBIX MAaTPHIl @ B b U3 31IeKTPOHHOro atinaca Buncona:

j = (((ab)bb)6)ababl(aby’babb)’®

| = ((((ababb)zabs)s)((ab)3babb)33(ab)22 7,
k = (iab(ba)s(ab)"‘)s.
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Ilycrs

x = gbba’@h)'®

y = (ba)~%(ab)'S(abababb)*(ab)~'¢(ba)**,
z = (((ababbababbab®)?)(@babh)*@h? jy1,
rie a ¥ b — cTaHIapTHEE NOopoXAaomHe rpynnbl J4. Kaxnoe U3 cneayroux npousBeacHui

MATpHI X, Y ¥ Z MOXHO B3iATh B Ka4cCTBE HHBOJIOUHMM k B MopoXAaromcH rpymny J4 Tpoiike
MHBOJIOLMH i, j, k, BE W3 KOTOPHIX NEPECTAHOBOYHEI:

(xyxy4xy2xy5xz)ll, (xz)s. (xyxyxyxyxyzxyz)lz,
O*xyxyxyieyxyxy’n)'?, (yxydxy’)'o,
xyxyxyxy*xyx2)'!,  (xyxy’xy*x2)%,
oxy*xy2xy’2)8,  (xyxyxyxy*ry*xyxyz)®,  (xyxyxz
o0y’ 0%xy!, ayiytayixy’z)®,
(xyxyxyxy*xyxyz),  (xyixy*xyxz)'l,
xy*xyieyxyixy’x2)®, (P xyxyxyixyxyxy’z)®,
Oxyxyxy*yxyx2)®,  (FPxy’xyp)!l, %28,
oxy’xy’ )M, (Pxyxyxy’xyxyxy’s)®,

Gyxy xy®xyxyixy®e)'?,  (xyxyxyxyxyxyxyz)®,
xyxyxy2eyxyxy)'!,  (Pxyxy’xy’2)'e,
Gy2xyixyxy*xy eyl (P!,

e,

xyxy’xy’x2)®,  (xyxyxyxyxyxyxy2)®,

Y2 xyxy?xyleyxy®)®,  (yxyxy*xy*xyxyxyx)!l,
(yxyxy*xyxyxyxz)®,  (yxy’xyxy*xy’xyxyz)'?,
OPxyxyieyixyxy’x2)®,  (xy’xyxy’xy’xy’z)b,
Pxyixyxy*xyteyx)",  (yxylxyxyxyxyz)®,
(yxyxy’xyixy’x)'?,  (ytxyZal,

)10, xyxydxyixy'n) 2, (ylxy?n)'o,

12
) s

(xyxy’xz
(ey*xyxyixyxyxyxyz)’,  (y2xyxylxyxyxyxy’z
xylxyxyxyxyx)'l,  (yxyxy’xyixySz)'?,
Gyixytxyiy'nlt,  OAxytoyyin? '),
(yxysz)“, (nyyxy5xy4z)ll, (xnyy3xy4xz)l2,
xyxy*xyixyxy*xy2)®,  (Pxy*2)%,  (xy’xylxy’xyxyxz)b,
oxy2xy’xyxySoll,  (yy32s, Py,
OxyxyPxyiay®)'®, yixytx)'?, Pxytxyixy’z).

Buraucnenne napst (lijl, | jki) mmm (lijk|, | jk|) ana mocrpoeHHRIX BHille HHBOMOMIL i, j,
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k ¢ ycnosnsmu Jy = gr(i, j, k), ik = ki, IpHBOIHT K CIEAYIOIIEMY BKIIOMEHHIO

Ca(Js) 2 {(4,11), (4,43), (8,12), (8,20), (8,30), (8,37), (8,43), (8,66), (10, 10),
(10, 31), (10,43), (10, 44), (10,66), (11,12), (11,43), (12, 15),
(12, 16), (12,24), (12,30), (12,37), (12,43), (15,20), (15,24),
(15,43), (16, 16), (16,22), (16,30), (16,31), (16,33), (16, 40),
(16, 43), (16, 66), (20,20), (20,31), (20,37), (20,43), (20, 66),
(22, 23), (22,24), (22,29), (22,30), (22,31), (22,37), (22,40),
(22, 43), (22,44), (23,43), (24,24), (24,31), (24,33), (24,37),
(24,40), (24,43), (24,66), (29,43), (30,43), (31,37), (31,43),
(33,40), (33,43), (37,43), (40,43), (43,43), (43,44), (43,66)}.

5. I'pynna Jlaiienca Ly

Kak u3BectHO (CM., HaripuMep, JIEKTPOHHLIH aTinac Buicona), B rpymme Ly Bce MaKCHMAlb-
HEI¢ MOATPYINIBI C 3IE€MEHTOM mopsaka 67 compsmxeHs W ABIAOTCA rpymmoii dpobennyca
Hg = (e) X\ (f), npuuem |e] = 67, | f| = 22. B ee nuanpamsnoii noarpymme gr(e, f!!) Gepem
masomommn § = f!1 u j = ei. IlonstHo, 40 |i j| = 67 M ecm B HerTpamusarope Cry (i) B3ATH
HHBOJIIOUMIO Kk, k # i, T0 gr(i, j, k) = Ly. Hrak, noka3zaHo CymecTBOBaHHE B rpymie Ly Tpex
MOPOKIAIONIHX €€ MHBOMOLHH, IBE M3 KOTOPHIX NIEPECTAHOBOMHEL.

OrmuileM Teneps aNropHTM MOCTPOEHHS NEMEHTOB i, j, k. ByneM puMenaTs 0603HaqeHms
H3 3NEKTPOHHOIO amiaca Buicona, rae Marpuus! a u b pasmepHocti 111 x 111 Hag moaem
GF(5) Ha3BaHBl CTaHJAPTHBIMM TOPOXAOIMMH rpyrmsl Ly. TaM e HaXoauM DOPOXAAIOLIHE
€ MaKCHMANbHYIO0 moarpyry Hg a1eMeHTH ag ¥ bg B Buae rpynmnossx cios B andasure {a, b}.
Teneps mogxOYaeM cHCTEMY KoMIbioTepHoii anrebpsr GAP. OxaskiBaercs, uro |bgag| = 22,
lag| = 2. BossMeM i = (bgag)!!, j = ag u npoBepuM crpaBeAIMBOCTS paBeHCTBa |if| = 67.

Iocxonpxy noctpoenre uenrpammsaropa Cry (i) TpeGyer GonbuIMX MAITHHHBIX PECypCOB,
K ycIiexy B TIOHCKE NepecTaHOBOYHRIX C [ MHBOMONUIA npuxommmM Tak. Ilyers @) u by — no-
poxpnaionne nioMopdHoii rpymme muepa THna G3(5) MakcaManeHO# moarpymmsl H rpyrmsi
Ly. B andasure {x, y} paccMOTpHM rpymmoBsie coBa Iy, ... , lzs2. OHM SBAAIOTCA 3AIMCAMHE
unBoMoNMiA rpyrmsl PSU3(9) X (d), tre |d| = 2, 8 Buae npon3BeAcHHI IOPOXAAIOIHX IPYyLITy
PSU3(9) X (d) moncraroBok x, y. IIpHCBOMB CHMBoONaM x, y MarpHYHbIE 3HAYEHHL X = 4j,
y = by, cuMTEIBaEM CHOBa clIoBa [y, . . . , l252, KOTOpHIE Noclie 3TOro cTaHoBATCA 111-MepHBIME
MaTpHUaMH rpyrmst Ly. Jing kaxkporo r = 1, ... , 252 BerumcnaeM nopsanok |il,|. Eciu on ve-
TeH, TO CTPOHM HMHBOMOWO k = (il,)l#/2 y npoBepAeM, BO-NIEPBHIX, €¢ MEPeCTAHOBOUHOCTH
C MHBOJIOLIMAMH i, j, BO-BTOPBIX, JIEXHT /M OHa BHe moarpymmsl Hg rpymmsi Ly. Koraa oteer
Ha 06a Bompoca MONOXUTENbHBIH, onydaeM Ly = gr(i, j, k), npudeM QBe HHBOMOLMHK B ITOi
NOpOXAAIOLIeH TPOMKe IEPECTAHOBOYHEL,

T'poMo3akoCTL MaTpHn i, j, k He MO3BOMNAET MPHBECTH MX 3AECh, OHM MOTyT OMTH Haiime-
HH HA YNIOMHHaBllleMcA paHee caiite KpacHospckoro anreGpameckoro cemuHapa. C apyroit
CTOpOHM, mopoXkaatomye rpymry Ly HHBOMIOIMH i, j, k, ABE H3 KOTOPLIX NIE€PECTAHOBOYHBI,
DIpEACTAaRNEHH! HIDKE NPON3BECHHAMH TOPOXAAIONMX rpymTy Ly cTaHnapTHRX MatpH @ B b
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H3 amiaca BuncoHa, JoOBIe JBE M3 3THX TPOEK OTIHYAKTCA TOJIBKO HHBOJIOLMEH k:

: bababb)"7(abb)?!
J=a(aaa ) (abb) ,

i = ((ababbabbbabbb)'@bh'*@bababb)®® ;311
x = (ababbb) a(ababbb)™",

y= (abababb)"zs(abababbab)3(abababb)25,
)2, i(xyxyxyxy®xyxy)'?,
i(xyxyxyxy*xyxyxyixyxytxyxy)'?,
i(xyxyxy*xyxyxy*xyxy®xyxyxy)®,
i(yxyxyxy*yxyxyixyxyixyxyx)?,

i(xyxyxy’xyxy xyxyxytxyxyxy)'4}.

ke {ix!, i(xyxyxy3xyxy3xy3x

IIprxoauM k NOCTPOCHHOMY C NOMONIBIO NIEPEYHCIICHHBIX BHIIE MHBOMIOLMIA i, j, kK BKMO-
YEHHIO

Ca2(Ly) 2{(15,30), (15,67), (18,37), (18,67), (21,37), (21,40), (21,67),
(24, 37), (24,67), (30,67), (37,42), (37,67), (40,67), (42,67)}.

6. Cnopagnueckas rpynna Tommncona 7h

Kax usBectHO [8, 9] (cM. Taloke anekTpoHHbIH atnac Buncona), B rpynne Th npeacraBurenu
TONBKO JBYX KJNACCOB CONPSDKEHHBIX MAKCHMMANBbHBIX TMOATPYIN COAEPIKAT MEMEHTH HOpAIKa
19. O6a omn, Hy u Hy2, TO ecTh 4eTBEPTHI H ABEHAANATEI 10 HEBO3PACTAHHIO MMOPANKOB, HE
HMEIOT 3N1eMeHTOB mopaaka 13. IlosToMy HHBOMIOTHBHEIE MaTpuus! i, j, k rpynnsl Th B cuny
TOTO, 4TO |ij]| = 19 1 |(i)%| = 13, nopoxnaioT ec. A BBHIY paBeHCTB |ik]| = 2, |jk| = 18,
{jik| = 18 uBOMIOLMH i U k, a TaKXKe | H ik IepeCTAHOBOYHBI, NPHYEM IOPAIKH NPON3BEACHUI
HenepecTAaHOBOYHBIX MHBOMIIOIMI B Tpokkax (i, j, k) ® (i, j, ik) cocraensiot napsr (18, 19) n
(18, 18) cOOTBETCTBEHHO.

VkazaHHBIE BBILIC NOPAIKM 3JIeMEHTOB 248-MepHOro JTHHEHHOIO NpPEACTaBNEHHA I'DYIIIBI
ToMricoHa Hajl IOJEM M3 JBYX 31€MEHTOB HaiiZIeHbl B CHCTEME KOMIBIOTepHOR anrebpnl GAP.
CraHaapTHble OPOXAAIOIIHE Ipymiry TOMIICOHA MaTpHIfkl 0603HaUCHH B [POLATHPOBAHHOM
yxke atnace Gykpamu a m b. Okazanoce, yT0 i = @, j = abababb  OGe ynBomowHH B3ATH M3
MaxcuManbHoi moarpymmsl Hy = gr(a, bababb), a nnsa noctpoenus TpeTheii HHBOMIOIMH K mMo-
TpeGoBaNoCh JOBOJLHO JIHHHOE MPOM3BEICHHE COMHOXHTEIICH i, j H ellle OfHOH HHBOMOLHH
. W3 MAKCHMANBHOM morpymmel Hy3 ~ PSL3(3) (comepikameii snementsl 13-ro nopsamka).

Iopoxaaroume rpymny Tomncona Th MHBOMOMH i, j, kK pacmonoxeHbl Ha caifre Kpac-
HOAPCKOro ajre0paHdeckoro ceMHHapa. BEIYHCIIEHHE NOPANKOB IPOH3BEACHHH HEKOTOPHIX M3
HMX IOATBEPXIaeT Cledyolice BKIIOUCHHE

C2(Th) D {(18, 18), (18, 19)}.
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7. Tpynna ®umepa Fi,,

HckoMsie TPOHKH HHBOMIOIMIA cTpoarca DBM ¢ MOMOLIBIO CHCTEMBI KOMIBIOTEPHOH anredps
GAP. AropHT™M HE3HATHTEIRHO OTIHYACTCA OT MPHMEHABIIEroC U1 CIIOPaHYeCKUX IPyImI €
OIHMM KJIaCCOM CONIPSKCHHBIX HHBOJIIOIHI H BHICOKOH CTEINCHBIO NONCTAHOBOYHOIO MPEACTaB-
nenna (cM. calit KpacHogpckoro anreGpamdeckoro ceMunapa). Pasauma B ToM, 4TO CHauana
B rpymne Fiy, CTPOHTCA LEHTPalM3aTOp HHBOMIOLMH [ M3 MOPOXIAIOUIEr0 MHOKECTBA STOi
rpymnsl. Takylo cucTeMy {i, b} nopoxaalolqMX MOXHO HaifTH, HalpuMep, B aTiace Buicona
npeAcTaBieHMit KOHEYHBIX rpyrr. OcTaeTca K HHBOMIOUMH { J0OaBIATE MHBOIOLMIO j M3 Mo-
CTPOCHHOTO LEHTPAIH3ATOPa U B KIIACCE CONMPAKEHHKX MHBOIOMMI rpymmh Fiy, BrGHpats
ewe OQMH 3EMEHT k 10 Tex nop, Hoka nopoxaatoutii b ne Gyner nexars B gr(i, j, k).

Ecim mpoBepky BkmtoueHus b € gr(i, j, k) ocyumecTsnars Tonbko KOraa B Cz(Fi'24) HE
yxa3aHa xoTs 651 omHa mapa u3 (lik|, | jk|), (lik|, |ijk]), (1jk|, lijk}), TO, ocTanoBHB cueT mocne
PAcCMOTPEHHA COTHH NMOAPAK IEMEHTOB k, He HpHBEIUIMX Kk nosBienmio B C2(F ié4) HOBRIX
map, noJiy4aeM BKIOYCHHE .

Ca(Fiy) 2 {(4,12), (5,6), (5,8), (5.10), (5.12), (6,6), (6,8),
(6,10), (6,12), (8,12), (10,10), (10,12), (12, 12)}.

8. Ipynna Xapaasi-Hoprona AN

3a Heckonpko 4YacoB kommbioTep Pentium III, 533 MHz, namen nopsaok rpymmel Xapajsi-
Hoprona HN. 3Ha4uT, TeXHHYECKHE BOSMOXHOCTH IPOBEPKH HOPOXKAIEMOCTH 3TOH IpyIIIBI
JAaHHRIMH 3/1eMeHTamu (moacranoskamu 1140000-i crenenn) umerorcs.

Crayana B caMoit ManeHEKOH MakcHMaNbHOH moarpymne Hi4 nopagka 47320 rpymnet HN
HaxoauM moArpymry Kneiina nopsaka 4. Jlenaercs 310 Tak. CTpouTcs cHIoBcKas 2-noarpynma
rpymbl Hy4, COCTaBIAETCA CIMCOK €€ MHBOMIOLMIE ¥ V1% KaXA0M K3 HUX BEIYHCIISETCA MOPAAOK
KIacca CONpPSKEHHbIX C HEll 3lleMEeHTOB. BEIGpaB npencTaBHTENH KIACCOB MONAPHO Pa3NIMYHBIX
MOPAAKOB, MOTY4aeM CIMCOK BCEX HHBOIOIMI B BHAC 0OBEXHHEHHA caMuX Knaccos. OfHy u3
HHBOJTIOLTHIL 3TOrO CIHCKa 06o3HauaeM OykBoii {. 3aTem nepebupaem ApyTHe 10 TeX NOp, NMOKa
HE BCTPETHTCA TaKasd HHBOMIOIMA j, 9T0 ij = ji.

Tpetbio HyXHYl0 Ham HHBOmOmHIO k GymeM uckath B knmacce cHi2 COMPXCHHLIX HHBO-
mommii Apyroit MaxcumanbHo# B rpyrme H N noarpymmsi Hj;. OHa n3omopdHa pacmiupeHuio
rpymmsl Matee My mocpeAcTBoM rpynmbl BTOpOTo mopsuxa. B atmace BuicoHa Haxommm
nopoxaionue ¢ u d noarpynms Hy;. Oka3anocs, 4ro |c| = 2. MuBomoums k BeIGHpacTca B
wnacce ¢H12 cnyyaiinev 06paszoM u Ha KaXkIOM ILAre IPOBEPIETCS PABEHCTBO gr(i, j, k) = HN.
Bropo# war okasasncs pe3y/bTaTHBHBIM, IPHYEM

C2(HN) > {(10, 10), (10, 12)}.
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9. Ipynna Komses Co;

B atace BuiicoHa npeacTaBieHuit KOHEYHBIX IPYINI HET MOACTAHOBOK, MOPOXAAIOMHX IPYyII-
my Co;. Omuako oHa u3omopdHa dakrop-rpymie rpymusl Cog IO ee IEHTpPY Hopsaka 2, a
rpyrma Cog mopox/eHa B aTiace BuncoHa nepecraHoekamu crenenu 196560. Cucrema GAP
serymcaseT HeHTp C rpymmsl Cog u cTpouT caMy rpymmy Cop kak dakrop-rpymry Coo/C.

Tpoiixy nopoxaarommx rpymry Co| HHBOMIOLMIA i, j, k yno6HO HckaThk cpeay mpoo6pasos
8 Cog Tak Xe, Kak 310 jAenanock i rpynnsl HN u Fi),.

INycts Cog = gr{ao, bp), Co1 = Cop/C. ByaeM nons30BaThCs MOPOXKAAOUIMME o, by U3
atnaca BuicoHa, rae |ag| = 2. B nenrpamusatope Ccy,(ap) 6epeM HHBOMOIHIO jo. A TPETBIO
HMHBOJIOLHIO ko MIlleM B Kiacce ag % COmpsIKEHHBIX C Heil NEMEHTOB A0 TeX MOp, MOKa He
IOY9HM paBeHCTBa gr(dy, jo, ko) = Cog. Ilonoxum Teneps i = agC, j = joC, k = koC n,
BRIYHCIHB NopanxH |i|, 1|, |kl, likl, | jk|, momyuaem pasenctBo Coy = gr(i, j, k) 1 BKIIIOUCHHE

Cy(Coy) 3 (10, 10).

CHnHCOK JHTEpPaTyphl

1. Topencreiin 1., Koneunvie npocmoie zpynnoi. Beedenue 6 ux xraccugpuxayuro. Mup, Mocksa, 1985.

2. Hepewennvie sonpocst meopuu zpynn. Koyposckas mempaos. Hu-t maremarnkn CO PAH, Hosocu-
6upck, 2002.

3. Hyxun 4. H., Iopoxzaaromue TPOKKH MHBOJIONHH I'PyNN JIMeBa THIA HAX KOHCYHBIM 110/IEM HEYETHOR
xapakTepucTHKH. I1. Anzebpa u nozuxa (1997) 36, Ned, 422-440.

4. Tumodeenxo A. B., O nopoxualomux Tpoikax HEKOTOpHIX cropaanieckux rpynn. Jen. BUHUTH
19.03.2001, Ne693-B2001.

5. Tumodeenxo A. B., Ilopoxnaromue Tpoiikk HHBOMOLHH rpynn Jlalonca u Suko Jy. Tesucw doxan.
Vipauncxozo mamem. xonzpecca. Un-t maremarnku HAH Vipaunsi, Kues, 2001, c. 50.

6. Maxocnit A. H., Tumodeenko A. B., O nopoxaatomux rpynnsl Xapagsi-Hoprona u ®umepa Fi’24
Tpofikax HHBOMoNMi. Tezucst Ooka. 2-20 Beecubupckozo xonzpecca sxcenuyun-wamemamukos. Kpacho-
apckuii rocynus., Kpacnospck, 2002, 133-134.

7. Kapranonos M. H., Mepainaxos IO. H., Ocrosvt meopuu zpynn. Hayxa, Mocksa, 1982.

8. Linton S. A., The maximal subgroup of the Thompson group. J. London Math. Soc. (1989) 39, Nel,
79-88.

9. Linton S. A., Corrections to “The maximal subgroup of the Thompson group.” J. London Math. Soc.,
(1991) 43, Ne2, 253-255.

Crarsa noctymina 13.06.2002.



